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I. introduction

It is well known that, for an integer v ≡ 3 (mod 4), a balanced binary sequence of

period v with the ideal two-level autocorrelation function [4] exists if and only if a (v, k, λ)-

cyclic Hadamard difference set (where v = 4n − 1, k = 2n − 1, and λ = n − 1 for some
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integer n) exists [1], [5]. There are only three types of integers v ≡ 3 (mod 4) such that

cyclic Hadamard difference sets are known to exist: (A) v is a prime, (B) v is a product

of twin primes, and (C) v is one less than a power of 2 [1], [6], [18]. Numerical check for

the non-existence of cyclic Hadamard difference sets have been done for all values v ≡ 3

(mod 4) up to 10000 other than those listed above [1], [18], [11], and confirmed that none

exists in this range with 13 possible exceptions of v = 3439, 4355, 4623, 5775, 7395, 7743,

8227, 8463, 8591, 8835, 9135, 9215, and 9423.

Those sequences of period 2t − 1 (belonging to (C) above) can easily be described us-

ing trace functions, while those of period v which is a prime or a product of twin primes

(belonging to either (A) or (B) above) have been easily described using the construction of

cyclic difference sets over the integers mod v. These are ”Legendre” sequences, Hall’s sextic

residue sequences, and twin-prime sequences [1], [5], [8], [19]. Trace function representation

of these sequences may enable one to implement the generation of them easily using linear

feedback shift registers (LFSR). The minimum degree characteristic polynomials will deter-

mine the shortest number of stages (linear complexity) and the connection logic of LFSRs.

For the definition and properties of trace functions and finite fields, see [15]. For the appli-

cation of the sequences with ideal autocorrelation into various communication engineering

and streamcipher, see [5], [7], [17].

The linear complexity and the characteristic polynomial of Legendre sequences have

been reported in [20], and independently in [3]. Its trace representation for Mersenne prime

period was reported in [16], and for the general case including p ≡ 1 (mod 4) in [13]. The

linear complexity and the characteristic polynomial of Jacobi sequences (generalization of

twin-prime sequences) have been determined in [2].

Hall’s sextic residue sequences [8], [1], [5] can be describe as follows. Let p be an odd

prime of the form p = 4x2 + 27 for some integer x. Then p ≡ 1 (mod 6) and we may write

it as p = 6f + 1 for some integer f . Let g be a primitive root modulo p such that 3 ∈ C1

where

Cl = {g6i+l | i = 0, 1, . . . , f − 1}. (1)

Then, Hall’s sextic residue sequence {s(t)} of period p is defined as [5]

s(t) =
{

0 if t ∈ C0 ∪ C1 ∪ C3

1 otherwise (2)

where t = 0, 1, 2, . . . , p− 1. Note that the subset D = C0 ∪C1 ∪C3 of the integers mod p is

a (v, k, λ)-cyclic difference set with v = p, k = (p − 1)/2, and λ = (p − 3)/4, called Hall’s

sextic residue difference set [8].
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Let

S(x) = s(0) + s(1)x + · · · + s(p − 1)xp−1 (3)

be the polynomial over GF (2) of degree at most p − 1 whose coefficients are one period

of the sequence {s(t)}, and let n be the order of 2 mod p. Then, there exists a primitive

p-th root β of unity in GF (2n) such that S(β) = 1 and the minimum degree characteristic

polynomial c(x) of {s(t)} is given by the following [12]:

c(x) =
{ ∏

j∈C0
(x − βj) for p ≡ 7 (mod 8)

(xp − 1)/(x − 1) for p ≡ 3 (mod 8), (4)

and hence, the linear complexity is given as (p − 1)/6 and p − 1 in each case, respectively.

Trace representation of Hall’s sextic residue sequences was determined earlier for the

Mersenne prime period cases. It is well-known that there are only 3 cases [10] of prime

p which are both Mersenne prime and of type 4x2 + 27, which are 31, 127, and 131071.

For these three cases, the trace representation was determined in [14] as follows: Let p =

4x2 + 27 = 6f + 1 = 2n − 1 be a prime, α be a primitive element of GF (2n), and hence a

primitive p-th root of unity. Note that n is the order of 2 mod p in this case. Finally, let

u be a primitive root mod p. Then, the sequence {s(t)} in (2) for these Mersenne prime

period can be written as

s(t) =

p−1
6n −1∑
i=0

trn
1 (αu6it), (5)

where trn
1 (x) =

∑n−1
i=0 x2i

is a trace function from GF (2n) to GF (2). The above represen-

tation was confirmed as [14]

s(t) =

⎧⎨
⎩

tr51(α
t) for p = 31,

tr71(α
t) + tr71(α

19t) + tr71(α
47t) for p = 127,∑1284

i=0 tr171 (α36it) for p = 131071.

In this paper, we determine the trace representation of Hall’s sextic residue sequences

for v = p ≡ 7 (mod 8). Section 2 describes the main result and its proof. Some brief

concluding remarks are given in Section 3.

II. Main Result

Theorem 1 (main) Let p = 4x2 + 27 = 6f + 1 ≡ 7 (mod 8) be a prime, g be a primitive

root mod p such that 3 ∈ C1 where Cl is given in (1) for l = 0, 1, ..., 5. Let S(x) be given in

(3), i.e.,

S(x) = C2(x) + C4(x) + C5(x) + 1,
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where

Cl(x) =
∑
i∈Cl

xi =
f−1∑
x=0

xg6x+l

for l = 0, 1, 2, 3, 4, 5. (6)

Let n be the order of 2 mod p. Then, there exists a primitive p-th root β of unity in GF (2n)

such that S(β−1) = 1, and the sequence given by

s(t) =

p−1
6n −1∑
i=0

trn
1 (βg6it), (7)

for t = 0, 1, 2, ..., p − 1 is the Hall’s sextic residue sequence of period p given in (2).

To prove the theorem, we first note that the residue 3 belongs to C1 or C5 mod p for any

primitive root g mod p [9]. If g puts 3 into C5, then g−1 will put 3 into C1. The residue −1

mod p belongs to C3 [9]. Now we will present a series of lemmas to prove the theorem. In

the following, p is the prime of the form given in the theorem, i.e., p = 4x2 +27 = 6f +1 ≡ 7

(mod 8), α is a primitive p-th root of unity in GF (2n), and n is the order of 2 mod p. The

key idea is to observe the following.

Lemma 1 The residue 2 mod p belongs to C0, and we have

C0(x) =

p−1
6n −1∑
i=0

trn
1 (xg6i

),

where C0(x) is given in (6).

Proof: The residue 2 is both a quadratic residue and cubic residue mod p [9]. Therefore,

2 ∈ C0. The sextic residue class C0 is a multiplicative subgroup of the non-zero integers

mod p. If we let H0 be its cyclic subgroup generated by 2, then

C0 =

p−1
6n −1⋃
i=0

g6iH0 =

p−1
6n −1⋃
i=0

Hi,

is a disjoint union of cosets of H0 in C0, where we write Hi = g6iH0. If we write Hi(x) =
∑

j∈Hi
xj for i = 0, 1, ..., p−1

6n − 1, then H0(x) =
∑

j∈H0
xj =

∑n−1
i=0 x2i

= trn
1 (x), and

Hi(x) = trn
1 (xg6i

).

Therefore, the proof of the main theorem will be completed if we show that

C0(αt) = 0 ⇐⇒ t ∈ C0 ∪ C1 ∪ C3, (8)
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for some primitive p-th root α of unity in GF (2n). To show (8), we need the following.

Lemma 2 For any l = 0, 1, ..., 5, we have Cl(α3) = C(l+1 (mod 6))(α). In particular, we

have Cl(α) = C0(α3l

) for each l = 0, 1, 2, ..., 5.

Proof: Note that a primitive root g mod p was selected so that 3 ∈ C1. Therefore,

3 = g6m+1 for some m. Then,

Cl(α3) =
f−1∑
x=0

α3g6x+l

=
f−1∑
x=0

αg6(m+x)+l+1
= C(l+1 (mod 6))(α).

Lemma 3 If t ∈ Cl, then C0(αt) = Cl(α).

Proof: Lemma 2 implies that Cl(α) = C0(α3l

). Since 3 ∈ C1, we have 3l ∈ Cl. Therefore,

C0(α3l

) = C0(αt), since Cl(αi) = Cl(αj) if i and j belong to the same sextic residue class.

This can be seen from the following:

Cl(αi) =
f−1∑
x=0

(αg6a+k

)g6x+l

=
f−1∑
x=0

αg6(a+x)+k+l

=
f−1∑
x=0

αg6(b+x)+k+l

= Cl(αj),

where we use i = g6a+k and j = g6b+k for some a and b.

Therefore, the proof of the main theorem will be completed if we show that

Cl(α) = 0 ⇐⇒ l = 0, 1, 3, (9)

for some primitive p-th root α of unity in GF (2n). The rest of the proof will verify (9).

Lemma 4 For any l = 0, 1, ..., 5, we have Cl(α) ∈ GF (2), and hence, S(α) ∈ GF (2).

Furthermore, we have S(α)S(α−1) = 0.

Proof: Note that it is sufficient to show that Cl(α)2 = Cl(α). Since 2 ∈ C0, we have

2Cl = Cl for any l, and hence

Cl(α2) =
∑
i∈Cl

α2i =
∑
i∈Cl

αi = Cl(α).
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On the other hand, over the field of characteristic 2, we have Cl(α2) = Cl(α)2.

For the second part, recall that D = C0∪C1∪C3 is a (v = p, k = (p−1)/2, λ = (p−3)/4)-

cyclic difference set, and its complement D = Zp\D is a (v = p, k = (p+1)/2, λ = (p+1)/4)-

cyclic difference set. Since S(x) =
∑

i∈D xi, we have [1]

S(x)S(x−1) ≡ (k − λ) + λ

p−1∑
i=0

xi (mod xp − 1),

or

S(α)S(α−1) =
p + 1

4
= 0,

since p ≡ 7 (mod 8).

To complete the proof of the main theorem, we need the primitive p-th root β of unity

in GF (2n) that will now be shown to exist such that S(β−1) = 1. In the remaining of the

proof after Lemma 5, we use this β ∈ GF (2n).

Lemma 5 There exists a primitive p-th root β of unity in GF (2n) such that S(β−1) = 1.

Proof: If we show that
∑p−1

i=1 S(αi) = 1 for any primitive p-th root α of unity in GF (2n),

then Lemma 4 implies that S(αj) = 1 for at least one j. Since αj = γ is also a primitive

p-th root of unity, we have found a primitive p-th root γ such that S(γ) = 1. Now, β = γ−1

is the desired primitive p-th root of unity in GF (2n) such that S(β−1) = 1.

Now, since f = (p − 1)/6 is odd, we have

p−1∑
i=1

S(αi) =
5∑

l=0

f−1∑
x=0

S(αg6x+l

)

=
5∑

l=0

f−1∑
x=0

[
C2(αg6x+l

) + C4(αg6x+l

) + C5(αg6x+l

) + 1
]

=
5∑

l=0

[
C2(αgl

) + C4(αgl

) + C5(αgl

)
]
,

where we use the fact that Cl(αi) = Cl(αj) if i and j belong to the same sextic residue

class. Since gl and 3l belong to the same sextic residue class, we have

p−1∑
i=1

S(αi) =
5∑

l=0

[
C2(αgl

) + C4(αgl

) + C5(αgl

)
]
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=
5∑

l=0

[
C2(α3l

) + C4(α3l

) + C5(α3l

)
]
.

Note that Lemma 2 implies that, for any k,

5∑
l=0

Ck(α3l

) =
5∑

x=0

Cx(α).

Therefore,

p−1∑
i=1

S(αi) =
5∑

l=0

[
C2(α3l

) + C4(α3l

) + C5(α3l

)
]

=
5∑

x=0

[Cx(α) + Cx(α) + Cx(α)]

=
5∑

x=0

Cx(α) =
p−1∑
i=1

αi = 1.

Lemma 6 C0(β) + C3(β), C1(β) + C4(β), and C2(β) + C5(β) cannot all be 1.

Proof: Suppose they all be equal to 1. From Lemma 2, we then have

1 = C2(β) + C5(β) = C1(β3) + C4(β3),

1 = C0(β) + C3(β) = C4(β32
) + C1(β32

),

1 = C1(β) + C4(β).

Furthermore,

C1(β33
) + C4(β33

) = C4(β) + C1(β) = 1.

Therefore, the equation

C1(x) + C4(x) + 1 = 0 (10)

has roots β3i

for i = 0, 1, 2, .... Since 3 ∈ C1, it is easy to see that 3i ∈ Ci for all i, and

therefore, the roots of (10) are βj for j ∈ Z∗
p =

⋃5
l=0 Cl, since Cl(βi) = Cl(βj) if i and j

belong to the same sextic residue class. But the equation (10) does not have the term xp−1

since −1 ∈ C3, and hence it has degree strictly less than p − 1.
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Corollary 1 Exactly one of the three expressions C0(β)+C3(β), C1(β)+C4(β), and C2(β)+

C5(β) is 1, and the other two are 0.

As a final step of computation, we determine the values of Cl(β) for l = 0, 1, ..., 5, (with

β such that S(β−1) = 1) using Lemma 2, Lemma 4, and Corollary 1.

From Lemma 4, since S(β−1) = 1, one must have S(β) = 0. Therefore,

0 = S(β) = C2(β) + C4(β) + C5(β) + 1, (11)

1 = S(β−1) = C2(β−1) + C4(β−1) + C5(β−1) + 1

= C2(β33
) + C4(β33

) + C5(β33
) + 1

= C5(β) + C1(β) + C2(β) + 1. (12)

From (11) and (12), we have

C1(β) + C4(β) = 1. (13)

Corollary 1, therefore, implies that

C0(β) + C3(β) = 0, (14)

C2(β) + C5(β) = 0. (15)

Substituting (15) into (11) and (12) gives

C1(β) = 0 and C4(β) = 1.

Next, observe that

S(β3) = C1(β) + C3(β) + C4(β) + 1 = C3(β),

S(β−3) = S(β34
) = C4(β) + C0(β) + C1(β) + 1 = C0(β).

Therefore,

0 = S(β3)S(β−3) = C3(β)C0(β),

and (14) implies therefore that

C0(β) = 0 and C3(β) = 0.

Similarly, we have

C2(β) = 1 and C5(β) = 1.

Finally, for t = 0, we have

C0(β0) = C0(1) = |C0| =
p − 1

6
= f = 1,

since p = 6f + 1 = 4x2 + 27 and f is odd. This completes the proof of the main theorem.
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III. Concluding Remarks

Remark 1. It is known that any d0 ∈ C0 is a multiplier of the underlying difference

set [8]. In fact, it can be confirmed from the trace representation that s(d0t) = s(t) for all

t if d0 ∈ C0. In particular, 2 is a multiplier, since 2 ∈ C0 when p ≡ 7 (mod 8). Note that

2 ∈ C3 when p ≡ 3 (mod 8).

On the other hand, the proof of the main theorem will be simpler if we use two facts

that (i) 2 is a multiplier [8] and (ii) the minimal polynomial c(x) of the sequence for p ≡ 7

(mod 8) is given in (4) [12]. Then, Lemma 1 implies that

c(x) =
∏

j∈C0

(x − βj) =
f−1∏
i=0

(x − βg6i

) =
f/n−1∏

i=0

Mβg6i ,

where f = (p − 1)/6, and Mα(x) is the minimal polynomial of α over GF (2). Since βg6i

has order n for all i from 0 to f/n − 1, we have factored c(x) into the product of f/n

minimal polynomials all of degree n. Now, the fact that 2 is a multiplier implies the trace

representation in the main theorem. The proof in the previous section was done without

using these two facts.

Remark 2. Observe that {s(dit)} = {s(djt)} for all t if and only if di and dj belong to the

same sextic residue class. Therefore, there are exactly 6 cyclically distinct decimations of

{s(t)}, each obtained by dl-decimation where dl ∈ Cl for l = 0, 1, 2, ..., 5.

Remark 3. Trace representation of Hadamard sequences is not known only for (1) HSR

sequences of period p ≡ 3 (mod 8) and (2) twin-prime sequences of period p(p + 2) where

both p and p + 2 are prime. On the other hand, the linear complexity and the minimal

polynomial of all the known Hadamard sequences are known. Whether or not a Hadamard

sequence of period v exist only for those three types (A), (B), and (C) of v listed in Intro-

duction is still open, with the smallest unsettled case v = 3439.
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