Chebychev’s Inequality

: . — . 2
For a random variable X with mean value X and variance Oy,
1t states that

P{‘X—Y‘ZS}S 0')2(/82 forany &£ >0

Proof :

0% = [ (x=X) fy(@)dx 2 [y, (x=X)* fyy (x)dx

> 83, S () = £2P{|X - X|2 ¢]

x—Y‘Zs
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Markov’s Inequality

For a nonnegative random variable X, and
any positive real constant ¢, we have

P{X } a a>0

Proof :

:Igofo(x)dx 2 foafo(x)dx =N [y (x)dx

2af,, fx(x)dx=a P{ X 2 a}
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Chernoff’s inequality and Bound

Let X be any random variable, nonnegative or not. For any
real v >0, itis clear that

exp [V(x-a)]Zu(x—a) (1)

where u([)] is the unit-step function and ¢ is an arbitrary real
constant.

Since P{X =d} = f: £, (x)dx = I"; £ (u(x—a)dx, ()
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We have
P{ X = a} < I_oo fr(x)e’ " Vdx=e"M ,(v)

where
M,(V)=E["]  (moment generating function,).

For any random variable X, and any real constant a,

P{X=2d < e"M, V) 3)

Equation (3) 1s called Chernoff’s inequality. Because the right side
1s a function of parameter V , it can be minimized with respect to
this parameter. The minimum value 1s called Chernoff’s bound.
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