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Example
 a sequence of length �

� � � � � � � 	

� � 	 � � � �

� � � � 	 �

� � � � �

� 	 � �

� � �

� �

	

� The sequence itself is a permutation of

order �


� Triangle below the sequence calculates

di�erences of corresponding terms mod

� if both less than � or if both larger

than or equal to �


� In any row of this triangle� di�erences do

not repeat
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De�nition
 n� k��Sequences

Let a�� a�� � � � � akn be a permutation of

����	� � � � � kn� �
 Let ai� aj� be called a

�comparable pair� if bai�nc� baj�nc� where

bxc is the integer part of x


Then� a�� a�� � � � � akn is called an

�n� k��sequence� if

as�d � as �� at�d � at mod n�

for every s� t and d such that

� � s � t � t� d � kn and such that

as�d� as� and at�d� at� are comparable

pairs
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Existence whenever nk�� is prime

Let kn�� � p � 	 be a prime� and � be a

primitive root mod p


For each i� ��	� � � � � kn� we denote

log�i� � j �� �j � i

where � � j � kn� �


Let qi and ri be determined by the relation

log�i� � kqi � ri� where � � ri � k � ��

Then

ai � qi� nri

is an n� k��sequence
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Proof of Existence

ai� aj� comparable 	 ri � rj

Therefore� we have mod p�

�k�ai�aj �
�kai

�kaj
�

�k�qi�nri

�k�qj�nrj
�

�kqi�ri

�kqj�rj
�

i

j

Assume as�d� as� and at�d� at� are

�distinct� comparable pairs
 Then

if as�d � as � at�d � at mod n��

�� kas�d � as� � kat�d � at� mod kn��

�� �k�as�d�as � �k�at�d�at mod p��

��
s� d

s
�
t� d

t
mod p��

�� d � � or s � t mod p��

Since � � d � kn � p� � and � � s �� t � kn�

we have a contradiction
 q
e
d�
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Transformations of n�	��sequences

Let a�� a�� � � � � a�n be an n�	��sequence


Call ai of type A if � � ai � n� ��

and of type B if n � ai � 	n� �


SA � add mod n� some constant to every

term of type A

SB � add mod n� some constant to every

term of type B

M � multiply mod n� some constant m

to every ai�s� where gcd m�n� � �

R � take the backward reading

P � interchange type A and type B by

adding n if ai � n or by subtracting

n if ai 
 n

Note that SA� SB and M preserve the type

of each term and P transposes two types
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Examples of Transformations

SA � �� ���������	� �� �	��������

SB � �� ���������	� �� ���������	

M � �� ���������	� �� ���������	

R � �������	� 	�������

P � �� ���������	� ���� �	 ��� ���

Here� the dot represents the term of type A


Number of distinct n�	��sequences

The number of �essentially distinct�

n�	��sequences for n � �� is determined by

computer search� and is shown in the next

table
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n �n � CPU bi �� ai

� � � �� �� ���
� � � ���� �� ��	��
	 
 � ������ �� ��	����

������ �� �	����
� � � �������� �� ���
�	�

�������� �� �����
	
� �� � ���������� �� ����	���


���������� ��
���	�
���
����	
����

���������� ��
�����	��

���
����	


 �� � ��� Sec ������������ �� ��
B�	�A���

������������ ��
�
���AB���	
�
��A�B���	�

������������ �� �
�BA�����	

 �� � ��� Sec �������������� ��
��B��D�CA	
��
��B
�C	D���A�

�������������� �� ����AB
�	�D�C
�������������� �� ��CA���D��
B	
�������������� �� �A������DC
	B
�������������� �� �B�	��A��D
�C
�������������� �� ���AB�	
�D��C
�������������� �� ��A��D��C
�	B

� �
 
 ��
 Min ���������������� ��
����AFD	�BE
C��
����E�B	FDA
C���

���������������� ��
���AD	B�
F�EC��
���EB	D�
�FAC��

���������������� ��
���F�E��A	
BDC�
���F
�E	A��BDC�

� �� � �� Min ������������������ ��
��F��	A�H
GBCE��D�

�� �� � �� Hrs NONE
�� �� � �� Hrs ������������������������

����B�K	�CFALJ�E
IDHG�

�� �� � �	� days NONE
�	 �
 �
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�circular Vatican arrays

�a new frequency�hopping codes�

From the ��	��sequences of length �� we

can construct a �� � array V of � symbols

in which the top row is a�� a�� � � � � a� and the

columns are cyclic shifts of either ����	��

or �������


V �

� � � � � � � 	

� 	 � � � � � �

	 � � � � � � �

� � � � � 	 � �

The array V has the two properties that

�� each row is a permutation of

����	� � � � ��� and 	� for any two symbols a

and b and for any integer m from � to �

there exists at most one row in which b is m

steps to the right of a
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Vatican array from the ��	��sequence

� � � �� 	 � �� � �	 �� � � � �

� 	 � �	 � � � � �� �� � � �� �

	 � � �� � � � � � �	 � � �� ��

� � �� � � � � � � �� � 	 �	 ��

� � �� � � � �� 	 � � � � �� �	

� � �	 � � 	 �� � �� � � � � ��

� � �� �� � � �	 � �� � 	 � � �
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Open Problems and Concluding
Remarks

�� Structure of the transformation group of
�n� k�sequences� It has the order at most
�kn��nk��

�� In the �prime construction� where nk�� � p is
a prime� two di�erent primitive roots produce
essentailly the same �n� k�sequences�


� A �p���sequence exists for every prime p�
�con�rmed for p � ��

�� There exists at least one �p� k�sequence for
each positive integer k � � and for every prime
p� �con�rmed for �i p� 
 and � � k � ��� �ii
p� � and � � k � �� and �iii p� � and
� � k � �

�� The only known family of �n���sequences is
from the �Welch construction� for n � p� ��
which is usually called as Costas sequences by
Welch� The converse is one of the famous open
problem� Every �n���sequence essentially
comes from the Welch construction�

�� There does not exists a ������sequence of
length ���

�� Application to designing an n� nk frequency
hopping patterns with optimal Hamming
correlation from an �n� k�sequence�
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