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B Example: a sequence of length 8

O 1 4 6 5 3 4 2

e [ he sequence itself is a permutation of
order 8.

e Triangle below the sequence calculates
differences of corresponding terms mod
4 if both less than 3 or if both larger
than or equal to 4.

e In any row of this triangle, differences do
not repeat.
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B Definition: (n,k)-Sequences

Let aq,ap,...,a, be a permutation of
0,1,2,...,kn — 1. Let (a;,a;) be called a
“comparable pair” if |a;/n] = |a;/n], where

|z | is the integer part of =.

Then, 41,02, .., Qfy, IS called an

“(n, k)-sequence” if

Asd — @s Z ag4q —a¢  (Mod n)

for every s,t and d such that 1 <s<t<t+
d < kn and such that (a8_|_d,a,3) and (at_|_d,at)

are comparable pairs.
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B Existence whenever nk 4+ 1 IS prime
Let kn4+1 =p > 2 be a prime, and o be a
primitive root mod p.
For each :=1,2,...,kn, we denote

0g,(i) =] <= ol =31

where 0 < 3 < kn — 1.

Let g; and r; be determined by the relation

log, (1) = kq; +r;, where 0<r;<k-1.

Then
a; = q; + nr;

is an (n, k)-sequence.
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B Proof of Existence

(a;,a;) comparable <« 7, =r;
Therefore, we have (mod p)

akai  gklaitnr) kgt

oFlai—a;) = =
oFlaitnry) — ket

1
Ozka’j J

Assume (as4q,as) and (ay44,a¢) are compa-

rable pairs. Then

if as4q—as=a;4q—a; (Mod n),

= k(asq4q—as) = k(ayq —ar) (mod kn),
—  oFasta—as) = pklari—a)  (mod p),
d t+d
— ¥ EL (mod p),
S t
—

d=0 or s=t (modp).

Since0O<d<kn=p—1and 1 <s#t<kn,

we have a contradiction. (g.e.d)
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B Transformations of (n,k = 2)-sequences
Let ay,ao,...,a5, be an (n,2)-sequence.

Call a; of type Aif0<a; <n-—1,

and of type Bifn<a; <2n—1.

S, add (mod n) some constant to every
term of type A

Sp : add (mod n) some constant to every
term of type B

M : multiply (mod n) some constant m

to every a;'s, where gcd (m,n) =1

=y

take the backward reading

v

interchange type A and type B by
adding n if a; < n or by subtracting

nifa; >n

Note that S4, Sp and M preserve the type of

each term and P transposes two types.
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B Examples of Transformations
Sq: 01465372 = 12465073
Sp: 01465372 = 01647352
M : 01465372 = 03467152

R : 01465372 = 27356410

P : 01465372 = 45021736

Here, the dot represents the term of type A.

B Number of distinct (n,2)-sequences
The number of “essentially distinct” (n,?2)-
sequences for n < 11 is determined by com-
puter search.

For convenience, 10,11,12,... are represented
by A, B,C,.... The sequences followed by “x"

are essentially the same as those given by
“prime construction.”
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still running over 30 days
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B Every primitive root produces the same
example
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B Concluding Remarks

e The only known family of (n, 1)-sequences is from
the “Welch construction” for n = p — 1, which is
usually called as Costas sequences by Welch.

e There does not exists a (10, 2)-sequence of length
20.
— 100 hours of CPU time in Sun Sparc station
600 (1993)
— 10 hours in PentiumPro200 (1997)

e Conjecture Whenever p is a prime there exists
at least one (p, k)-sequence of length kp for each
positive integer k£ > 1.

True forp=3 and 2<k<10

True forp=5and 2<k<6

True forp=7and 2<k<4

e T wo applications to designing communication sig-
nals having optimal correlations.
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