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Example	 a sequence of length �
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� � � � 	 �
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� 	 � �

� � �

� �

	

� The sequence itself is a permutation of

order �


� Triangle below the sequence calculates

di�erences of corresponding terms mod

� if both less than � or if both larger

than or equal to �


� In any row of this triangle� di�erences do

not repeat
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De
nition	 
n� k��Sequences

Let a�� a�� � � � � akn be a permutation of

����	� � � � � kn � �
 Let 
ai� aj� be called a

�comparable pair� if bai�nc � baj�nc� where

bxc is the integer part of x


Then� a�� a�� � � � � akn is called an

�
n� k��sequence� if

as�d � as �� at�d � at 
mod n�

for every s� t and d such that � � s � t � t�

d � kn and such that 
as�d� as� and 
at�d� at�

are comparable pairs
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Existence whenever nk�� is prime

Let kn� � � p � 	 be a prime� and � be a

primitive root mod p


For each i� ��	� � � � � kn� we denote

log�
i� � j �� �j � i

where � � j � kn� �


Let qi and ri be determined by the relation

log�
i� � kqi � ri� where � � ri � k � ��

Then

ai � qi� nri

is an 
n� k��sequence
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Proof of Existence


ai� aj� comparable 	 ri � rj

Therefore� we have 
mod p�

�k	ai�aj
 �
�kai

�kaj
�

�k	qi�nri


�k	qj�nrj

�

�kqi�ri

�kqj�rj
�

i

j

Assume 
as�d� as� and 
at�d� at� are compa�

rable pairs
 Then

if as�d � as � at�d � at 
mod n��

�� k
as�d � as� � k
at�d � at� 
mod kn��

�� �k	as�d�as
 � �k	at�d�at
 
mod p��

��
s� d

s
�
t� d

t

mod p��

�� d � � or s � t 
mod p��

Since � � d � kn � p� � and � � s �� t � kn�

we have a contradiction
 
q
e
d�

Hong�Yeop Song� Dept� of Electronics Engineering� Yonsei Univ�



�

Transformations of 
n� k � 	��sequences

Let a�� a�� � � � � a�n be an 
n�	��sequence


Call ai of type A if � � ai � n� ��

and of type B if n � ai � 	n� �


SA � add 
mod n� some constant to every

term of type A

SB � add 
mod n� some constant to every

term of type B

M � multiply 
mod n� some constant m

to every ai�s� where gcd 
m�n� � �

R � take the backward reading

P � interchange type A and type B by

adding n if ai � n or by subtracting

n if ai 
 n

Note that SA� SB and M preserve the type of

each term and P transposes two types
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Examples of Transformations

SA � �� ���������	� �� �	��������

SB � �� ���������	� �� ���������	

M � �� ���������	� �� ���������	

R � �������	� 	�������

P � �� ���������	� ���� �	 ��� ���

Here� the dot represents the term of type A


Number of distinct 
n�	��sequences

The number of �essentially distinct� 
n�	��

sequences for n � �� is determined by com�

puter search


For convenience� �������	� � � � are represented

by A�B�C� � � �
 The sequences followed by ���

are essentially the same as those given by

�prime construction
�
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n �n � CPU time ai

� � � �� �

� � � ���� �

� � � ����	� �

��	���

� 
 � ����	���

�����	��

	 �� 	 ��	���
���

�	�������


�	�������
�

�	
�������

�	���
����

� �� � � �
� sec ���B
��A��	�

����
A�B�	��

����A
B��	���

���BA
�	����

� �� 
 � �
� sec
���B��D	CA���


���B��C�D
�	A�

����
AB�	��D�C

���CA	��D�
�B�

��A����	
DC��B

��B���	A�
D��C

����AB
��	D��C

���A��D�
C�	�B


 �� � � �
� min
��
�AFD���BE�C	�

��
�E�B��FDA�C	��

��
AD�B��F��EC	�

��
EB�D����FAC	�

�
�F��E	�A��BDC�

�
�F��E��A	�BDC�

� �
 � � �� min ��F�
��A�H�GBCE�	D �

�� �� � � �� hours NONE

�� �� � � 	� hours ��
�B�K�	CFA�LJ�E�IDHG �

�� �� � still running over �� days
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Every primitive root produces the same

example
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� �

� � �

CA�x� y� � �
� � �

� �

�

�

� �

� � �

CB�x� y� � �
� � �

� �

�

�

� �

� � �

CAB�x� y� � � � � �

� � �

� �

�

�

� �

� � �

CA�B�
�x� y� � � � � �

� � �

� �

�
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Concluding Remarks

� The only known family of 	n��
�sequences is from
the �Welch construction� for n � p� �� which is
usually called as Costas sequences by Welch�

� There does not exists a 	����
�sequence of length
���
� ��� hours of CPU time in Sun Sparc station
��� 	�

�

� �� hours in PentiumPro��� 	�

�


� Conjecture Whenever p is a prime there exists
at least one 	p� k
�sequence of length kp for each
positive integer k � ��

True for p� � and � � k � ��

True for p� � and � � k � �

True for p� � and � � k � �

� Two applications to designing communication sig�
nals having optimal correlations�
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