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Polyphase sequence

𝑒𝑒𝑗𝑗
2𝜋𝜋𝑎𝑎1
𝑁𝑁 𝑒𝑒𝑗𝑗

2𝜋𝜋𝑎𝑎2
𝑁𝑁 𝑒𝑒𝑗𝑗

2𝜋𝜋𝑎𝑎3
𝑁𝑁 ⋯ 𝑒𝑒𝑗𝑗

2𝜋𝜋𝑎𝑎𝐿𝐿−2
𝑁𝑁 𝑒𝑒𝑗𝑗

2𝜋𝜋𝑎𝑎𝐿𝐿−1
𝑁𝑁 𝑒𝑒𝑗𝑗

2𝜋𝜋𝑎𝑎𝐿𝐿
𝑁𝑁

A sequence consisting 
of Roots of unity

Well-known polyphase sequence
with good correlation property

• M-sequence
Even-periodic autocorrelation value is always 1

• Sidelnikov sequence
Even-periodic autocorrelation value is 
upperbounded by 4
Even-periodic crosscorrelation value is 
upperbounded by 𝐿𝐿 + 2

• Power Residue sequence
Even-periodic autocorrelation value is 
upperbounded by 3
Even-periodic crosscorrelation value is 
upperbounded by 𝐿𝐿 + 1 + 3

Perfect sequence 
Even-periodic autocorrelation
value is always 0

• Zadoff-Chu sequence
• Frank sequence
• Milewski sequence
• Popovic sequence

𝑁𝑁 − th roots of unity

𝐼𝐼

𝑒𝑒𝑗𝑗
2𝜋𝜋𝑎𝑎𝑖𝑖
𝑁𝑁 , 𝑎𝑎𝑖𝑖 ∈ 𝑍𝑍𝑁𝑁

1

𝑄𝑄



Almost-polyphase sequence

𝑒𝑒𝑗𝑗
2𝜋𝜋𝑏𝑏1
𝑁𝑁 0 𝑒𝑒𝑗𝑗

2𝜋𝜋𝑏𝑏3
𝑁𝑁 ⋯ 0 𝑒𝑒𝑗𝑗

2𝜋𝜋𝑏𝑏𝐿𝐿−1
𝑁𝑁 𝑒𝑒𝑗𝑗

2𝜋𝜋𝑏𝑏𝐿𝐿
𝑁𝑁

𝑁𝑁 − th roots of unity

𝑒𝑒𝑗𝑗
2𝜋𝜋𝑎𝑎𝑖𝑖
𝑁𝑁 , 𝑎𝑎𝑖𝑖 ∈ 𝑍𝑍𝑁𝑁

1

𝑄𝑄

Zero

A sequence consisting of 
Roots of unity and zero
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History of almost-polyphase sequence

H.D.Luke

• Odd-perfect sequence is created by putting 0 instead of the 

complex binary symbol at one specific position in the 

complex binary sequence (2003)

• First use of the word ‘Almost-binary sequence’

H.D. Luke, H.D. Schotten, “Odd-perfect almost binary correlation sequences”. IEEE Trans. Aerosp. Electron. Syst. 31, 495–498 (1996)



6

H.D.Luke

E.I.Krengel

• Almost perfect sequence is created by putting 0 instead of 

the complex symbol at some specific positions in the 

polyphase sequence (2010)

• First use of the word ‘Almost-polyphase sequence’

E I. Krengel, ”Some Constructions of Almost-Perfect, Odd-Perfect and Perfect Polyphase and Almost-Polyphase Sequences,” 
SETA 2010, Sep.2010.

History of almost-polyphase sequence
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H.D.Luke

E.I.Krengel

Xiao. Tang

• Ideal autocorrelation sequence is created by putting 0 instead 

of the complex symbol at one specific position in the 

complex 2, 4-ary sequence (2009)

X. Tang and C. Ding, “New classes of balanced quaternary and almost balanced binary sequences with optimal autocorrelation value,” 
IEEE Trans. Inf. Theory, vol. 56, no. 12, pp. 6398–6405, Dec. 2010

History of almost-polyphase sequence



8

H.D.Luke

E.I.Krengel

Xiao. Tang

Xiao. Shi

• Shi extend Tang's almost-polyphase 

sequence to 𝑘𝑘-ary(2019)

X. Shi, X. Zhu, X. Huang and Q. Yue, ”A Family of M -Ary 𝜎𝜎 -Sequences With Good Autocorrelation,” 
IEEE Comm. Letters, vol. 23, no. 7, pp. 1132-1135, May. 2019.

History of almost-polyphase sequence
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H.D.Luke

E.I.Krengel

Xiao. Tang

Xiao. Shi M. K. Song

• Almost-polyphse sequence is created by Generalized Milweski 

construction (2018)

• Perfect sequence
Min Kyu Song and Hong-Yeop Song, “A generalized Milewski construction for perfect sequences,” 
Sequences and Their Applications (SETA 2018), Hong Kong, China, Oct. 1-7, 2018

History of almost-polyphase sequence
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Almost-polyphase sequence

𝑒𝑒𝑗𝑗
2𝜋𝜋𝑏𝑏1
𝑁𝑁 0 𝑒𝑒𝑗𝑗

2𝜋𝜋𝑏𝑏3
𝑁𝑁 ⋯ 0 𝑒𝑒𝑗𝑗

2𝜋𝜋𝑏𝑏𝐿𝐿−1
𝑁𝑁 𝑒𝑒𝑗𝑗

2𝜋𝜋𝑏𝑏𝐿𝐿
𝑁𝑁

H. D. Luke

E. I. 
Krengel

Xiao. Tang

Xiao. Shi

2,4 – ary almost-polyphase sequence
Ideal autocorrelation sequence is created by putting 

0 instead of the complex symbol at one specific 

position in the complex 2, 4-ary sequence (2009)

𝒌𝒌 – ary almost-polyphase
sequence
• Shi Extend Tang's almost-polyphase 

sequence to 𝑘𝑘-ary(2019)

Proposed New constructions

A sequence consisting of 
Roots of unity and zero



Sidelnikov sequences
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Definition 1. sidelnikov sequence
Let 𝑞𝑞 = 𝑘𝑘𝑘𝑘 + 1 be an odd prime power for some positive integers 𝑘𝑘, 𝑓𝑓 and

𝐷𝐷0 = 𝜇𝜇𝑘𝑘𝑘𝑘 𝑙𝑙 = 0,1, … , 𝑓𝑓 − 1 ,
with a primitive element 𝜇𝜇 of  𝑭𝑭𝑞𝑞. For 𝑖𝑖 = 0,1, … , 𝑘𝑘 − 1, we let 𝐷𝐷𝑖𝑖 = 𝜇𝜇𝑖𝑖𝐷𝐷0. 
Then a 𝑘𝑘-ary Sidelnikov sequence 𝐬𝐬 of  period 𝑞𝑞 − 1 is defined as 

𝑠𝑠 𝑛𝑛 = �0 𝑖𝑖𝑖𝑖 𝜇𝜇𝑛𝑛 + 1 = 0,
𝑖𝑖 𝑖𝑖𝑖𝑖𝜇𝜇𝑛𝑛 + 1 ∈ 𝐷𝐷𝑖𝑖 .

We can transform 𝒔𝒔 to complex polyphase sequence t is given as
𝑡𝑡 𝑛𝑛 = 𝜔𝜔𝑠𝑠(𝑛𝑛),𝑛𝑛 = 0,1,2, … ,

where 𝜔𝜔 = 𝑒𝑒𝑗𝑗
2𝜋𝜋
𝑘𝑘 . We can multiply the constant 𝑐𝑐 to 𝑘𝑘-ary sequence 𝒔𝒔 and corresponding 

polyphase sequence is denoted by 𝒕𝒕𝑐𝑐, 𝑡𝑡𝑐𝑐 𝑛𝑛 = 𝜔𝜔𝑐𝑐�𝑠𝑠(𝑛𝑛),𝑛𝑛 = 0,1,2, …
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Definition 4.(proposed)
(i) The almost-polyphase sequence 𝒕𝒕+ is defined as

t+ 𝑛𝑛 = � 0 if 𝑛𝑛 =
𝑞𝑞 − 1

2
,

t(n) otherwise.
(ii) For a positive integer c such that 1 ≤ 𝑐𝑐 ≤ 𝑘𝑘 − 1, almost-polyphase sequence 𝒕𝒕c+ is  
defined as

𝑡𝑡c+ 𝑛𝑛 = � 0 if 𝑛𝑛 =
𝑞𝑞 − 1

2
,

tc(n) otherwise.
(iii) Almost-polyphase sequence set T of  size k-1 is defined as

T = 𝒕𝒕c+ c = 1,2, . . . , k-1}
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Sidelnikov’s and proposed sequences

Length Alphabet size Family size

Sidelnikov 
Sequence

(& constant multiple 
family)

Odd prime power-1
𝑞𝑞 − 1 = 𝑘𝑘𝑘𝑘 𝑘𝑘 𝑘𝑘 − 1

Proposed punctured 
sidelnikov 
sequences

Odd prime power-1
𝑞𝑞 − 1 = 𝑘𝑘𝑘𝑘 𝑘𝑘 𝑘𝑘 − 1
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Sidelnikov’s two polyphase sequences

Example

4-ary Sidelnikov 

Sequence 𝒕𝒕 (𝑞𝑞 − 1 = 8)

4-ary Proposed punctured 

sidelnokov sequence 𝒕𝒕+
(𝑞𝑞 − 1 = 8)

1 −1 𝑒𝑒𝑗𝑗
3
2𝜋𝜋 −1 1 𝑒𝑒𝑗𝑗

3
2𝜋𝜋 𝑒𝑒𝑗𝑗

1
2𝜋𝜋 𝑒𝑒𝑗𝑗

1
2𝜋𝜋

1 −1 𝑒𝑒𝑗𝑗
3
2𝜋𝜋 −1 𝟎𝟎 𝑒𝑒𝑗𝑗

3
2𝜋𝜋 𝑒𝑒𝑗𝑗

1
2𝜋𝜋 𝑒𝑒𝑗𝑗

1
2𝜋𝜋
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Correlation upperbound

Auto
Cross

(with constant multipl
e)

Sidelnikov 
Sequence

(& constant 
multiple family)

4 𝑞𝑞 + 3

Proposed 
punctured 
sidelnikov 
sequences

2 𝑞𝑞 +1

Sidelnikov’s two polyphase sequences
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Definition 2. power residue function

Let q, 𝑘𝑘, 𝜇𝜇, Di be given in Definition 1. We define a Power Residue function g: Fq → Zk as 
flows:   

g x = �0 𝑖𝑖𝑖𝑖 x = 0,
𝑖𝑖 𝑖𝑖𝑖𝑖 x ∈ 𝐷𝐷𝑖𝑖 .

Note that

s
q − 1

2
= g 0 = 0,

t
q − 1

2
= 𝜔𝜔0 = 1
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Lemma 3-(i): autocorrelation of  Sidelnokov sequence
For any 𝜏𝜏 ≠0, an integer c, with 1 ≤ c ≤ k − 1, the autocorrelation of  tc is given as 
follows:

R𝒕𝒕c 𝜏𝜏 = �
𝑥𝑥=0

𝑞𝑞−2

𝑡𝑡𝑐𝑐 𝑥𝑥 + 𝜏𝜏 𝑡𝑡𝑐𝑐 𝑥𝑥 ∗

= −𝜔𝜔c⋅g(𝜇𝜇𝜏𝜏) − 1 + 𝜔𝜔c⋅g(−𝜇𝜇𝜏𝜏+1) + 𝜔𝜔−c⋅g(−𝜇𝜇−𝜏𝜏+1)

Therefore
R𝒕𝒕c 𝜏𝜏 ≤ 4.
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Theorem 5: autocorrelation of  proposed punctured sidelnokov sequence
For 𝜏𝜏 ≠ 0,

Rtc+ 𝜏𝜏 ≤ 2.

Proof)
Assume 𝜏𝜏 ≠ 0,

R𝒕𝒕c+ 𝜏𝜏 = �
𝑥𝑥=0

𝑞𝑞−2

𝑡𝑡𝑐𝑐+ 𝑥𝑥 + 𝜏𝜏 𝑡𝑡𝑐𝑐+ 𝑥𝑥 ∗

= R𝒕𝒕c
𝜏𝜏 − 𝑡𝑡𝑐𝑐

𝑞𝑞 − 1
2

+ 𝜏𝜏 𝑡𝑡𝑐𝑐
𝑞𝑞 − 1

2

∗

− 𝑡𝑡𝑐𝑐
𝑞𝑞 − 1

2
𝑡𝑡𝑐𝑐

𝑞𝑞 − 1
2

− 𝜏𝜏
∗

Note that 𝜇𝜇
𝑞𝑞−1
2 = −1, 𝑡𝑡𝑐𝑐

𝑞𝑞−1
2

= 1. By Lemma 3-(i)

R𝒕𝒕c+ 𝜏𝜏 = R𝒕𝒕c
𝜏𝜏 − 𝜔𝜔𝑐𝑐⋅𝑔𝑔 −𝜇𝜇𝜏𝜏+1 − 𝜔𝜔−𝑐𝑐⋅𝑔𝑔(−𝜇𝜇−𝜏𝜏+1)

= −𝜔𝜔𝑐𝑐⋅𝑔𝑔 𝜇𝜇𝜏𝜏 − 1.
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Lemma 3-(ii),(iii): crosscorrelation of  Sidelnokov sequence
Let 𝑎𝑎, 𝑏𝑏 be integers with 1 ≤ 𝑎𝑎 ≠ 𝑏𝑏 ≤ k − 1. The crosscorrelation of  𝒕𝒕a and 𝒕𝒕b is given as 
follows:
(ii) If  𝜏𝜏 = 0,

C𝒕𝒕𝑎𝑎,𝒕𝒕𝑏𝑏 0 = �
𝑥𝑥=0

𝑞𝑞−2

𝑡𝑡𝑎𝑎 𝑥𝑥 𝑡𝑡𝑏𝑏 𝑥𝑥 ∗ = 0 .

(iii) If  𝜏𝜏 ≠ 0,

C𝒕𝒕𝑎𝑎,𝒕𝒕𝑏𝑏 𝜏𝜏 = �
𝑥𝑥=0

𝑞𝑞−2

𝑡𝑡𝑐𝑐 𝑥𝑥 + 𝜏𝜏 𝑡𝑡𝑐𝑐 𝑥𝑥 ∗

= 𝜔𝜔𝑎𝑎⋅g(−𝜇𝜇𝜏𝜏+1) + 𝜔𝜔𝑏𝑏⋅g(−𝜇𝜇−𝜏𝜏+1) + �
𝑥𝑥∈𝐹𝐹𝑞𝑞\{0,−1,−𝜇𝜇−𝜏𝜏}

𝜔𝜔𝑎𝑎⋅𝑔𝑔 𝜇𝜇𝜏𝜏𝑥𝑥+1 −𝑏𝑏⋅𝑔𝑔(𝑥𝑥+1)

This leads to
𝐶𝐶𝒕𝒕𝑎𝑎,𝒕𝒕𝑏𝑏 𝜏𝜏 ≤ 𝑞𝑞 + 3
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Theorem 5: autocorrelation of  proposed punctured sidelnokov sequence
For 1 ≤ 𝑎𝑎 ≠ 𝑏𝑏 ≤ 𝑘𝑘 − 1

𝐶𝐶t𝑎𝑎+,t𝑏𝑏
+ 𝜏𝜏 ≤ 𝑞𝑞 + 1.

Proof)

Note that 𝜇𝜇
𝑞𝑞−1
2 = −1, 𝑡𝑡𝑐𝑐

𝑞𝑞−1
2

= 1. Assume 𝜏𝜏 = 0, by Lemma 3-(ii),

𝐶𝐶t𝑎𝑎+,t𝑏𝑏
+ 0 = �

𝑥𝑥=0

𝑞𝑞−2

𝑡𝑡𝑎𝑎+ 𝑥𝑥 𝑡𝑡𝑏𝑏+ 𝑥𝑥 ∗ = 𝐶𝐶t𝑎𝑎 ,t𝑏𝑏
0 − 𝑡𝑡𝑎𝑎

𝑞𝑞 − 1
2

𝑡𝑡𝑏𝑏
𝑞𝑞 − 1

2

∗

= −1.

Assume 𝜏𝜏 ≠ 0,

𝐶𝐶t𝑎𝑎+,t𝑏𝑏
+ 𝜏𝜏 = 𝐶𝐶t𝑎𝑎 ,t𝑏𝑏

𝜏𝜏 − 𝑡𝑡𝑎𝑎
𝑞𝑞 − 1

2
+ 𝜏𝜏 𝑡𝑡𝑏𝑏

𝑞𝑞 − 1
2

∗

− 𝑡𝑡𝑎𝑎
𝑞𝑞 − 1

2
𝑡𝑡𝑏𝑏

𝑞𝑞 − 1
2

− 𝜏𝜏
∗

= 𝐶𝐶t𝑎𝑎 ,t𝑏𝑏
𝜏𝜏 − 𝜔𝜔a⋅𝑔𝑔 −𝜇𝜇𝜏𝜏+1 − 𝜔𝜔b⋅𝑔𝑔(−𝜇𝜇−𝜏𝜏+1)

= �
x∈Fq \{0,-1,-𝜇𝜇-𝜏𝜏}

𝜔𝜔a⋅g 𝜇𝜇𝜏𝜏x+1 -b⋅g(x+1)



Conclusion remarks

21

• The key technique: a single term of 1 at some 

position n1 and replace it with 0 

• There exists ONLY one position of sequence such 

that key technique improves the correlation 

property.

• To show this case, we choose q − 1 = 36 − 1 =

728 = 28 × 26 and k =28.

• How about other parameters? It is a topic of 

future study
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