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=9 Constellations (alphabets)

real
Phase only ampllicude
well studied on y
few results

»»»»»»»»»»»»»

Quadrature-amplitude modulation (QAM)  Amplitude & phase shift keying (APSK)

“““““““““““

Both
Normally Phase and
Square Amplitude
studied few results

»»»»»»»»»»»»»

Adding the zero point = PSK+, ASK+, QAM+, and APSK+
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-* Autocorrelation & perfect sequence &)
( 1 ] s

 Let x = {x(n)}:Z} be a complex-valued sequence of length L.

The (periodic) autocorrelation of x at time shift 7 is
L—-1

C,(t) = z x(n)x*(n—1).

n=0
A sequence is perfect if its autocorrelation is zero for any 7 0 (mod L).

- x is a perfect sequence of period L If and only if

the DFT of x has flat magnitude.
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oo The Milewski construction

« Originally proposed to construct perfect polyphase sequences
from those of shorter period

Well-known case: using the Zadoff-Chu sequence as the shorter one

Frank, Zadoff 1962
1960°s (Heimiller 1961)

Chu1973 | ____________ .
1970’s (Frank, Zadoff) !
Kumar, Sholtz, Welch I ski 1983
1980’s 1985 [ Milew Chung, Kumar 1989
1990 Popovic 1992

Mow’s unified construction (dissertation 1993, ISSTA 1996)




= The original construction
period: m! - m?K+1

perfect polyphase A positive
sequence integer

a = {a(n)}m4 K

| |

Milewski
Construction

|

Output
perfect polyphase sequence

s = {s(m)ymy

where

s(n) = a(q)w
wheren = gmX + 7.

and w is an m¥*1-th complex primitive root of unity



e The original construction

o0
- . 1 1+2K
period: m* - m
K K
perfect polyphase p positive m-m” X m" array form of s
sequence integer
Input sequence
a = {a(m)}n, K of period m
l l Aa) 1x 1 @)  x1 va® X1 -
|a(1) X 1 a(1) X a(1) X @M -1
I l o 2
Milewski @ e e we@ X (W)
Construction ! L .
la(m—11x 1 a(m—1) X @™1 a(m —1) x (mmK—l)
l L o _I .
Output a(0)  x1 a0) X o™ a0 X (w’"'{'l)m
perfect polyphase sequence . ( )mK+1
2K+1_ a(l) x 1 a(l) X @m t1 a(1) X (om<-1
s={sMmhs, ) .
a(2) X1 a(2) X @™ *? e a(2) X (ﬁ,m"—l)
where
S(Tl) = a(Q)wqr ~ a(m—1)x 1 a(m—1) X w™ 1 a(m—1) X (mmK—l e

wheren = gmX + 7.

and w is an m¥*1-th complex primitive root of unity



i, O u r g e n e ra I iza t i O n not necessarily cs :*

s(n) = a(q)w?
withn = gmX + r, and

s(n) = p(r)a(q)w?
withn = gN + r, and

w is an mN-th primitive root of unity w is an mN-th primitive root of unity

o0 perfect \
. s Any polyphase
A positive + Perfect sequence A positive
perfect polyphase integer | not necessarily integer sequence
sequence ! polyphase of length N
= -1 : — -1
Milewski i Generalized Milewski
Construction | Construction
Output E Output
perfect polyphase sequence E perfect sequence
2K+1 | 2
— -1 ! — N--1
s={s(m)}-, 5 s = {s(M)}no
where . where

with N = m¥X, with any positive integer N.



[
& Array Form

Assume that u is the all-1 sequence,

Column indexr =0,1,2,...,N — 1

;OU a(0) X (w?)° a(0) X (w!)? e a(0) X (wN"1)0
= e X @ a(l) % (D! wa) x (@'
2 «@  x @ a) % (@) e x (@M1
A
<|:|> a(m—1) x (0”)m1 a(m—1) x (w)m? v am—1) x (0N Hm-1
-
N
: a(0) X (w®)mW-1 a(0) X (whH)mW-1 . a(0) X (wN-1)mN-1
g a(l) X (@?)mW-1)+1 a(1) X (w})mWN-1+1 e a(l) X (@N-1)mW-D+1
| a(2) X (w9)mN-1+2 a(2) X (wl)mN-1)+2 e a(2) X (@N-1)mN-1+2
—
¢ a(m—1) x (w%)mN-1 a(m—1) X (whH)mN-1 v am—1) % (@V-1)mN-1

X w is an mN-th primitive root of unity
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® .
oo Proof when u is all-1 sequence

e a(0) X (@%° a(0) x (0} e a(0) X (N1 ~
a(l) X (0! a(l) x (oH?! e oa(l) X (Nl
a(2) x (w%)? a(2) X (whH? a2 X (wV1)?
a(m—1) x (@)™ am—-1) X (0Hm™?! e am-1) x (@V"Hm-1

: : . A ( )

a(0) X (w())m(N—l) a(0) X (wl)m(N—l) e a(0) % (wN—l)m(N—l) — SO, S1 ) Sz ) wun SN_ 1
a(1) % (wO)m(N—1)+1 a(1) X (wl)m(N—1)+1 - a(l) % (wN—l)m(N—1)+1
a(2) X (w())m(N—l)+2 a(2) % (wl)m(N—1)+2 - a(?) X (wN—l)m(N—1)+2

\ a(m—1) x (w®)mV-1 a(m—1) x (wH)mN-1 v a(m—1) x (e¥N-hmN-1 _/

where

= (5:(9) = a(@) (@)U
is the r-th column

We will use linearity of the DFT.



e Proof - continued
o0

(So, Sll Sz, ...,SN_]_) — (So, O, O, ,O) + -+ (O, O, ...,O, SN—l)

'

a a(0) X (w®)? 0 0 ~
a(1) X (w1 0 e 0
a(2) X (w?)? 0 0
a(m—1) X (0™ 1 0 e 0

a(O) X (wO)m(N—l)

0 e 0

a(1) X (wO)m(N—1)+1 0 0

a(2) X (wO)m(N—1)+2 0 0
- a(m—1) X (w®)mN-1 0 e 0 _/
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(So, Sll Sz, ...,SN_]_) — (So, O, O, ,O) + -+ (O, O,

e a(0)
a(l)
a(2)

a(m—1)
a(0)

a(1)
a(2)

| a(m—1)

Proof - continued

0 0\
0 0
0 0
0 0
0 0
0 0
0 0
0 0/

,0,Sy-1)
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Proof - continued

CSDL

(So, Sl' Sz, ""SN—l) — (So, O, O, “en ) O) + -+ (O, O, “er ) O, SN—l)

}
Aa® 0 0 ':\
I a(1) 0 01
| |
| a(2) 0 - 0k+-===Aperfectsequence of period mN
|
I : 2
: : repeat
Lam-1D_ 0 _ -_ 01 N times ‘
a(0) 0 = 0 Its DFT has flat magnitude
a(1) 0 0
P Jf LT 11 I
\a(m—l) 0 0 ~/ O 1 2 3 4 mNi—i




CSDL

Proof - continued

(So, Sl' Sz, ""SN—l) — (So, O, O, “en ) O) + -+ (O, O, “er ) O, SN—l)

}
/:'07((7)""0 """ o':_\' B
I a(1) 0 01
| |
I a(2) 0 01
| |
I :
| |
Lam-D__0 _ = _ 0!
a(0) 0 0
a(1) 0 0
a(2) 0 0
| a(m—1) 0 0 ~/

- - DFT has flat magnitude

R

—y

mN —
repeat _ _ _ _
N times
0 N 2N
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Proof - continued

CSDL

0
| I » Cyclic shift at time
_ : : domain does not affect
(0,54,0,0,...,0) : 1-cyclic shift of (s{,0,0, ...,0) on magnitude at the
DFT has ! frequency domain
: T TTo 2 170 R, 0
flat magnitude o ° M () 0 0~
Ly 0 o0 (0?)* 0 0
| |
Ia(Z) 0 01 (ml)z 0 0
| | .
I I ’ 5
0 1 jem—-1) o .. ol ()" 0 0
X . :
a(0) 0 e 0 (w1)m("\’—1) 0 0
T a(l) 0 e 0 (wl)m(N—1)+1 0 0
a(2) 0 0 (w1)m(.’\’—1)+2 0 0
0 N 2N - am—1) o w0 / o (wl)"”"—l 0 0 4
I . .
i 1-cyclic shift
«= =4 at the
——————— exeloes—— 3 frequency
1 N+1 2N+1 domain
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e Proof - continued

o0 F .
. . requency domain
Time domain 9 y

(magnitude)
(50,0,0, ..., - sese
+ +
(0.5,0,0 T
_|_
( ., 0, SnN— 1) “ Jx—rirx—x—)lﬂ x—xT
N—-1 2N -1 mN? —1
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e Proof - done

Time domain

Frequency domain

(magnitude)
(50,0,0,...,0) L s
+ | +
(0,54,0,0, ...,0) a | - | )
1  N+1 2N+1
_|_
(0,0,...,0,sy_1) ” J\—riﬂ—x—)lﬂ x-xT

N-1 2N-1

(S0, 51,52, -+, Sn-1) ” )l{ TT TT

mN —1

X Flat
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= Examples

ee®
{0,—1,1,0,1,1} N =2 all-one
| | | | .
Generalized 0s | ® ®
Milewski _
Construction ; 0 ® ® @
l 05 £ i}
S =
{0,0,—1,—w, 1, w?,0,0, . .
1, w* 1,000, -1, —w’, At
1,w%0,0,1, 0% 1, 011}
1.5
| | o | |

¥ w is a 12-th primitive root of unity Constellation of s : 12-PSK+
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{3,-2,3,-2,-2,
3,—2,—7,—2,—2}

of period 9 N =3 all-one
Generalized
Milewski
Construction

!

s is a perfect sequence
of period 90

By Examples (cont’)

Phases are aligned

&
I, 4
\ o

6 ¥ %
4r . "

® w B ® i) Y.

%]

2 \E-:f.«ﬂﬁx@xb x

E /e - L

= \/
oF @ P ® @ x
p— / N S~y
: Y N :
% M =
/ y
) - 7 A
A W w0 \\\ '\E-L\\
u "
-5 ,f kS
[
X k1
-&
-8 -5 -3 -2 { 2 4 & 8
real

Constellation of s : APSK
(3 different amplitudes & 30 different phases)
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ZONEENCRE @ X | a0)  x,(@")°

a(1) X :(wO)l a(l) X :(a)l)l a(1) % :(wN—l)l
| I I

ORI CL a2)  xi')? a@) X (V1?2

a(m—1) X :(a)""")m‘1

[

1

[

1

[

1

[

1
a(m—1) X :(wo)m‘l :
: : : | |
. I : I I
[

1

[

1

[

1

[

1

[

1

a(0) X :(wo)m(’v_l) a(0) X :(wl)m(N—l) a(0) x :(wN—l)m(N—l)
a(1) X :(wO)m(N—1)+1 a(1) X :(wl)m(N—1)+1 a(1) X :(wN—l)m(N_1)+1
a(2) X :(a)o)m(l"'l)+2 a(2) X :(wl)m(N—1)+2 a(2) X :(wN—l)m(N—1)+2

a(m—1) X :(a)o)"”"‘1 a(m—1) x :(wl)mN—l

|____I___ .____I___

!
mN different phases required, in general
19

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
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eo

For arbitrary chosen u

Multiplying a constant u(r) with |u(r)| = 1 to r-th
column does not affect the magnitudes of the DFT of

(0,0, ..., u(1)s,,0,...,0) = u(r)(0,0, ..., s,,0, ..., 0)

- Frequency domain

(magnitude)

(1(0)50, (D)1, .., (N — Dsy_,) (P 1L S 1 N 1

still flat !

Time domain

20



S Concluding remarks

« The Milewski construction is generalized in period and constellation
flexible period, various input sequences

perfect sequences over PSK, PSK+, APSK+
- Example: Input perfect over ASK+ =» Output perfect over APSK+

« Some interesting questions for future works:

Possible to reduce the number of phase? I .

- mN different phases, in general. di

- related to QAM constellation Sl x I .‘ :

For APSK, how to tilt points? 2 AN

- Two points on circles of different radius e T .
have different phase offset 20
to maximize distance, in practice. 3t ’ ’

21



After this presentation is accepted,
we have realized that

the construction in this paper can
be further generalized.

[ will use just 2 more slides
to show this result briefly,

if it is allowed



‘e Further generalization
oo recent result

multiset of N perfect

Amap f :Zy = Zpyy

sequence of period m A positive A polyphase sequence which satisfies
(with the same energy) Integer of length N f(x) # f(y)(mod N)
forx =y
{ayg, a,a,,...,ay_1} N u f

l l l l

Further Generalized Milewski
Construction

l

Output perfect sequence
s = {s())dy

where

s(n) = u(r)a, (@)™

withn = gN + r, and w is an mN-th primitive root of unity
23



-* Relationship with Mow'’s conjecture &)

/ Perfect polyphase sequences \

= Further Generalized Milewski construction
for only polyphase sequences

4 Further Generalized Milewski construction )
with Zadoff-Chu sequences of square-free period

(= Mow’s unified construction)

Generalized MilewsKi construction in this presentation
(polyphase only)

o J

[s the area outside the blue box empty or not?

(open for more than 20 years)

Mow confirmed by computer search that they are empty for
period L < 20, #ofphaseM < 15, and LM < 111!
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