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• [𝒏𝒏,𝒌𝒌] narrow-sense RS code over 𝔽𝔽2𝑚𝑚

⋯ 𝑐𝑐𝑛𝑛−1𝑐𝑐0 𝑐𝑐1𝑑𝑑𝑘𝑘−1𝑑𝑑0 𝑑𝑑1

data codeword
Encoder

𝑔𝑔 𝑧𝑧

𝑘𝑘 𝑛𝑛

𝑑𝑑0 + 𝑑𝑑1𝑧𝑧 + ⋯𝑑𝑑𝑘𝑘−1𝑧𝑧𝑘𝑘−1

= 𝑑𝑑 𝑧𝑧

𝑐𝑐0 + 𝑐𝑐1𝑧𝑧 + ⋯𝑐𝑐𝑛𝑛−1𝑧𝑧𝑛𝑛−1
= 𝑐𝑐 𝑧𝑧



⋯

RS code
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• [𝑛𝑛,𝑘𝑘] narrow-sense RS code over 𝔽𝔽2𝑚𝑚

⋯ 𝑐𝑐𝑛𝑛−1𝑐𝑐0 𝑐𝑐1𝑑𝑑𝑘𝑘−1𝑑𝑑0 𝑑𝑑1

data codeword
Encoder

𝑔𝑔 𝑧𝑧

𝑘𝑘 𝑛𝑛

𝑑𝑑0 + 𝑑𝑑1𝑧𝑧 + ⋯𝑑𝑑𝑘𝑘−1𝑧𝑧𝑘𝑘−1

= 𝑑𝑑 𝑧𝑧

𝑐𝑐0 + 𝑐𝑐1𝑧𝑧 + ⋯𝑐𝑐𝑛𝑛−1𝑧𝑧𝑛𝑛−1
= 𝑐𝑐 𝑧𝑧

𝑔𝑔 𝑧𝑧 = 𝑧𝑧 + 𝜶𝜶 𝑧𝑧 + 𝜶𝜶𝟐𝟐 ⋯ 𝑧𝑧 + 𝜶𝜶𝒓𝒓 ,

where 𝑟𝑟 = 𝑛𝑛 − 𝑘𝑘

• 𝛼𝛼 is the root of the primitive polynomial



Example: [𝟕𝟕,𝟑𝟑] RS code over 𝔽𝔽𝟐𝟐𝟑𝟑
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𝛼𝛼 𝛼𝛼2 𝛼𝛼

data codeword
Encoder

𝑔𝑔 𝑧𝑧

𝛼𝛼 + 𝛼𝛼2𝑧𝑧 + 𝛼𝛼𝑧𝑧2

= 𝑑𝑑 𝑧𝑧

𝑔𝑔 𝑧𝑧 = 𝑧𝑧 + 𝛼𝛼 𝑧𝑧 + 𝛼𝛼2 𝑧𝑧 + 𝛼𝛼3 𝑧𝑧 + 𝛼𝛼4
= 𝛼𝛼3 + 𝛼𝛼𝑧𝑧 + 𝑧𝑧2 + 𝛼𝛼3𝑧𝑧3 + 𝑧𝑧4

• 𝛼𝛼 is the root of 𝑧𝑧3 + 𝑧𝑧 + 1 = 0



𝛼𝛼4 𝛼𝛼3 𝛼𝛼5 𝛼𝛼4 𝛼𝛼5 𝛼𝛼 𝛼𝛼

Example: [𝟕𝟕,𝟑𝟑] RS code over 𝔽𝔽𝟐𝟐𝟑𝟑
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𝛼𝛼 𝛼𝛼2 𝛼𝛼

data codeword
Encoder

𝑔𝑔 𝑧𝑧

𝛼𝛼 + 𝛼𝛼2𝑧𝑧 + 𝛼𝛼𝑧𝑧2

= 𝑑𝑑 𝑧𝑧

• 𝛼𝛼 is the root of 𝑧𝑧3 + 𝑧𝑧 + 1 = 0

𝑑𝑑 𝑧𝑧 𝑔𝑔 𝑧𝑧 = 𝑐𝑐 𝑧𝑧 = 𝛼𝛼4 + 𝛼𝛼3𝑧𝑧 + 𝛼𝛼5𝑧𝑧2 + 𝛼𝛼4𝑧𝑧3 + 𝛼𝛼5𝑧𝑧4 + 𝛼𝛼𝑧𝑧5 + 𝛼𝛼𝑧𝑧6

𝑔𝑔 𝑧𝑧 = 𝑧𝑧 + 𝛼𝛼 𝑧𝑧 + 𝛼𝛼2 𝑧𝑧 + 𝛼𝛼3 𝑧𝑧 + 𝛼𝛼4
= 𝛼𝛼3 + 𝛼𝛼𝑧𝑧 + 𝑧𝑧2 + 𝛼𝛼3𝑧𝑧3 + 𝑧𝑧4



Decoding with errors and erasures

2022-06-30 8



Decoding with errors and erasures
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𝛼𝛼4 𝒇𝒇 𝛼𝛼5 𝛼𝛼4 𝛼𝛼4 𝛼𝛼 𝒇𝒇
𝑟𝑟0 𝑟𝑟6

Erasure detection



Decoding with errors and erasures
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𝛼𝛼4 𝒇𝒇 𝛼𝛼5 𝛼𝛼4 𝛼𝛼4 𝛼𝛼 𝒇𝒇
𝑟𝑟0 𝑟𝑟6

Replacing erasure by zero 𝛼𝛼4 𝟎𝟎 𝛼𝛼5 𝛼𝛼4 𝛼𝛼4 𝛼𝛼 𝟎𝟎

𝑟𝑟𝑓𝑓(𝑧𝑧) = 𝛼𝛼4 + 𝛼𝛼5𝑧𝑧2 + 𝛼𝛼4𝑧𝑧3 + 𝛼𝛼4𝑧𝑧4 + 𝛼𝛼𝑧𝑧5

Erasure-locator polynomial:
𝜏𝜏 𝑧𝑧 = (1 + 𝛼𝛼1𝑧𝑧)(1 + 𝛼𝛼6𝑧𝑧)

𝑟𝑟1
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𝑟𝑟𝑓𝑓(𝑧𝑧) = 𝛼𝛼4 + 𝛼𝛼5𝑧𝑧2 + 𝛼𝛼4𝑧𝑧3 + 𝛼𝛼4𝑧𝑧4 + 𝛼𝛼𝑧𝑧5

𝑇𝑇1 𝑇𝑇2 𝑇𝑇3 𝑇𝑇4
𝛼𝛼4 𝛼𝛼4 𝛼𝛼2 𝛼𝛼6

Modified syndrome computation

Erasure-locator polynomial:
𝜏𝜏 𝑧𝑧 = (1 + 𝛼𝛼1𝑧𝑧)(1 + 𝛼𝛼6𝑧𝑧)

⇓
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the number of erasures: 𝜇𝜇 = 2

Determining error-locator 
polynomial

𝝈𝝈(𝒛𝒛): error-locator polynomial
𝜎𝜎 𝑧𝑧 = 1 + 𝛼𝛼4𝑧𝑧

𝑇𝑇1 𝑇𝑇2 𝑇𝑇3 𝑇𝑇4
𝛼𝛼4 𝛼𝛼4 𝛼𝛼2 𝛼𝛼6

⇓



Decoding with errors and erasures
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the number of erasures: 𝜇𝜇 = 2

𝑇𝑇1 𝑇𝑇2 𝑇𝑇3 𝑇𝑇4
𝛼𝛼4 𝛼𝛼4 𝛼𝛼2 𝛼𝛼6

Determining error-locator 
polynomial

𝝈𝝈(𝒛𝒛): error-locator polynomial
𝜎𝜎 𝑧𝑧 = 1 + 𝛼𝛼4𝑧𝑧

𝜇𝜇 > 𝑛𝑛 − 𝑘𝑘

deg(𝜎𝜎(𝑧𝑧)) >
𝑛𝑛 − 𝑘𝑘 − 𝜇𝜇

2

Correctable range:
2𝜈𝜈 + 𝜇𝜇 ≤ 𝑛𝑛 − 𝑘𝑘

𝜈𝜈: the number of errors
𝜇𝜇: the number of erasures



Decoding with errors and erasures
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Determining error locations

𝝈𝝈(𝒛𝒛): error-locator polynomial
𝜎𝜎 𝑧𝑧 = 1 + 𝛼𝛼4𝑧𝑧

Root of 𝜎𝜎(𝑧𝑧): 𝛼𝛼3
The inverse of root: 𝛼𝛼𝟒𝟒

𝑟𝑟𝟒𝟒

𝛼𝛼4 𝟎𝟎 𝛼𝛼5 𝛼𝛼4 𝛼𝛼4 𝛼𝛼 𝟎𝟎

𝑟𝑟1 𝑟𝑟6
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Determining error and erasure 
values

error value:
𝛼𝛼0

𝑟𝑟𝟒𝟒𝑟𝑟1 𝑟𝑟6

erasure value:
𝛼𝛼3 𝛼𝛼

𝛼𝛼4 𝟎𝟎 𝛼𝛼5 𝛼𝛼4 𝛼𝛼4 𝛼𝛼 𝟎𝟎
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Errors and erasures correction

error value:
𝛼𝛼0

𝑟𝑟𝟒𝟒

𝛼𝛼4 𝜶𝜶𝟑𝟑 𝛼𝛼5 𝛼𝛼4 𝛼𝛼5 𝛼𝛼 𝜶𝜶

𝑟𝑟1 𝑟𝑟6

erasure value:
𝛼𝛼3 𝛼𝛼

𝛼𝛼4 𝟎𝟎 𝛼𝛼5 𝛼𝛼4 𝛼𝛼4 𝛼𝛼 𝟎𝟎

⇓
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𝑠𝑠 = 𝑎𝑎0 + 𝑟𝑟0
= 𝑎𝑎0 +

𝐼𝐼
𝑎𝑎1 + 𝑟𝑟1

= 𝑎𝑎0 +
𝐼𝐼

𝑎𝑎1 + 𝐼𝐼
𝑎𝑎2 + 𝑟𝑟2

⋮
= 𝑎𝑎0 + 𝑎𝑎1 + 𝑎𝑎2 + ⋯+ 𝑎𝑎𝑛𝑛 + 𝑟𝑟𝑛𝑛 −1 ⋯ −1 −1

=
𝐴𝐴𝑛𝑛 𝑎𝑎𝑛𝑛 + 𝑟𝑟𝑛𝑛 + 𝐵𝐵𝑛𝑛
𝐶𝐶𝑛𝑛 𝑎𝑎𝑛𝑛 + 𝑟𝑟𝑛𝑛 + 𝐷𝐷𝑛𝑛

Field element
multiplication identity

integer part fractional part

𝑠𝑠𝑛𝑛: 𝑛𝑛𝑡𝑡𝑡 approximation of 𝑠𝑠

𝑠𝑠𝑛𝑛 =
𝐴𝐴𝑛𝑛𝑎𝑎𝑛𝑛 + 𝐵𝐵𝑛𝑛
𝐶𝐶𝑛𝑛𝑎𝑎𝑛𝑛 + 𝐷𝐷𝑛𝑛

=
𝑃𝑃𝑛𝑛
𝑄𝑄𝑛𝑛

𝑃𝑃𝑛𝑛+1 = 𝑎𝑎𝑛𝑛+1𝑃𝑃𝑛𝑛 + 𝑃𝑃𝑛𝑛−1
𝑄𝑄𝑛𝑛+1 = 𝑎𝑎𝑛𝑛+1𝑄𝑄𝑛𝑛 + 𝑄𝑄𝑛𝑛−1

⟹



Determining error-locator polynomial:
Continued fractions-based algorithm
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Determining error-locator polynomial:
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the number of erasures: 𝜇𝜇 = 2

𝑇𝑇1 𝑇𝑇2 𝑇𝑇3 𝑇𝑇4
𝛼𝛼4 𝛼𝛼4 𝛼𝛼2 𝛼𝛼6



Determining error-locator polynomial:
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the number of erasures: 𝜇𝜇 = 2

𝑇𝑇1 𝑇𝑇2 𝑇𝑇3 𝑇𝑇4
𝛼𝛼4 𝛼𝛼4 𝛼𝛼2 𝛼𝛼6

𝑅𝑅 −1 𝑧𝑧 = 1 + 𝛼𝛼2𝑧𝑧−1 + 𝛼𝛼6𝑧𝑧−2 + 𝑋𝑋𝑧𝑧−3

𝑅𝑅 0 𝑧𝑧 = 𝛼𝛼2𝑧𝑧−1 + 𝛼𝛼6𝑧𝑧−2 + 𝑋𝑋𝑧𝑧−3

𝑋𝑋 + 𝑎𝑎𝑛𝑛𝑎𝑎 𝑣𝑣𝑎𝑎𝑣𝑣𝑣𝑣𝑣𝑣 = 𝑋𝑋
𝑋𝑋 � 𝑎𝑎𝑛𝑛𝑎𝑎 𝑣𝑣𝑎𝑎𝑣𝑣𝑣𝑣𝑣𝑣 = 𝑋𝑋



Determining error-locator polynomial:
Continued fractions-based algorithm
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the number of erasures: 𝜇𝜇 = 2

𝑇𝑇1 𝑇𝑇2 𝑇𝑇3 𝑇𝑇4
𝛼𝛼4 𝛼𝛼4 𝛼𝛼2 𝛼𝛼6

𝑅𝑅 −1 𝑧𝑧 = 1 + 𝛼𝛼2𝑧𝑧−1 + 𝛼𝛼6𝑧𝑧−2 + 𝑋𝑋𝑧𝑧−3

𝑅𝑅 0 𝑧𝑧 = 𝛼𝛼2𝑧𝑧−1 + 𝛼𝛼6𝑧𝑧−2 + 𝑋𝑋𝑧𝑧−3

𝑏𝑏 1 =
𝛼𝛼2

1
= 𝛼𝛼2



Determining error-locator polynomial:
Continued fractions-based algorithm
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the number of erasures: 𝜇𝜇 = 2

𝑇𝑇1 𝑇𝑇2 𝑇𝑇3 𝑇𝑇4
𝛼𝛼4 𝛼𝛼4 𝛼𝛼2 𝛼𝛼6

𝑅𝑅 −1 𝑧𝑧 = 1 + 𝛼𝛼2𝑧𝑧−1 + 𝛼𝛼6𝑧𝑧−2 + 𝑋𝑋𝑧𝑧−3

𝑅𝑅 0 𝑧𝑧 = 𝛼𝛼2𝑧𝑧−1 + 𝛼𝛼6𝑧𝑧−2 + 𝑋𝑋𝑧𝑧−3

𝑏𝑏 1 =
𝛼𝛼2

1
= 𝛼𝛼2

𝑎𝑎 1 𝑧𝑧 : the quotient of 𝑏𝑏(1)𝑅𝑅(−1) ÷ 𝑅𝑅(0)

= 𝑧𝑧 + 𝛼𝛼

𝑅𝑅(1) 𝑧𝑧 : the remainder of 𝑏𝑏(1)𝑅𝑅(−1) ÷ 𝑅𝑅(0)

= 𝑋𝑋𝑧𝑧−2
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the number of erasures: 𝜇𝜇 = 2

𝑇𝑇1 𝑇𝑇2 𝑇𝑇3 𝑇𝑇4
𝛼𝛼4 𝛼𝛼4 𝛼𝛼2 𝛼𝛼6

𝑅𝑅 −1 𝑧𝑧 = 1 + 𝛼𝛼2𝑧𝑧−1 + 𝛼𝛼6𝑧𝑧−2 + 𝑋𝑋𝑧𝑧−3

𝑅𝑅 0 𝑧𝑧 = 𝛼𝛼2𝑧𝑧−1 + 𝛼𝛼6𝑧𝑧−2 + 𝑋𝑋𝑧𝑧−3

𝑏𝑏 1 =
𝛼𝛼2

1
= 𝛼𝛼2

𝑎𝑎 1 𝑧𝑧 : the quotient of 𝑏𝑏(1)𝑅𝑅(−1) ÷ 𝑅𝑅(0)

= 𝑧𝑧 + 𝛼𝛼

𝑅𝑅(1) 𝑧𝑧 : the remainder of 𝑏𝑏(1)𝑅𝑅(−1) ÷ 𝑅𝑅(0)

= 𝑋𝑋𝑧𝑧−2

𝑃𝑃 1 𝑧𝑧 = 𝑧𝑧 + 𝛼𝛼4
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the number of erasures: 𝜇𝜇 = 2

𝑇𝑇1 𝑇𝑇2 𝑇𝑇3 𝑇𝑇4
𝛼𝛼4 𝛼𝛼4 𝛼𝛼2 𝛼𝛼6

𝑅𝑅 −1 𝑧𝑧 = 1 + 𝛼𝛼2𝑧𝑧−1 + 𝛼𝛼6𝑧𝑧−2 + 𝑋𝑋𝑧𝑧−3

𝑅𝑅 0 𝑧𝑧 = 𝛼𝛼2𝑧𝑧−1 + 𝛼𝛼6𝑧𝑧−2 + 𝑋𝑋𝑧𝑧−3

𝑏𝑏 1 =
𝛼𝛼2

1
= 𝛼𝛼2

𝑎𝑎 1 𝑧𝑧 : the quotient of 𝑏𝑏(1)𝑅𝑅(−1) ÷ 𝑅𝑅(0)

= 𝑧𝑧 + 𝛼𝛼
𝑅𝑅1 𝑧𝑧 : the remainder of 𝑏𝑏(1)𝑅𝑅(−1) ÷ 𝑅𝑅(0)

= 𝑿𝑿𝑧𝑧−2

𝑃𝑃 1 𝑧𝑧 = 𝑧𝑧 + 𝛼𝛼4
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the number of erasures: 𝜇𝜇 = 2

𝑇𝑇1 𝑇𝑇2 𝑇𝑇3 𝑇𝑇4
𝛼𝛼4 𝛼𝛼4 𝛼𝛼2 𝛼𝛼6

𝑅𝑅 −1 𝑧𝑧 = 1 + 𝛼𝛼2𝑧𝑧−1 + 𝛼𝛼6𝑧𝑧−2 + 𝑋𝑋𝑧𝑧−3

𝑅𝑅 0 𝑧𝑧 = 𝛼𝛼2𝑧𝑧−1 + 𝛼𝛼6𝑧𝑧−2 + 𝑋𝑋𝑧𝑧−3

𝑏𝑏 1 =
𝛼𝛼2

1
= 𝛼𝛼2

𝑎𝑎 1 𝑧𝑧 : the quotient of 𝑏𝑏(1)𝑅𝑅(−1) ÷ 𝑅𝑅(0)

= 𝑧𝑧 + 𝛼𝛼
𝑅𝑅1 𝑧𝑧 : the remainder of 𝑏𝑏(1)𝑅𝑅(−1) ÷ 𝑅𝑅(0)

= 𝑿𝑿𝑧𝑧−2

𝑃𝑃 1 𝑧𝑧 = 𝑧𝑧 + 𝛼𝛼4

𝜎𝜎 𝑧𝑧 = 1 + 𝛼𝛼4𝑧𝑧



Simulation result
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The results of decoding algorithms for [7,3] RS codes in some uncorrectable 
ranges
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Thank you !
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