Some Properties of
2-Dimensional Array Structure of

Sidelnikov Sequences of Period q¢ — 1

1000000100000110000101000111100100010110011101010011111010000111000100100110110101101111011000110100101110111001100101010111111

IWSDA 2013
Oct. 27 = Nov. 1

Young-Tae Kim, and Dae San Kim

Hong-Yeop Song Sogang University
Yonsei University



Correlations and Sequence Families

Let a(t) and b(t) be M-ary sequences of period L.
A (periodic) correlation of sequences a(t) and b(t) is defined
by

L-1
C.pp (1) = Z 0y AO-DEHD)
t=0

For a sequence set §, Cmax(S) denotes the maximum
magnitude of all the nontrivial correlations of pairs of
sequencesin S.



Motivation

Synchronization, Distinguishing users, Interference
minimization, Higher resolution RADAR,...

1969 — Sidelnikov (autocorrelation property only)

2007~Present — Sequence families from Sidelnikov
sequences

Purpose
Sequence families with large size
Sequence families with low correlation magnitude



Brief History and Main Contribution

(SONG-07) Sequence family constructions from Sidelnikov sequences
have been considered, by using constant multiples

(NO-08, YANG-09) Family size increased by additionally using shift-
and-adds

2 _
(GONG-10) 2-D array structure of size (q—1) X (qq_ll)

(KIM-10) 2-D array structure of size (q—1) x (%) with (d,q—1) =1

d_
(This paper) 2-D array structure of size (q — 1) X (qq_:)

without (d,q—1) =1
maintaining the family size “comparable” to the above
and the correlation bound the same as the above
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Notation

p : prime
q=p": prime power or prime
GF(q) : finite field of order q

GF(q%) : finite field of order g with 2 < d < (\/q — % +1)/2

o : arbitrary but fixed primitive element of GF(q?)
B = a@~D/@=1 : the primitive element of GF(q)

wy - complex M™ root of unity, where M|q — 1
U : the multiplicative character of order M from GF(q), defined by

W) = exp(S loggx) = wy?”

and

P(0) =1.
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Sidelnikov Sequences of period g-1

GF(q) = finite field of size q where q = p"
B = primitive element of GF(q)
M =adivisorofq—1
Coset Partition
v D, : the set of M-th powers in GF(q)*

v D, =BKD, for 0<k < M-1

m An M-ary Sidelnikov sequence of period q — 1 is defined
as,fort=0,1, 2,..., -2,

r .

ft+1 =
s(t):<0’ .|[z+ 0
\k, IfB +1€Dk

Sidelnikov-69
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(Example) p=q=13, M =3, =2
D, =2%-D, ={1,5,8,12} = cubic residues mod 13
D, =2%.D, = {2,10,3,11}

D, = 22.D, = {4,7,6,9}

belongs
to

s (1(11]10(2|2(2|0]0|(1(2(1]0




s(t) = logg(f*+1) (mod12)
Is this ADDONE table of the finite field GF(13)?

9 10 10

t Bt Bt +1 logg (B*+ 1) (mod 12) (mod 3)
* 0 1 0 0
0 1 2 1 1
1 B=2 3 4 1
2 B2 =4 5 9 0
3 B> =8 9 8 2
4 | p*=16=3 4 2 2
5 B>=6 7 11 2
6 Be =12 0

7 11 12 6
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Sidelnikov Sequences
(alternative definition)

The M-ary Sidelnikov sequence s(t) of period gq—11is
defined by, for0<t<q-2,

Gong-2010
s(t) = logg(B* +1) mod M,

where we assume that logg(0) = 0.



. q*-1
2-D array structure of size (q — 1) X (_)

q—1
Gong-10
Write a Sidelnikov sequence of period g? — 1 as an array of
size (q—1) x(q+ 1).
1) the first column sequence is always a constant-multiple of a
Sidelnikov sequence of period q — 1.

2) other column sequences of period q — 1 (not necessarily
Sidelnikov sequences) have GOOD correlations
NOT ONLY with each other

BUT ALSO with previously constructed family members of period q — 1
If they are not cyclically equivalent to each other.

— Nontrivial increase in the family size

10



Theorem (Gong-10)

Let U be the set of sequences of period g — 1 given as follows:

Then,

U={cs)|1<c<M-1}
—1
U {cos(t) +os(t+ 1)1 <1, < CIT }

U {szlz(t)‘l <l, < E‘}

@ The maximum correlation of U is upper bounded by 3./g + 5.

@ This family have size

If v;(t) is the column sequence of the (g-1) x (q+1) array of a

Sidelnikov sequence of period q% — 1 given by
log,(at+1) modM,

Then s(t) must be the Sidelnikov sequence of period q — 1
given by
logg(B*+1) modM where B = a@-D/@-D = ga+t1,
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Kim’s Generalization

D.S. Kim, 2010: A family of sequences with large size and good correlation
property arising from M-ary Sidelnikov sequences of period q¢-1,
arXiv:1009.1225v1 [cs.IT]

Why not considering a sidelnikov sequence of period

q® — 1, q* — 1 orq® — 1 in general in the first place and
qd_l o)

q—l)'

then using an array of size (q — 1) X (



http://arxiv.org/abs/1009.1225v1

Key Observation — Theorem and remark

e To analyze the column sequences of the array, one has to represent the

Sidelnikov sequence of period q — 1 using a primitive element of
GF(q).

e THEOREM:
Let a be a primitive element of GF(q?).
B = «@-D/@-1 : the primitive element of GF(q)
For period q? — 1, we have
s(t) = loggN(a' + 1) mod M.
e REMARK: when d = 2, it becomes that

q®-1

N(a'+1) = (at+ 1) a1t = (o' + 1) = (o' + 1)9(at + 1)
= qlatDt 4 qdt + ot + 1 = B+ 1 + Tr(ab)
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Key Observation - proof

Let a be a primitive element of GF(q4).
For period q¢ — 1, denote y(t) = log,(at + 1) mod q¢ — 1.
Assume that N(at + 1) #= 0. Then N(at + 1) = g*®,
This gives:
qd-1
— ( ) = —loga(a + 1) =logy(a* + 1) a-2
d -1

= loga N(at + 1) = log, B*® = log, ocq 1

x(t)

mod q¢ — 1

. qd- d_q
Since ( ,qd — 1) = ——, we have:
q-1 q-1

x(t) = y(t) = logg N(a' +1) mod q — 1 (and hence, mod M).
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Columns of the Array Structure Kim-10

Let d > 2, and write a Sidelnikov sequence of period q% — 1 as
d_
an array of size (q—1) X (CIqul). Then, the column sequences

v;(t) of the array can be represented as
Vl(t) = lOgB fl(Bt) (mOd M)
where f;(x) = N(a‘x + 1).

m Proof:

q¢ -1 q’-1,
— — —7 v+l — It
Vl(t)=s<q_1t+l)=logBN(ocq1 + 1) = logg N(a'B* + 1)
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Cyclic Equivalence of Columns .,

Let d > 2, and write a Sidelnikov sequence of period q% — 1 as
q¢-1
” ). The column sequences are

an array of size (q — 1) X (——;

qd-1
q-1

— 1.

denoted by v;(t) for[ = 0,1,2, ...,

Then,

(1) Forl =0, vo(t) = dlogg(B* + 1) mod M

(2) Forl # 0, vi(t) = vy, (t) mod M
q-1
q—1

where lq IS computed mod

B YONSEI

NS¢ UNIVERSITY
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Family of Column Sequences

, Kim-10
JI——+1
Assume that (d,g—1) =1, d < f
Construct a family
Y={cy(t)| 1<c<Mand !l € A\{0} }
where A is the set of all the representatives
d_

of g-cyclotomic cosets mod qq_ll.
Then
D |Crax )| < (2d — 1)4/q + 1.

L .. (M-1)q41

@The asymptotic size of the family is p as q — oo,

L UNIp
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|

%S¢ UNIVERSITY




Importance of gcd(d,q—1)

q 8d@@-13) gcd(q—1,4) i q gcd(gq—1,3) gcd(q—1,4)
31 3 X 61 3 4
37 3 X 64 3 1
41 1 X 67 3 2
43 3 X 71 1 2
47 1 X 73 3 4
49 3 X 79 3 2
53 1 A 81 1 4
59 1 2 83 1 2
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Can we remove the condition (d,g-1)=1 ?

g-cyclotomic coset mod g% — 1 Natural

q%-1

g-cyclotomic coset mod Define A\{0} Kim-10

d_
g-cyclotomic coset mod L2 with full size d Define A"\{0}

_ L Key ldea

Example (g =7, d=2)
7-cyclotomic coset mod 48
v There exists 23 cosets of size 2 except {0}, {7}
7-cyclotomic coset mod 8

v {0}, {1,7}, {2,6}, {3,5}, {4} A0} = {1,2,3,4}
7-cyclotomic coset mod 8 of size d(= 2)
v L7} {26}, {3,5} A\{0} = {1,2,3}
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MAIN THEOREM

q—\/i_+1 _ _
For2<d< zq , the sequences in the family

Y ={cv;(t)|1 <c < M,l e N\{0}}
are cyclically inequivalent.

Further, we have
|Cmax(2,)| < (Zd T 1)\/5 + 1'
and
(M -DIN|= |2 =][X] = (M — 1)[A]
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Example forcase (g —1,d) # 1

Letg =7,M = 6,d = 3. Consider finite field GF(343).

Then 6-ary Sidelnikov sequence s(t) of period 48 is

represented by 6 x 57 array as follows:

, Uss (1), vse ()]

[UO (t), 1] (t)r e

s(t)

04 01543404 1550034243 2130114005403 420432121 2332305 340703342330

30005 45340/ 15/ 1) 4515223555441 4415502243035 2255044002230 1240541

3311202 5(1 5] 2] 52411 3]5/1) 3013411045252 0401112131 33552122027155101 25

0031111113230 2 1{4 551 50[505 21 334554142044 1/3[422043 21043153053 4410
32100204322 21 0] 0[ 1] 0] 101|445 342153545 4452015340121120322052211440:2
04 20355 043300200 233353135252 205 132011540243 0045503 14533514453

| vl(t) = Ulq(t).

m In above figure, v,4(t) and v3g(t) are sequences of period 2.
m In general, we can not use all the representatives since

22
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Proof of Main Theorem
Suppose that ¢, v, (t) = c,v,(t + 1) forsomet (0o <7< q—1).
Then,

q—2
Z C1V1, ()~ czvzz(t+T) zllicl(fll(ﬁt))lpM_cz(flz(:gHT))
t=0

t_

= > (Bhp, ) (B - 7 B, (B70) — 1

XEGF(q)

where ¥, = ¥ and ¥, = PpM~°2 and p;(x) = B~ fi(x).
¢ Claim _ Weil bound

1 (Bhpr, (), (B%2 - B™ - B~ py (B7x)) < (2d — 1)\/q
XEGF(q)
If the above claim is true, then g — 1 < (2d — 1)/q + 1.

This is impossible because of our assumption d < (/q — ‘/76 +1)/2.
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Weil bound

Wan-97/Gong-10/Kim-10

Let f; (x), ..., f,(X) be distinct monic irreducible polynomial over
GF(q) with degrees d;, ..., dy,, with e; the number of distinct roots in

Let Y4, ..., P, D€ nontrivial multiplicative characters of GF(q), with

y;(0) = 1.

Then for every a; € F,\{0}, we have the estimate

(Sa s

D Wi (@a1£1(0) - Wi (@ ()

XEFq
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For the proof of claim, we have to show that the following
statement is true:

m Letl, [, be elementsin A"\{0}, and let 7(0 <7 < q — 1) be an
integer. Then p; (x) and ﬁ‘fdplz (B*x) are distinct irreducible

polynomials over GF(q), unless [, = [, and 7 = 0.

Note that p;(x) is alternative form of f;(x) = N(a'x + 1).

a_
For each (O <I< qq_ll),

fi(x) = B'N(x + a7
=B (x+a Y (x+a7l)- (x + a‘lqd_l)

= B'p (x) /%
where p;(x) is the minimal polynomial over GF(q) of —a ™! of

degree d;. And if l € A’, then d = d; = m;. So, f;(x) = B'p;(x).
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Proof of the statement
Assume that they are the same.

,B_polz (B*x) =

(x + a 2B7")(x + @~ 2987 7) - (x + =247 B~7) imply
a~l1 = @~124° 37 for some nonnegative integer s (s < d).

Hence [; = 1,q°5 + r(qq — ) mod g“

So, l, =1,q° modq and I, =1,.

Now l; = [;q° mod q—__l, and hence s = 0 since m;, = d.

In all, l1_l1+T(qq_ )modq

This implies g — 1|z, and therefore t = 0.
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Remaining steps for the family construction
are straightforward

A > A\

by removing the representatives of

the cosets of size smaller than d ,
by adding

y " Z’ the constant multiples
of
l l the Sidelnikov sequence

of period ¢-1 using f
as well as
some of their

y/ eXt ¥ iftand-add's

N

Z ext



EXAMPLEFORq=199,L =q—1=198 FOR M =2 AND M = 198

M | d| (dg=1)]| |A|or|A| 12| or |Z| |22t or |L'e*| | (2d-1)\/g+10r3,/g+3
2 2 99 99 198 45.32
3 3 13266 13266 13365 71.53

2 | 4 2 1980000 1980000 1980099 99.75
5 1 315231920 315231920 315232019 127.96
6 6 52275946734 52275946734 52275946833 156.17
2 2 99 19503 3842288 45.32
3 3 13266 2613402 6436187 71.53

198 | 4 2 1980000 390060000 393882785 99.75
5 1 315231920 62100688240 62104511025 127.96
6 6 52275946734 | 10298361506598 | 10298365329383 156.17




Author

Sidelnikov
‘69

Song ‘07

No & Yang
‘08-'09

Gong ‘10

Kim ‘10

IT Trans
submission

Summary

Family size

1

M-1

2
Mo 1 P 1) (-1

(M—1+(M_1) (a-1)

+(M—l)(q— 1)

(M —1) (q—l)

z<M—1+

M —

comparable

(regardless of g and M)

D

Correlation bound

4

Ja+3
30+ 5

3/q + 5

(2d — Dvg + 1

comparable

Method

By construction
Constant Multiple

+ Shift-and-add

+ Column sequence

Extension of Gong,
With (d,g-1)=1

Variation of Kim,
Without (d,g-1)=1



Any questions?



