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Introduction (I) @

Initial Condition < Requirements >

PN Generator * Binary PN generator for the minimal hardware
| complexity
Binary n-tuples
\ J(One of 2'sym b01s>| I e Symbols should appear as equally often
Permutation as possible.
j J ..... J J e Large linear complexity
Hopping Table « Better Hamming correlation 1s desirable.
Hopping frequency  When the number of the hopping slots

(the sequence’s symbols) 1s not a power of 2
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Introduction (II) @

1) Easy to generate and higher linear complexity

—> Binary non-linear Feedback Shift Register 1s a choice

2) All of the 2" frequency slots must be used in one period as equally often
as possible

—> A de Bruijn sequence 1s a solution.

Example 1) n-degree de Bruijn sequence of period = 2"

e i di +1,di + 2,..... SAi+n—-1,di+n,Ai +n+1,...
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Introduction (I1I) @

Example) a de Bruijn sequence of period = 16

.
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)
00001 11101100101 ...
v\
0

g
¥
3

> 0137151413116129251048...

Al 4%} £ AIH K} 2L TH 3 5. Sept. 22, 2000



de Bruin squence (1)

W

< generic FSR configuration >

F ( xi-l: Xins vees Xiy)

Xj
< < < D —
Xin Xin+1 Xi1
Initial Condition : XgsXisXsenne X
°F0ri=n, n+1, xi :F(‘xi—19'xi—2’ ----- ’xi—l’l)
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de Bruin squence (1I) @

* A state transition 1s a mapping from binary n-space Q, to itself

QA —>Q e, (x,%,...,%,) > (X, X5,....,%,, F(x,X,,...X,))

Example)
/‘ 000 ‘\ 00
001 ¢ 100 0"/ N"
. o 101
~— 010 _—
] Mh 10
101 010
/" ‘\ 01\» /110
01_1 > 110 »
\* 111 / Q
C—5D 111
a) The nodes of Good’s diagram n=3 b) The edges of Good’s diagram n*=n-1=2

« Full cycle search => a) Hamiltonian path b) Eulerian path
=> ~2""-n complete paths (de Bruijn sequence)
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de Bruyn squence (I1I) @

(2) The linear complexity distribution of de Bruijn sequences for n=4

Linear # of - Connection Polynomial
: Sequence indices : :
complexity sequences (increasing order)
12 4 2,3,6,10 1000100010001
13 0 * *
14 4 7,8,9, 11 101010101010101
15 8 0,1,4,5,12,13, 14, 15 I1T111111111111T11

= L = linear complexity of a de Bruijn sequence of period 2"

=~ 2"y pn<L<2" -1

= The reason for using de Bruijn sequences as frequency hopping patterns
1) span n property 2) large linear span
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de Bruin squence (1V)

(1) An example for de Bruijn sequences (n=4)

index

binary sequences

16-ary sequences

8-ary sequences

N R E XA N R WN =

0000111101100101
0000111101011001
0000111101001011
0000111100101101
0000110111100101
0000110101111001
0000110100101111
0000110010111101
0000101111010011
0000101111001101
0000101101001111
0000101100111101
0000101001111011
0000101001101111
0000100111101011
0000100110101111

0137151413116129251048
0137151413105116129248
0137151413104925116128
0137151412925116131048
0136131171514129251048
0136131051171514129248
0136131049251171514128
0136129251171514131048
0125117151413104936128
0125117151412936131048
0125116131049371514128
012511612937151413104 8
0125104937151413116128
0125104936131171514128
0124937151413105116128
0124936131051171514128

0013776536412524
0013776525364124
0013776524125364
0013776412536524
0013653776412524
0013652537764124
0013652412537764
0013641253776524
0012537765241364
0012537764136524
0012536524137764
0012536413776524
0012524137765364
0012524136537764
0012413776525364
0012413652537764

Note) 1stand 15th sequences are the extended m-sequences.
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Truth Table Approach (I) @

< Theorem 1 > (branchless condition)

Feedback function values of the top half is the complement of the bottom half

iff, the cycles generated by the function have no branch points.

Ex1)




Truth Table Approach (II) @

Ex2)
(1) Truth table (2) State diagram
t | otsie
P 0000
0 1000
P 0100]
0 rro¢
ICRN
0 1
P anp’
it
b 000
L »(T0DI]
7t 0T
i &
1111 © QdiH
0 torf
0 Ohigy
0 | M
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Truth Table Approach (I11I) @

< Theorem 2 > (cycle parity condition)

For n>2, the parity of the number of cycles satisfying theorem 1 1s even or odd

according to whether the number of 1’s in the truth table of f(a,_,,...,a,_,)
1s even or odd.

Ex2) Input Output @

ar ar as a4 @ m
0 0 0 1
0 0 1 0 @
0 1 0 0 m
0 1 1 1
1 0 1 1
1 1 0 1 m
1 1 1 0
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Truth Table Approach (IV) @

< Theorem 3 >
The cycle all 0’s occurs iff f(0,...,0)=0
The cycle all 1’s occurs iff f(l,...,1)=0
=>  f(0,...,0)=1 iff The cycle all 0’s never occurs
f(1,...,1H)=1 ifft The cycle all 1’s never occurs

« The number of all possible degree n sequence by f i1s 22’1_1
e The number of all degree n de Bruijn sequence is PR (= 22" / 2")

e Using theorem 1, 2, 3,
For n=1, 2, 3, the de Bruijn sequences are characterized by the following conditions

1. f(0,...,0)=1
2. f(1,....H)=1
3. Y f)=1

v n—1

» Generally, The above three condition reduce the number of the sequence to 27 / 2°
 For n>4, there is no general condition except the above three conditions.
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Truth Table Approach (V)

W

= The weight range of a feedback function f/’s output

n

Where
Z, =+ 4(d)"
N an
Z 1
7z = =r _ 2d)2""2?
; > > 2Zd:md)( )

M axt S XX} b=l 5 - 14 -

7 —1<w<2! —Z: +1 (wis odd by theorem 2)
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Arbitrary Number of symbols (I) @
(Examplel: Symbol Addition)

s S1 sequence: period=L/, symbol=¢g]/
S2 sequence: period=L2, symbol=¢g2

S3(i) = SI(i) + S2(3)

—> S3 sequence : period L =L.C.M(LI,L2)
symbol g =gqgl+qg2-1

< Ex) S1(LI=16,ql=8), S2 (LI=3, qI=3)
=> S3 (L=48, g=10)

S1: 00137765364125240013...
Jﬂ S2: 01201201201201201201...

S3: 01338966565326441214...

M 4X}F EAMM KX} st=C}l 5 - 15 - Sept. 22, 2000



Arbitrary Number of symbols (1I)
(Examplel: Symbol Addition)

s Slsequence (0013776536412524001 3): period=16, symbol=8
S2 sequence (012 ... ... q2-1 ): period=qg2, symbol=g2

=> S3 sequence : L =L.C.M(16,92), g=8+g2-1 (slots)

(W:symbol weight, F:weight frequency)

9 slots (16) 10 slots (48) 11 slots (16) 12 slots (80) 13 slots (48) | 14 slots (112) 15 slots (16)

\W% F W F \W% F \W% F W F \W% F \W% F
1
2
3

4 2 2 1 3 1 6
3 4 2 2 2 2 2
2 6 6 3 3 3 2

2
4
6
8

ol N BN

AN NN

10

S B ST I N B AT I NG I B NS

1
2
3
4
6
8

12

N NN NN

14
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Arbitrary Number of symbols (I1I) @
(Example 2: Symbol Insertion)

<+ S1 de Bruijn sequence: period =2"
symbol = 2" (n, > k,)

S2 de Bruijn sequence: period= 2" (n, > n, > k,)

symbol = 2%

= 2" (< 2") symbols are selected among 2% symbols in S2

—> The selected symbols from S2 are inserted to S1 to make
the new sequence S.

= # of symbols of S = 2% 4 2%
P€I’i0d OfS = (2k1 + 2k2 ) x 2n1—k1
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Arbitrary Number of symbols (I1V)

(Example 2: Symbol Insertion)

¢ S1 de Bruijn sequence: period =23, symbol = 23

S2 de Bruijn sequence: period =23, symbol = 23

= S: symbol=23+22, Period = (2°+22)x 2

s, o] o] |1 3 6| |5 2 5 3 7 17 6| |4 |1 2 4
s, | [1] |3 /6> (5 ) /7> (7\ feﬂ (4 1 5) |2 4
s ol x|olx[1]10]3|o]e|x|s|11 |21 |5]T0|3]s]7|x]|7 6| x|alx]1]ol2]|x]|4als

3> S:00 1103966511 211510387 764192 48....
XN 4Xt S A M Xt 5 - 18 - Sept. 22, 2000




6. Concluding Remark @

 de Bruijn sequences have good properties as frequency hopping
sequences.
=> Span n property
=> Large linear complexity

 The truth table properties of de Bruiyn Sequences can be used to reduce

the their searching range.
« Symbol insertion method can be expanded to any sequence where

the number of symbols is the form of 2% +2% +...4 2%

1.e. even number.
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