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PN Generator   

Permutation

Hopping Table

. . . . .

. . . . .

Binary n-tuples
(one of      symbols)n2

< Requirements >

•Binary PN generator for the minimal hardware
complexity

• Symbols should appear as equally often 
as possible.

•Large linear complexity 

•Better Hamming correlation is desirable.

• When the number of the hopping slots   
(the sequence’s symbols) is not  a power of 2

Initial Condition

Hopping frequency

Introduction (I) 
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Introduction (II) 

1) Easy to generate and higher linear complexity

 Binary non-linear Feedback Shift Register is a choice

2) All of the      frequency slots must be used in one period as equally often 
as possible

 A de Bruijn sequence is a solution.

,...,,,.....,,,..., 1121  nininiiii aaaaaa

n2

Example 1 ) n-degree de Bruijn sequence of period = n2
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Introduction (III) 

0 0 0 0 1 1 1 1 0 1 1 0 0 1 0 1 . . .
0

1

3

7

 0 1 3 7 15 14 13 11 6 12 9 2 5 10 4 8 . . .

Example) a de Bruijn sequence of period = 16
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de Bruijn squence (I) 

•Initial Condition : 

•For i = n, n+1, … .. ),.....,,( 21 niiii xxxFx 

1210 ,.....,,, nxxxx

< generic FSR configuration >

… .

… .

F ( xi-1, xi-2, … , xi-n )

xi-n xi-n+1 xi-1

xi
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de Bruijn squence (II) 

nn 

•A state transition is a mapping from binary n-space       to itself

i.e., )),,(,,,,(),,,( 213221 nnn xxxFxxxxxx  

n

Example)
00

1001

11

000

001

011 110
010

101
100

111

a) The nodes of Good’s diagram n=3 b) The edges of Good’s diagram n*=n-1=2

000

001 100

010

101

011 110

111

• Full cycle search =>  a) Hamiltonian path    b) Eulerian path 
=>                complete  paths (de Bruijn sequence)nn 122
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(2) The linear complexity distribution of de Bruijn sequences for n=4

 L = linear complexity of a de Bruijn sequence of period 



n2

122 1  nn Ln

 The reason for using de Bruijn sequences as frequency hopping patterns
1) span n property              2) large linear span

de Bruijn squence (III) 

Linear 
complexity

# of 
sequences Sequence indices Connection Polynomial

(increasing order)
12 4 2, 3, 6, 10 1 0 0 0 1 0 0 0 1 0 0 0 1

13 0 * *

14 4 7, 8, 9, 11 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

15 8 0, 1, 4, 5, 12, 13, 14, 15 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
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(1) An example for de Bruijn sequences (n=4)

index binary sequences 16-ary sequences 8-ary sequences

0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

0 0 0 0 1 1 1 1 0 1 1 0 0 1 0 1
0 0 0 0 1 1 1 1 0 1 0 1 1 0 0 1
0 0 0 0 1 1 1 1 0 1 0 0 1 0 1 1
0 0 0 0 1 1 1 1 0 0 1 0 1 1 0 1
0 0 0 0 1 1 0 1 1 1 1 0 0 1 0 1
0 0 0 0 1 1 0 1 0 1 1 1 1 0 0 1
0 0 0 0 1 1 0 1 0 0 1 0 1 1 1 1
0 0 0 0 1 1 0 0 1 0 1 1 1 1 0 1
0 0 0 0 1 0 1 1 1 1 0 1 0 0 1 1
0 0 0 0 1 0 1 1 1 1 0 0 1 1 0 1
0 0 0 0 1 0 1 1 0 1 0 0 1 1 1 1
0 0 0 0 1 0 1 1 0 0 1 1 1 1 0 1
0 0 0 0 1 0 1 0 0 1 1 1 1 0 1 1
0 0 0 0 1 0 1 0 0 1 1 0 1 1 1 1
0 0 0 0 1 0 0 1 1 1 1 0 1 0 1 1
0 0 0 0 1 0 0 1 1 0 1 0 1 1 1 1

0 1 3 7 15 14 13 11 6 12 9 2 5 10 4 8 
0 1 3 7 15 14 13 10 5 11 6 12 9 2 4 8 
0 1 3 7 15 14 13 10 4 9 2 5 11 6 12 8 
0 1 3 7 15 14 12 9 2 5 11 6 13 10 4 8 
0 1 3 6 13 11 7 15 14 12 9 2 5 10 4 8 
0 1 3 6 13 10 5 11 7 15 14 12 9 2 4 8 
0 1 3 6 13 10 4 9 2 5 11 7 15 14 12 8 
0 1 3 6 12 9 2 5 11 7 15 14 13 10 4 8 
0 1 2 5 11 7 15 14 13 10 4 9 3 6 12 8 
0 1 2 5 11 7 15 14 12 9 3 6 13 10 4 8 
0 1 2 5 11 6 13 10 4 9 3 7 15 14 12 8 
0 1 2 5 11 6 12 9 3 7 15 14 13 10 4 8 
0 1 2 5 10 4 9 3 7 15 14 13 11 6 12 8 
0 1 2 5 10 4 9 3 6 13 11 7 15 14 12 8 
0 1 2 4 9 3 7 15 14 13 10 5 11 6 12 8 
0 1 2 4 9 3 6 13 10 5 11 7 15 14 12 8

0 0 1 3 7 7 6 5 3 6 4 1 2 5 2 4  
0 0 1 3 7 7 6 5 2 5 3 6 4 1 2 4  
0 0 1 3 7 7 6 5 2 4 1 2 5 3 6 4  
0 0 1 3 7 7 6 4 1 2 5 3 6 5 2 4  
0 0 1 3 6 5 3 7 7 6 4 1 2 5 2 4  
0 0 1 3 6 5 2 5 3 7 7 6 4 1 2 4  
0 0 1 3 6 5 2 4 1 2 5 3 7 7 6 4  
0 0 1 3 6 4 1 2 5 3 7 7 6 5 2 4  
0 0 1 2 5 3 7 7 6 5 2 4 1 3 6 4  
0 0 1 2 5 3 7 7 6 4 1 3 6 5 2 4  
0 0 1 2 5 3 6 5 2 4 1 3 7 7 6 4  
0 0 1 2 5 3 6 4 1 3 7 7 6 5 2 4  
0 0 1 2 5 2 4 1 3 7 7 6 5 3 6 4  
0 0 1 2 5 2 4 1 3 6 5 3 7 7 6 4  
0 0 1 2 4 1 3 7 7 6 5 2 5 3 6 4  
0 0 1 2 4 1 3 6 5 2 5 3 7 7 6 4

Note)  1st and 15th  sequences  are the extended m-sequences.

de Bruijn squence (IV) 
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Truth Table Approach (I) 

< Theorem 1 >  (branchless condition)  

Feedback function values of the top half  is the complement of  the bottom half
iff, the cycles generated by the function have no branch points.

Ex1)  

0111

1011

0101

0001

1110

0010

1100

1000

a4a3a2a1

OutputInput

000

001

011

111

100

010

101

110

),,(),,( 211 nkkknkkk aafaaaFa   
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(1) Truth table (2) State diagram

0000

1000

0001

1101
0101

1010

0010

01001011

0110

1110

1111 0111

1100

0011

1001

Ex2)

Truth Table Approach (II) 
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< Theorem 2 >  (cycle parity condition)  

For n>2,  the parity of the number of cycles satisfying theorem 1 is even or odd
according to whether the number of 1’s in the truth table of  
is even or odd.

Ex2)  

),,( 2 nkk aaf  

0111

1011

1101

0001

1110

0010

0100

1000

a4a3a2a1

OutputInput

001

000

100

010

111

011

101

110

Truth Table Approach (III) 
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< Theorem 3 >  
The cycle  all 0’s occurs  iff
The cycle  all 1’s occurs iff

=>                                   iff   The cycle  all 0’s never occurs 
iff    The cycle  all 1’s never occurs 

0)0,,0( f
0)1,,1( f

1)0,,0( f
1)1,,1( f

• The number of all possible degree n sequence by f is                  
• The number of all degree n de Bruijn sequence is

122
n

)22(2
11 22 nn nn 



• Using theorem 1, 2, 3,   
For n= 1, 2, 3,  the de Bruijn sequences are characterized by the following conditions

1.
2.
3.

•Generally, The above three condition  reduce the number of the sequence to 
• For n>4,  there is no general condition except the above three conditions.

1)0,,0( f
1)1,,1( f

1)( 
v

vf
32 22

1n

Truth Table Approach (IV) 
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 The weight range of a feedback function f ’s output 

121 *1  
n

n
n ZwZ (w is odd by theorem 2)


nd

dn
n d

n
Z

|
2)(1




nd

dnn
n d

n
ZZ

|2

2/* 2)2(
2
1

2


Where

Truth Table Approach (V) 
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Arbitrary Number of symbols (I)
(Example1: Symbol Addition) 

 S1 sequence:   period=L1, symbol=q1
S2 sequence:   period=L2, symbol=q2

 S3 sequence : period   L = L.C.M(L1,L2)
symbol  q = q1+q2-1

S3(i)   =  S1(i)   +    S2(i) 

 Ex)   S1 (L1=16, q1=8) ,  S2 (L1=3, q1=3)
=> S3 (L=48, q=10)

S1:  0 0 1 3 7 7 6 5 3 6 4 1 2 5 2 4 0 0 1 3 . . .
S2:  0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0 1 . . . 

S3:  0 1 3 3 8 9 6 6 5 6 5 3 2 6 4 4 1 2 1 4 . . .
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214

4

2

2

2

2

F

10

8

6

4

2

W

12 slots (80)

1

2

4

2

2

2

F

8

6

4

3

2

1

W

13 slots (48)

2

2

2

2

2

2

F

12

10

8

6

4

2

W

14 slots (112)

2

2

6

F

3

2

1

W

15 slots (16)

336623

22232

312241

FWFWFW

11 slots (16)10 slots (48)9 slots (16)

4

Arbitrary Number of symbols (II)
(Example1: Symbol Addition) 

 S1 sequence (0 0 1 3 7 7 6 5 3 6 4 1 2 5 2 4 0 0 1 3 ) : period=16, symbol=8
S2 sequence (0 1 2 … … q2-1 ) :   period=q2,   symbol=q2

=> S3 sequence : L =L.C.M(16,q2), q=8+q2-1 (slots) 

(W:symbol weight,  F:weight frequency)
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 symbols are selected among        symbols in S2

 The selected symbols from S2 are inserted to S1 to make 
the new sequence S.

 # of symbols of S =

Period of S = 

Arbitrary Number of symbols (III)
(Example 2: Symbol Insertion) 

21 22 kk 

 S1 de Bruijn sequence:   period =
symbol =

S2 de Bruijn sequence:  period =

symbol =  

12n

)(2 121
2 knnn 

)(2 11
1 knk 

12k

)2(2 12 kk  12k

1121 2)22( knkk 
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9

5

6

6

X

1

4

4

X

2

1

1

2

2

X

2

4

4

8

4

X7X783105112115X693101X0X0S

00467735631S2

77352563100S1

 S :  0   0   1   10   3   9   6   5   11   2   11   5   10   3   8 7   7   6   4   1   9   2   4   8  … …

Arbitrary Number of symbols (IV)
(Example 2: Symbol Insertion) 

 S1 de Bruijn sequence:   period = 23,  symbol = 23

S2 de Bruijn sequence:   period = 23, symbol = 23

 S:  symbol= 23 +22 ,  Period = (23+ 22) x 2
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6. Concluding Remark

•de Bruijn sequences have good properties as frequency hopping
sequences.
=>  Span n property
=>  Large linear complexity

•The truth table properties of de Bruijn Sequences can be used to reduce

the their searching range.

•Symbol insertion method can be expanded to any sequence where 

the number of symbols is the form of 

i.e. even number.

nkkk 222 21  
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