Hadamard matrices

from the Multiplication Table
of the Finite Fields




Contents

» Introduction
e Hadamard matrix

e binary m-sequences

» New Constructions

e Theoreml. Construction with canonical basis

e Theorem2. Construction with any basis

» Remarks



Introduction

» Hadamard matrix

e Definition : A Hadamard matrix of order n 1s an n by n matrix with
entries +1 or -1 such that

HH' =nI

e Example 1. Hadamard matrix of order 8
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Notel Any two rows of H are
orthogonal.

(this property does not change
if we permute rows or columns
or if we multiply some rows or
columns by -1)

Note2 Two such Hadamard
matrices are called equivalent.

“+” denotes +1, “—"" denotes -1



» Relation between Hadamard matrices and ECC

e All the rows of a Hadamard matrix of order n» form an orthogonal

code of length n and size n.

e All the rows of a Hadamard matrix of order n and their

complements form a biorthogonal code of length » and size 2n

e All the rows of a normalized Hadamard matrix of order n without

their first component form a simplex code of length n» — 1 and

Size n



> m-sequences

Definition : Maximal length LFSR(Linear Feedback Shift Register)
sequences

A Linear recurring sequence (degree m) over F; with recurrence relation
m—1
S, = Zaist_i a;, e F,
i=0

can be generated by an m-stage LFSR with a characteristic polynomial

f(xX)=x"—ax""' —ax"* - —a,

Example 2. Generation of a binary m-sequence with 3-stage LFSR

e linear recurrence (degree 3)

(e
S =80+ 8,3
e characteristic polynomial
St+3 St+2 St+1 St p y
— — f(x)=x +x+1

« 5, has a period 2° —-1=7



» m-sequences(cont’d)

e Facts

— An LFSR produces an m-sequence over GF(g) if and only if its
characteristic polynomial is primitive in GF(g)

— m-sequences are analytically represented by the trace function
s,=t'@a’) 0 eGF(¢")—{0}
o : primitive in GF(g")
where trace function tr(-) maps GF(q") into GF(q)
e Properties(selected)

— autocorrelation property(binary sequence of period N)

b (0) Nz‘:l( s N 1=0modN
)= _ t T —
b p —1 1#0 mod N

— cycle and add property : the sum of m-sequence {s,} and its t-shift {s, .}
1s another shift {s 4 of the same m-sequence

t+t'(t)

S+ =S

t t+t ~ Pt+t'()



» Relation between Hadamard matrices
and binary m-sequences

e Example 3. m-sequence (period 2° —1) vs Hadamard matrix(order 2’ )

t+3

St+2

St+1

A 4

»
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i Cyclic Hadamard matrix
(order 8)
Sy

> O 0 0O0O0O0O0O®O0
OG0 10 e
0j0 01 0 1 11

1 <:> olo01 01110

lo 0[1 011100

10| 0/01 1100 1

1 oft 1 1.0 0 10

10| oft 1 0 0 1 0 1

V1

1 (non P _|_1’ nln P _1)

S = tr13 (@)



» Relation (in general)

N+1) by (N+1 tri
e {s,} binary m-sequence of * ( ) by ( ) matrix

period N =2"—1 8 0 -0
H =1 : C
R ) R g | O
: : <:> - matrixC : N by N circulant
e With trace representation matrix generated by cyclic
s, =tr"(Oa’) shift of {s,}

e With trace representation
C=(c;) 0<i,j<N-1

c, = tr"(Oa el

0 € GF(2")— {0}
o : primitive in GF(2")

e By autocorrelation property of the m-sequence, dot product of any two
rows of N by N matrix C is -1(after changing “0’to +1, “1” to -1)

e Hence (NV+1) by (N+1) matrix H defined as above 1s a Hadamard matrix of
order 2"

HAti=sw F= & d20[E A+ 8
|

A
=



New constructions

» Construction in GF(2")

e Example 4. From multiplication table of GF(2*) with canonical basis.
o : primitive in GF(2’) satisfying o> +o +1=0

Field generation Multiplication table
Power || Polynomial | Vector 0 1 a a’a’a*a’ a’
0 0 0O 0 O 0(fjo o 0 0o 0 0o 0 O
1 1 i 6 A 101 o o> a®a’a®af)
o o 010 all0|la a’a’ ata’®a® 1
o’ o’ 0 01 a0 |a’a’ata’a’®l a
o’ l+a 1110 o 0]a’a*a’a® 1l a o >23—1
o a+o’ 0/l1]|1 al0ja*a’a’® 1 a a’a’
a’® || 1+o+a’ 111 a’l 0o’ a® 1l a o a’® a
a’ 1+o’ o v a’l0|a’ 1 a o’ a’ o' o’ )
- _
~
2° —1

Note 1 each successive sequence (vector represented) from o 'th
coefficient is cyclically equivalent m-sequence .
Note 2 (2° —1)by (2’ —1) matrix is circulant.
CIAICHS D 5 U HBO|= o7
Al

=




Hadamard matrices from the vector represented multiplication table of

canonical basis

e Example 4. (cont’d)

000 | 000 | 000 | OO | OO | 000 | 000 | 000
000 | 100 | 010 | 001|110 011 | 111 | 101
000 | 010 | 001 [ 110 ] 011 | 111 | 101 | 100
000 | 001 [ 110 | 011 | 111 | 101 | 100 | 010
000 | 110 [ 011 | 111 [ 101 | 100 ]| 010 001
000 | 011 | 111 | 101 | 100 | 010 | 001 | 110
000 | 111 | 101 | 100 | 010 | 001 | 110/ 011
000 | 101 | 100 | 010 | 001 | 110 | 011 | 111
00000000 00000000 00000000
0€C0 0 1 0 T 00101110 00 1 0 1 1D
00010111 01011100 00101110
00101110 001110011 01011100
01011100 01110010 00111001
00111001 0110071011 01110010
01110010 01001011 01100101
011001011 00010111 01001011
s s s
s, =t (@) S, =11 (@) S,q =t (@)
GAUstn F=s & 202 A
Al
=

10



» Theorem 1.

Let GF(2")be the finite field with 2"elements, and o € GF(2") be a

primitive element.
Consider the multiplication table of GF(2") with borders
0,1, a,a”, - ,o° ,a

Let the entries or this table be vector-represented over GF(2")using the

canonical basis

For i=0,1, --- ,n—1, let H,bethe 2" x 2" matrix obtained by taking

the i-th component of all the entries of the multiplication table.

Then, these n matrices H, are Hadamard matrices, and they are equivalent

only by column permutation

CIAItHSI M £5 L HE0|2 o7 iy
|



e Example 6. From multiplication table of GF(2’) with arbitrary basis.
o : primitive in GF(2*) satisfying o’ +a +1=0
(change coordinates from canonical basis to the 3 basis)
Vx € GF(2’) by canonical basis expansion and B basis expansion
X=X, +xX0 +x,0° x=x,B,+xB,+x,B,
Define binary row vectors X and X by
X:(xoaxpxz) X’:(xéﬂxl'ﬂx;)
Let 3 basis arbitrary
B,=a’=1+a +a’
B,=a’=  a+a’
B,=a’=1+a
From above relation define 3 by 3 matrices 4 and B

(1 1 1] (1 1 0]
B=|0 1 1 A=B"=|1 1 1
11 0 1 0 1
Then we can change the coordinates as follows
x'=x4 x=XxB

CIAItHSI M £5 L HE0|2 o7 12
|



e Example 6. (cont’d)

Canonical basis B basis
X x'
Power| 1 o o o’ at o’ Check
0 O 0 O O 0 O 0
1 1 0 0 11 0] | 1 1 0| a’+a* =1
o 0 1 0 x=x1 11 1 1 1 || ’+a*+a’=a
o’ 0 0 1 1 0 1 1 0 1 o’ +o’=a’
o’ 1 1 0 0 0 1 a’= o’
o’ 0 1 1 ‘ 0 1 0 o’ = o’
o’ 1 1 1 1 0 0 | o = a’
a’ 1 0 1 0 1 1 a‘+o’=a’
H, < tr’(a") tr’ (') +t’ (o )+t (@) =t (a) < H|
H & @) | Iy t'@)+tr o) —t’ (@) < H
H, < t’(a™) tr’ (o) +t’ (@) =tr’ (") < H.

CIAItHSI M £5 L HE0|2 o7 13
|



e Example 6. (cont’d)

B basis

Canonical basis

(OLHS)

3

1

T,

<t

0 000 0 O0 OO

0

1

—~UH,

’
0

0 000 0 O0O0DO0

0

I 1

0

0 0 1
0

1

1

0 0 O

3

1

tr,

0 00 00 O0O

1

0
1

0 0 00 0O

1

0 0 0

1

0 0 0 0 0O

0 00 00 OO

0

1

0

0 00 0O
1

0 0 0 O

0 00O

0 0 0
1

1

0

0

0 00 0O

Note the transformation matrix U is a permutation matrix. i.e UU" =1

Hence two such matrices are equivalent by row(or column) permutation
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» Theorem 2.

Representation of elements in GF(2")in Theorem 1 can be done by using
any basis.

Relation of Hadamard matrices and m-sequences (canonical basis)
H < tr"®oa")
The B basis can be represented by

n—1 )
szz(;bi].a’, b,€{0,1}, 0<,;<n-1
Define the n by n matrix B=(b,) and A4=B"=(a,)

Then H/ are related to the m-sequences as follows( [3 basis)
n—1 n—1
H< > at'®0,a")=tr ((Z aklﬂkjoctj =tr"(Oa)
k=0 k=0
n—1
Note 6/=>ap, € GF(2")—{0}
k=0

HAti=sw F= & d20[E A+ 15
|

A
=



Remarks

» Remark 1. Non-basis representation may not work

Example 7. A matrix obtained from the non-basis vector represented
multiplication table of GF(2*)

< 15th row
<~ 16th row

OO — OO O rm OO O
COO OO —r O O O vl
OO OO0~ QO rmt OO v
OO OO0 O —"A— O ——O — O
OO OO OO O O v
OO0 O —O0 O —"A— O —— O
CO— O OO — OO v rmd O vl
OO = O OO O O v
OrrAdr— OO0 —— OO0 0O —— O
CO—r1 O — O —r— OO O O wui v
OO r—t = OO~ OO
OCOrr— O OO —— OO —@ &
CO O —r— O — O —r— OO —O
OO r— O~ OO O O
OO O —r— O ——O— O —— 9@
COOOO OO O OO

(=]

T

O O OO v — v — O — O v — O O —
SO oo~ o0 A A @ — O — —
SO — O v O v — = — OO — — O
O — OO ™M 9 — = O — QO — — O O
C O OO wmM — v — O — O w w4 O O
SO O QO " Q@ — O — —
OO —m O @O ™ = = — O w O — — O
O — O O Q@ — w™m — — O — @ — — O O

N e+ o O~ o oo 2 Z o o %
O -

T T T T T3 T T 33 3 3 3T

Note 15th row and 16th row are not orthogonal
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» Remark 2.

The following conjecture 1s false

Consider arbitrary number of Hadamard matrices

HO’ Hl’ HZ’ H3’
If H=>) H, isaHadamard matrix
(where matrix addition is componentwise mod 2)

Then H. are m-sequence Hadamard matrices

Counter example. Consider GMW sequence(G63)

s(t)=tr’ (') +tr’ (o)

HAti=sw F= & d20[E A+
|

A
=
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» Remark 3.

0,,0,,---,0,_, are linearly independent over GF(2) .

Since {t"©.o")} is one of LFSR’s one can find

0,0, - ,0 ‘=ML, A-a,r-a®, -, A-a""}
for some A € GF(2")—{0}

Hence they are linearly independent.

18
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