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발표자
프레젠테이션 노트
My name is Inseon Kim from Yonsei university, Korea. I am sincerely grateful to give my presentation to such a great audiences. (Its my first time to presentation in International conference. I am little nervous so I could be hesitating while I am presenting) The title of this talk is “Interpretation of Polar Codes with Plotkin Construction Based on Gaussian Approximation” This work is done with Jinsoo Park, and Hong-Yeop Song also from Yonsei university
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Motivation
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Our Question:
Are polar codes  optimal  
for aspects of  Plotkin’s 
construction?

발표자
프레젠테이션 노트
Since Arikan proposed polar codes in 2009, many researchers focus on polar codes because they are firstly proven to achieve the capacity. In his paper, it says “Polar codes are multilevel u concatenated with u+v codes, which are a class of codes originating from Plotkin’s method for combining”. So we had a question: “Are polar codes optimal for aspects of Plotkin’s construction?” This talk is about answering this question.
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What we will concern

• Introduction of a relation between POLAR codes and 

PLOTKIN construction (codes)

• Equality of the construction of polar codes and Equal Error 

Protection(EEP) Plotkin codes

• Rate allocation of Plotkin codes

• Recursive Plotkin code = Plotkin code having polar codes as 

component codes = polar code

• Based on Gaussian approximation
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발표자
프레젠테이션 노트
In this talk, I’ll introduce you a relation between Polar codes and Plotkin construction. We found that there are equality between the construction of polar codes and Equal Error Protection Plotkin-type codes. I’ll also talk about rate allocation of Plotkin codes. From what we discovered, we could say that recursive Plotkin codes are equal to Plotkin codes having polar codes as component codes which are same as polar codes. In this work, we consider polar codes based on Gaussian approximation.



Introduction of Plotkin Construction

and Its Rate Allocation

발표자
프레젠테이션 노트
The First section is introduction of Plotkin construction and rate allocation.
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Plotkin Codes

• Plotkin Construction[2]

𝐶𝐶𝑝𝑝 = { 𝐮𝐮 + 𝐯𝐯 𝐯𝐯||𝐮𝐮 ∈ 𝐶𝐶1,𝐯𝐯 ∈ 𝐶𝐶2}

▫ 𝐶𝐶1 & 𝐶𝐶2 have the same length, different rate 𝑅𝑅1 & 𝑅𝑅2
▫ Generally, unequal error protection (UEP) codes
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𝐰𝐰 = 𝐮𝐮 + 𝐯𝐯 𝐯𝐯 Channel 𝑳𝑳𝒚𝒚𝒚 𝑳𝑳𝒚𝒚𝒚𝒚

Overall Code Rate : 𝑹𝑹𝒑𝒑 = (𝑹𝑹𝟏𝟏+𝑹𝑹𝟐𝟐)/𝟐𝟐

[2] W. J. Van Gils, “Linear Unequal Error Protection Codes from Shorter Codes,” IEEE Transactions on Information Theory, Vol. IT-30, 
No. 3, May 1984.

발표자
프레젠테이션 노트
I will briefly introduce Plotkin construction. Codes with Plotkin construction are codes generated by the u+v concatenated with v construction. C_p is overall code and C_1 and C_2 are component codes. Here, u is a codeword of C_1 and v is codeword of C_2. C_1 and C_2 have same codeword length but they have different rate R_1 and R_2 respectively. In 1984, W. Van Gils proposed this construction to generating unequal error protection (shorten as UEP) codes. Then, the overall code rate R_p equal to R_1 + R_2 over 2 and overall codeword length is twice as the codeword length of C_1.
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Plotkin Codes

• Multistage Decoding[3]

𝐶𝐶𝑝𝑝 = { 𝐮𝐮 + 𝐯𝐯 𝐯𝐯||𝐮𝐮 ∈ 𝐶𝐶1,𝐯𝐯 ∈ 𝐶𝐶2}

1. Calculate LLR of 𝐮𝐮

𝐿𝐿𝑖𝑖𝑢𝑢 = 2 tanh−1 tanh
𝐿𝐿𝑖𝑖
𝑦𝑦′

2
tanh

𝐿𝐿𝑖𝑖
𝑦𝑦′′

2
2. Decoding of 𝐮𝐮, Decoding Result �𝐮𝐮
3. Calculate LLR of 𝐯𝐯

𝐿𝐿𝑖𝑖𝑣𝑣 = −1 �𝒖𝒖𝒊𝒊𝐿𝐿𝑖𝑖
𝑦𝑦𝒚 + 𝐿𝐿𝑖𝑖

𝑦𝑦′′

4. Decoding of 𝐯𝐯
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Channel 𝑳𝑳𝒚𝒚𝒚 𝑳𝑳𝒚𝒚𝒚𝒚

[3] V. Kumar and O. Milenkovic, “On Unequal Error Protection LDPC Codes Based on Plotkin-Type Constructions,” IEEE Transactions 
on Communications, Vol. 54, No. 6, June 2006.

Bitwise LLR of 𝐮𝐮 and 𝐰𝐰

𝐰𝐰 = 𝐮𝐮 + 𝐯𝐯 𝐯𝐯

발표자
프레젠테이션 노트
To decode the Plotkin codes, we use multistage decoding. First we calculate Log Likelihood ratio (LLR) of u with this equation. L to the y prime are bitwise LLR of first parts and L to the y double prime are bitwise LLR of second parts. After calculating LLR of u, then proceed decoding of u and denote the decoding results of u as u hat. Calculating LLR of v with this equation. Finally, with the calculated LLR of v, we could decode v. This decoding method is called multistage decoding because we first decode C_1 and then decode C_2 using the information of decoding results of C_1.  
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Rate Allocation of Plotkin Codes for UEP

• Notations
▫ Threshold of 𝐶𝐶𝑝𝑝, 𝐶𝐶1, 𝐶𝐶2 are 𝜎𝜎𝑝𝑝,𝑡𝑡𝑡

2 , 𝜎𝜎1,𝑡𝑡𝑡
2 , 𝜎𝜎2,𝑡𝑡𝑡

2 , respectively

▫ Code rate 𝑅𝑅 corresponding to threshold 𝜎𝜎𝑡𝑡𝑡2

▫ Equivalent channel noise of decoders
 𝜎𝜎12 and 𝜎𝜎22

▫ Equiv. noise variance of channel 𝜎𝜎𝑐𝑐𝑡2

▫ We assume that 𝜎𝜎𝑐𝑐𝑡2 = 𝜎𝜎𝑝𝑝,𝑡𝑡𝑡
2
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𝑅𝑅 = 𝑓𝑓 𝜎𝜎𝑡𝑡𝑡2 = �
exp − 𝑥𝑥 − 1 2

2𝜎𝜎𝑡𝑡𝑡2

2𝜋𝜋𝜎𝜎𝑡𝑡𝑡2
log2

2

1 + exp − 2𝑥𝑥
𝜎𝜎𝑡𝑡𝑡2

𝑑𝑑𝑥𝑥

발표자
프레젠테이션 노트
Before we go, I would like to introduce some notations. Let’s denote the threshold of C_p, C_1, and C_2 as sigma_p square, sigma_1 square, and sigma_2 square, respectively. Code rate R can be obtained by the function of sigma square.Just read it
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Rate Allocation of Plotkin Codes for UEP

• Rate Allocation of 𝑪𝑪𝟏𝟏 and 𝑪𝑪𝟐𝟐 [4, 5]
▫ Find a rate combination (𝑅𝑅1, 𝑅𝑅2) that minimizes threshold of 𝐶𝐶𝑝𝑝

𝐶𝐶𝑝𝑝 = { 𝐮𝐮 + 𝐯𝐯 𝐯𝐯||𝐮𝐮 ∈ 𝐶𝐶1, 𝐯𝐯 ∈ 𝐶𝐶2}
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[4] J. Park, K.-H. Park, and H.-Y. Song, “Rate Allocation for Component Codes of Plotkin-Type UEP Codes,” The 2012 IEEE 
International Symposium on Information Theory (ISIT2012), MIT, Massachusetts, USA, July 1-6, 2012.
[5] J. Park and H.-Y. Song, “Rate Allocation for Component Codes of Plotkin-Type UEP Codes,” IEICE Transactions on Fundamentals of 
Electronics, Communications and Computer Sciences, Vol. E100-A, No. 4, pp.930-935, April 2017.

𝝈𝝈𝒑𝒑,𝒕𝒕𝒕𝒕
𝟐𝟐

𝝈𝝈𝟐𝟐,𝒕𝒕𝒕𝒕
𝟐𝟐

𝝈𝝈𝒄𝒄𝒕𝒕𝟐𝟐
𝝈𝝈𝟏𝟏𝟐𝟐

𝝈𝝈𝟐𝟐𝟐𝟐

< Threshold >

Compare

Known Known

For a Given 𝑅𝑅𝑝𝑝 (i.e., 𝜎𝜎𝑝𝑝,𝑡𝑡𝑡
2)

𝝈𝝈𝟏𝟏,𝒕𝒕𝒕𝒕
𝟐𝟐

< Equivalent Channel Noise >

Error Free

>

>

발표자
프레젠테이션 노트
In 2012, Park at al. published some results about finding a rate combination of R_1 and R_2 to minimize threshold of C_p. I will later talk about the results of paper about rate combination of R_1 and R_2. For a given rate R_p, we can calculate its threshold of codes which is equal to equivalent channel noise variance. Also, we can get thresholds of two component codes. By Monte Carlo simulation, we could get equivalent noise variance of decoder of Code1 and Code2 from equivalent channel noise sigma_ch square. Then we compare threshold and equivalent noise variance of code 1 and code 2. If thresholds are larger than equivalent noise variance, Both Code 1 and Code 2 are error free. Unfortunately, this condition cannot happen simultaneously. That means if one code achieve error-free, the other code cannot achieve error-free.
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Rate Allocation of Plotkin Codes for UEP

• Three Rate Combinations
▫ Equal error protection (minimized threshold)
 Take 𝑅𝑅1 corresponding to 𝜎𝜎12 = 𝜎𝜎1,𝑡𝑡𝑡

2

 𝑅𝑅2 is fixed by 𝑅𝑅𝑝𝑝 = (𝑅𝑅1+𝑅𝑅2)/2

▫ Unequal error protection
 Take 𝑅𝑅1 corresponding to 𝜎𝜎12 < 𝜎𝜎1,𝑡𝑡𝑡

2

 𝑅𝑅2 is fixed by 𝑅𝑅𝑝𝑝 = (𝑅𝑅1+𝑅𝑅2)/2

▫ Performance degradation
 Take 𝑅𝑅1 corresponding to 𝜎𝜎12 > 𝜎𝜎1,𝑡𝑡𝑡

2

 𝑅𝑅2 is fixed by 𝑅𝑅𝑝𝑝 = (𝑅𝑅1+𝑅𝑅2)/2
 Performance of 𝐶𝐶1 cannot be guaranteed
→ Performance of 𝐶𝐶2 is degraded
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발표자
프레젠테이션 노트
There are three scenario for rate combinations : Equal error protection, Unequal error protection and performance degradation. Equal error protection means that the noise variance of the two component codes are equal to their threshold and it will minimize the overall threshold. Therefore, two component codes can achieve the capacity. We calculate the code rate R_1 from f inverse (sigma_1,th square) and R_2 directly get from 2R_p – R_1. For unequal error protection, take R_1 corresponding to sigma_1 square is less than its threshold and R_2 can be directly calculated from 2R_p – R_1. Then, C_1 can be error-free but C_2 can not guarantee the error-free. For unequal error protection, take R_1 corresponding to sigma_1 square is larger than its threshold and R_2 can be directly calculated from 2R_p – R_1. Then, since C_1 is no longer error-free so, performance of C_2 is also degraded. This case should not pick for UEP or EEP scenario. 



Introduction of Polar Code Design

Based on Gaussian Approximation

발표자
프레젠테이션 노트
The second section is introduction of Polar codes design based on Gaussian approximation.
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GA based Design of Polar Codes

• Structure of Polar Codes
▫ Polar code of length 𝑛𝑛 = 2𝑙𝑙

▫ Recursive 𝐶𝐶1 + 𝐶𝐶2 𝐶𝐶2| structure
▫ Frozen bit selection

• Successive Cancellation Decoding
▫ For a Plotkin concatenation 𝐶𝐶1 + 𝐶𝐶2 𝐶𝐶2|
▫ Decode 𝐶𝐶1 first, then decode 𝐶𝐶2
 with the decoding result of 𝐶𝐶1

▫ The same as multistage decoding
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𝐶𝐶1

𝐶𝐶2

𝐶𝐶1 + 𝐶𝐶2

𝐶𝐶2

발표자
프레젠테이션 노트
Now, I briefly introduce Polar codes. Polar codes usually have length power of 2. It has recursive C_1+C_2 concatenated with C_2 structure. The important point that polar codes distinguish from other known channel codes is that we have to select indices of some frozen bits. To decode polar codes, we use successive cancellation decoding. First, we decode C_1 and then decode C_2 with the decoding result of C_1. It is same as multistage decoding of Plotkin codes.
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GA based Design of Polar Codes

• Gaussian Approximation based Design[6]
▫ Find the distribution of decoding message at information bit 

positions
▫ For a given channel noise 𝜎𝜎𝑐𝑐𝑡2 , the corresponding LLR 

distribution is 𝐿𝐿𝑐𝑐𝑡~𝑁𝑁 2
𝜎𝜎𝑐𝑐𝑐
2 , 4

𝜎𝜎𝑐𝑐𝑐
2

▫ 𝐿𝐿1 and 𝐿𝐿2 are input LLR distribution for decoder 𝐶𝐶1 and 𝐶𝐶2, resp.

• Mean of LLR Values[6]
▫ 𝐸𝐸 𝐿𝐿1 = 𝜙𝜙−1 1 − 1 − 𝜙𝜙 𝐸𝐸 𝐿𝐿𝑐𝑐𝑡

2

▫ 𝐸𝐸 𝐿𝐿2 = 2𝐸𝐸[𝐿𝐿𝑐𝑐𝑡]

▫ where 𝜙𝜙 𝑥𝑥 = �1 − 1
4𝜋𝜋𝜋𝜋 ∫−∞

∞ tanh 𝑢𝑢
2

exp− 𝑢𝑢−𝜋𝜋 2

4𝜋𝜋
𝑑𝑑𝑑𝑑,

1
𝜋𝜋>0
𝜋𝜋=0

▫ Variance of 𝐿𝐿1 and 𝐿𝐿2 are 2𝐸𝐸 𝐿𝐿1 and 2𝐸𝐸 𝐿𝐿2 , resp.
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𝐿𝐿𝑐𝑐𝑡

𝐿𝐿1

𝐿𝐿2

[6] P. Trifonov, “Efficient Design and Decoding of Polar Codes,” IEEE Transactions on Communications, Vol. 60, No. 11, Nov., 2012.

발표자
프레젠테이션 노트
In 2012, Trifonov proposed Gaussian Approximation based design of Polar codes. This method is to find the distribution of decoding message at information bit positions. For a given channel noise variance sigma_ch square, the corresponding Log Likelihood Ratio (LLR) distribution is N( 2 over sigma_ch square, 4 over sigma_ch square). Let’s denote L_1 and L_2 as input LLR distribution for decoder C_1 and C_2 respectively. Due to recursive construction of polar codes we can calculate means of LLR values of decoder C_1 and C_2.  Expected value of L_1 is followed by this equations. Expected value of L_2 is two times of expected value of L_ch. I will not go details of this functions.  
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GA based Design of Polar Codes

• Frozen Bit Selection
▫ For a polar code of length 𝑛𝑛 = 2𝑙𝑙

▫ Calculate means of LLR values for 2𝑙𝑙 bit channels 
▫ Take 𝑚𝑚 bit channels having least LLR value 
→ Frozen bit channels
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발표자
프레젠테이션 노트
As I mentioned, important step of constructing polar codes are frozen bit selection. We can calculate means of LLR values for 2 to the l bit channels. Then, take m bit channels which have least LLR values and consider them as frozen bit channels.



Interpretation of Polar Codes 

Based on Plotkin Construction
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발표자
프레젠테이션 노트
This section is about interpretation of Polar codes based on Plotkin construction.
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From Plotkin Codes to Polar Codes

• Recursive Rate Allocation for Polar Design
▫ Recursively assign 𝑅𝑅1 and 𝑅𝑅2 for a given 𝑅𝑅𝑝𝑝 (or 𝜎𝜎𝑝𝑝,𝑡𝑡𝑡

2 )

▫ 𝑅𝑅1 and 𝑅𝑅2 are decided by 𝜎𝜎1,𝑡𝑡𝑡
2 = 𝜎𝜎12 and 𝜎𝜎2,𝑡𝑡𝑡

2 = 𝜎𝜎22

▫ 𝜎𝜎1,𝑡𝑡𝑡
2 and 𝜎𝜎2,𝑡𝑡𝑡

2 are recursively applied as equivalent channel 
noise of 𝐶𝐶1 and 𝐶𝐶2, resp.

▫ Apply the rate allocation 𝑙𝑙 levels
▫ Take 𝑚𝑚 bit channels having largest equivalent noise variance
→ Frozen bit channels
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𝑹𝑹𝒑𝒑

𝑹𝑹𝟏𝟏

𝑹𝑹𝟐𝟐

Decided by 𝜎𝜎1,𝑡𝑡𝑡
2

Decided by 𝜎𝜎2,𝑡𝑡𝑡
2

발표자
프레젠테이션 노트
Now, I would like to talk about the relation between Plotkin codes and Polar Codes. For polar codes of length 2 to the l, we can apply recursive rate allocation. We could recursively assign R_1 and R_2 from a given R_p. R_1 and R_2 are decided by function of sigma_1,thsquare and sigma_2,thsquare. Apply this rate allocation l levels. Now, take m bits channels having largest equivalent noise variances as frozen bits channels. 
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From Plotkin Codes to Polar Codes

• GA Based Polar Codes and EEP Plotkin Codes

▫ The two constructions calculate the same things (𝝈𝝈𝟏𝟏𝟐𝟐 & 𝝈𝝈𝟐𝟐𝟐𝟐) by 
different way 

▫ The polar code is a Plotkin code that having minimized 
threshold (where 𝜎𝜎𝑝𝑝,𝑡𝑡𝑡

2 = 𝜎𝜎𝑐𝑐𝑡2 is applied)
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𝝈𝝈𝒑𝒑,𝒕𝒕𝒕𝒕
𝟐𝟐

𝝈𝝈𝟐𝟐,𝒕𝒕𝒕𝒕
𝟐𝟐

𝐿𝐿𝑐𝑐𝑡

2
𝐸𝐸 𝐿𝐿1

= 𝜎𝜎12

2
𝐸𝐸 𝐿𝐿2

= 𝜎𝜎22

< Threshold of Plotkin codes >

Compare

Known Known

For a Given 𝑅𝑅𝑝𝑝 (i.e., 𝜎𝜎𝑝𝑝,𝑡𝑡𝑡
2)

𝝈𝝈𝟏𝟏,𝒕𝒕𝒕𝒕
𝟐𝟐

< GA-based Polar Codes >

Achieve 
EEP

≈

≈

발표자
프레젠테이션 노트
We know that LLR value form can be expressed as noise variance form. Use the fact that for a AWGN channel of equivalent noise variance sigma square is equal to 2 over expected LLR value of AWGN channel. Again, we compare threshold of Plotkin codes and equivalent noise variance of decoder of GA-based Polar codes and find out that they are almost same. So, GA-based Polar codes can be interpreted as Equal Error Protection Plotkin codes. To sum up, the two constructions calculate two equivalent noise variances by different ways. The polar codes is a Plokin codes that having minimized thresholds.



Conclusions
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Conclusions

• Rate Allocation of Plotkin Codes
▫ Equal error protection with minimized threshold

• Gaussian Approximation Based Design of Polar 
Codes
▫ Polar codes are obtained by recursive Plotkin construction

• The Two Constructions Are The Same
▫ They calculate the same things by different way
▫ (GA based) Polar codes are equal error protection Plotkin

codes that having the minimized threshold
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CSDL
Thank you for Listening

Any Questions or Comments?
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