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Abstract. We review a binary sequence based on the generalized cyclo-
tomy of order 2 with respect to p*, where p is an odd prime. Linear com-
plexities, minimal polynomials and autocorrelation of these sequences
are computed.

1 Introduction

Let n > 2 be a positive integer and Z be the multiplicative group of the integer
ring Z,. For a partition {D;|i = 0,1,--- ,d — 1} of Z¥, if there exist elements
g1, ,g9a4 of Z% satisfying D; = ¢g;Do for all i where Dy is a multiplicative
subgroup of Z, the D, are called generalized cyclotomic classes of order d. In
1998, Ding and Helleseth [I] introduced the new generalized cyclotomy with
respect to pi* - -+ p;* and defined a balanced binary sequence based on their own
generalized cyclotomy, where py, - - - , p; are distinct odd primes and ey, - - - , e; are
positive integers. Before them, there have been lots of studies about cyclotomy,
but they are only about ones with respect to p or p? or pq where p and ¢ are
distinct odd primes [IE4I7)8]. In [I] they also introduced how to construct a
balanced binary sequence based on their generalized cyclotomy. Let it call the
generalized cyclotomic sequences. Those sequences includes the binary quadratic
residue sequences also known as Legendre Sequences because these sequences can
be understood as the generalized cyclotomic sequences with respect to p.

In 1998, C. Ding [4] presented some cyclotomy sequences with period p? which
are not balanced. They are defined in a slightly different way from the generalized
cyclotomic sequences with respect to p?. In that paper, he calculated the linear
complexities with minor errors. Y.-H. Park and others [5] corrected the errors.
The linear complexity of the sequence is not so good. In general, the linear
complexity of a sequence is considered as good when it is not less than half
of the period of the sequence. Recently, in [7], Yan et al. calculated the linear
complexity and autocorrelation of generalized cyclotomic sequences of order 2
with respect to p2.

In this paper, we compute the linear complexity and autocorrelation of the
generalized cyclotomic sequences with respect to p®. Hereafter we will call these
sequences as prime cube sequences.
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2 Prime Cube Sequences

Let p be an odd prime. Let g be a primitive root of p?. Then it’s well known that
g is also a primitive root of p* for k > 12]. The order of g modulo p is p — 1,
the order of g modulo p? is p(p — 1) and the order of g modulo p? is p?(p — 1).
Define
DY =(g?) (modp) Dy” =gDf" (modp)

= (¢?) (mod p?) Dng) = gDépZ) (mod p?)

= (¢?) (mod p?) D%pg) ng(()p3) (mod p?)
Then Z: = ng uD?.zz, = DY) U DY) and 3 = DY U DI For
t = 0,1,2, the D](p ") are called generalized cyclotomic classes of order 2 with
respect to p’. Note that

Zys = D¥) U D) UpDP) UpDF) U 2D U P2DP U {0}.

Here and hereafter, f; D;p ") are sets of elements obtained by multiplying fj to

the elements of D;pi) over Zy,s for i =0,1,2 and j = 0, 1.
In [, the authors define the binary prime cube sequence {s(n)} as follows[I]:

.~ J0,if (i mod p?) ey
s(i) = {1, if (i mod p3) € Cy . (1)

3 d 3 d
where Co = Uy gor % Dy and C1 = {03 UUgpps g5 % DI7

3 Linear Complexity and Minimal Polynomial

Let {s(n)} be a sequence of period L over a field F. The linear complexity of
{s(n)} is defined to be least positive integer [ such that there are constants
co=1,c1, -, ¢ € F satisfying

—s(i)=c1s(i—1)4+cos(i —2)+---+¢s(i—1) foralll <i<L
The polynomial c(x) = ¢y + c1z + -+ + ¢! is called a minimal polynomial
of {s(n)}. Let {s(n)} be a sequence of period L over a field F, and S(z) =
5(0) + s(1)x + -+ + s(L — 1)zE =1 Tt is well known that|[3]
1. the mimimal polynomial of {s(n)} is given by
c(x) = (z" —1)/ ged(z® — 1, 5(x))

2. the linear complexity of {s(n)} is given by

Cr=L-— deg(gcd(a;L —1,5(x)))
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Lemma 1. Fora € Z;}. and 1 <7<3

| D) if ae DF

aD(pi) _ {D(()p_)7 if aGD(()p) aD(pi) _ {Dgp‘), if aED(()p)
o ) p) (") Lo
7, if a€ Dy

Proof. It can be proved in the same way as [4].

Lemma 2. Let b be any integer. Then Dl(pa) +bp = Dl(pa) and DEPZ) +bp = DEPZ)
fori=0,1.

Proof. Tt can also be proved in the same way as [4].

Lemma 3. —1 (mod p?) € D(()ps) if and only if —1 (mod p?) € D(()p2) if and
only if —1 (mod p) € D(()p) if and only if p=1 (mod 4).

Proof. Tt is well known that —1 (mod p) € D(()p) if and only if p=1 (mod 4)[2].
2
Using Lemma B} we can show —1 (mod p) € DI’ implies —1 (mod p?) € D

and —1 (mod p?) € D(()ps). The converse is obvious.

®°) . ; @) . ' (») L
Lemma 4. 2 € D;” ' ifand only if 2 € D;” ’ if and only if 2 € D;”’ fori =0, 1.
Proof. Tt can be proved in the same way as [4].

Let m be the order of 2 modulo p? and @ a primitive p>th root of unity in
GF(2™). Define

S@)=> a'=1+(>_ + > + Y )2'eGF(Q2)z].

ieCy €D iepp??  icp>D{P
Then S(z) is generating function of the prime cube sequence {s(n)} defined

before. To compute S (0), we use the generalized cyclotomic numbers of order 2
with respect to p* for i > 1 defined by

(i) = (D) +1)n DY) 4,5 =0,1, and k=0,1,2. 2)

Lemma 5. [1] If p=3 (mod 4), then

k-1 k1
p(p—3 P (p+1
(1,0)= (0,0) = (1,1) = (4 ), and(0,1), = (4 )
Ifp=1 (mod 4), then
k-1 k1
P (p— P (p—5
(0,1)pk:(1,0)pk=(1,1)pk: <4 ), and (0,0)pk: <4 )
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Note that
0=6"" = 1=(0"" )P = 1=(0" — 1)(1+67 +0° 4 ... 49>~ 1DP"),
It follows that
1467 4 6% 4 190" =14 S ey Y gi=o
iep2 D) iep2 D)
@) can be rewritten as follows:
0=0" —1=(")P —1= (0 —1)(1 + 67 + - + %"~ 1),
It follows that
14674 4@ - DP =1 4 3 6" = 0.
iep2 D Up2 D Up D) Up D P
From (@) and (), we obtain
Sooi= > 0
iepD{P*) iepDP?
Since Zfial 0" = 0, by (F) we obtain

Soooi= > 0.

3 3
ieD{P) ieD{"”

191

(7)

Assume 61 = 6P, 05 = 9”2, then 6, is a primitive p?th root of unity and 65 is

a primitive pth root of unity in GF(2™). Define

= ) 6 and ta(f) = > 65

iep(P? ieD{P
Lemma 6. [5]/ 3", 0F + ZiEDgpz) 0% =0 if p is an odd prime.
Lemma 7. ZiEDé’)Z) 911 = ZieDng) 91 = tl (91) =0
Proof. From ({),([6) and Lemma [ obvious.

Lemma 8. [6]] t2(02)€{0,1} if and only if 2 ED(()p) if and only if p==+1(mod 8)

Lemma 9. Let the symbols be the same as before,

PP (mod 2), if a=0

S(6), if aeD)
3
S(6) + 1, if a € D™

2
S$(0°) = "' +12(62),  if a€pDy’)
p;l +12(02), if a€ ngp )
1+ t5(), if a€p?DP
t2(02). if aep?D?.
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Proof. For the case a = 0, we have S(0%) = S(1) = 32“ = 3! (mod 2). I
a € D by definition there is an integer s such that a = g2°. It follows that
3 3
aD{") = {g* 2 |t = 0,1, ,p(p—1) = 1} = D}
2 2
apD{") = p{g* 2t = 0,1, p(p—1) — 1} = pD{"”
2
DY = PP =01, (p 1) 1) = pD).

Hence

SON=1+( >+ >+ Y =14 >+ D>+ > )=

3 2 . 3 2 .
ieD®” iepp®? icp2D ieD"? iepp®? iep2D

Ifa € D§p3)7 then aDgpa) = D(()ps)7apD§p2) = pDép2)7ap2D§p) = p2D(()p2). By
@), @) and (@)

) =1+ Z Z Z +1.

Note that Dgpa) mod p=D", \D§p3)| = p?|DW), 911’2 =1and 0} = 1.
2 2
Fora = aip,a1 € Z), = D(()p U Dgp ) we have

O+ D+ D e

3 2 ’
ieDgp ) iengp ) ’LEpZD;p)

=1+ Z 9a1pi+ Z 9ﬂ1Pi+ Z aalpi

iep®? iepDP? iep2D{P
) - op—1
=1+ E 1+ § 65 + 5 -
i€a1D§p3> ieangpz)

Ifa; € D(()pz)7 a1D§p3) = D%pg) and a1D§p2) = D§”2>. we have

sey="Tle Y b X a="T e Y e Y 6
iep®? iep®® ieD) ieDp®

p+1
2

_pt1

9 +11(01) + t2(02) =

+t2(92).
Ifa) € D§p2), a1D§p3) = D(()pg) and a1D§p2) = D(()pz). we have

a p+]— % %

Se)=", + > i+ > 6
ieDr™) ieD{P?

_p+1

-1
9 + ta(62).

+11(01) + 1+ t2(02) =
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For a = asp?,as € VA D(()p) U D?’), we have

EIETD RIS SR S

iep®  iepp®?  iep?DP
=14 epzi 4 9a2p2i eazpzi
= 1t 2
icaz D) iep{r® ieD®
2
,  , p"—p p—1
=1+ Y 05+ + .
L 2 2
i€a2D§p )

If ay € DY, angpg) = D%pg) and agDEPQ) = D§”2>. we have

sey=""""4+ 3 6= v “ +p7 ) 05 =1+t5(02).

iep®? ieD®

If ay € D§p2), a2D§p3) = D(()pg) and a2D§p2) = D(()pz). we have

oy PPH1 ;PP ;
s ="+ 3 6="7"40" Y th=t:00).

ieD{F? ieD{?

Define ") (x) = [T, _ oo (x—0%), d* ) (2) = T1,_ o (2—65) and &) (z) =
I1,.pw (x —63), i =0,1. Then L
3 2 2 3 3
2 —1= (2 = Ddy” (@)d" (@) (@)di” (@)dif ) (2)d (a).

Lemma 10. dgp) (m)7d5p2)(ac), dgps)(m) € GF(2)[z] if and only if p = +1 mod 8.

Proof. Almost the same proof in [4] can be applied . If p = +1 mod 8, from
2 3
Lemma @ and B 2 € D(()p) N D(()p e D(()p ). Then for i = 0,1,2, we have

P7 H JJ 02p ay H (.732 _ epia) — H (1‘2 _ epia):dgpi)(l,2).

aeD?") ac2D?") acD®"

Thus dgpi)(x) € GF(2)[z], i = 0,1,2. If p = £3 mod 8, from Lemma M and B
2 3
2e DV nDP) "\ DP). Then for i =0, 1,2, we have

@ @) = T @ =07 =d2) (@) 24P (2).

(p?)
a€D [ (mod 2)

Hencedp)( )€ GF(2)[x], i =0,1,2.
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Theorem 1. Let p be an odd prime and {s(n)} be a prime cube sequence of
period p3. Then the linear complezity Cr, of {s(n)} is as follows:

p3+1, ifp=1 mod 8
= p3—1 ifp=3 mod 8
E=Yp? if p=>5 mod 8
3

p;17 if p="T mod 8.

Proof. f p = 1 mod 8, from Lemmas [§ t2(62) € {0,1}. Furthermore, since

2 DP DY) N DY) by Lemma@and B S(62) = S(6). Hence, S(0) € {0,1}.
Applying Lemma [@ we have

(=1l @) @)l (@) (S(6).2(62))=(0,0)

(= e @) @ (@) (S(0)42(02) = (0. 1)
ged(@?’ = 1,5(2)  |(w—1)d] >(x)dgp>(x)dgp>(x)if(5(9),t2(92))=(1,0)

(2= 1)d (@)d” (@) (@)it (S(0).t2(62))=(1,1)

3

3
It follows that Cf, = deg (c(x ))—1+p7p + 7 p+p21:p2+1.

For the cases of p = 3,5 and 7 mod 8, we can reach easily by similar procedure
with the case p = 1 mod 8.

4 Autocorrelation

The periodic autocorrelation of a binary sequence {s(n)} of period N is defined
by Cs(r) = ZTLL_O( 1)*(+7)=s(") wwhere 0 < 7 < L. Define dy(i,j;7) = |Ci N
(Cij+71), 0<7<L,i,j=0,1

Theorem 2. Let p be an odd prime. Then the autocorrelation profile of the
binary prime cube sequence of period p® which is defined at () is as follows:

1. p=1 (mod 4)

p*, 7=0 (mod p?)
pP-p-3,  repDy
p*—p+1,  Tep’DY
2
Cy(r) = p3—p2—p—27T€pDép2)
P —p* —p+2,7€pDP
3
—p2—2, TED(()p)
3
—p*+2, re DP)
2. p=3 (mod 4)
P’ 7=0 (mod p?)

p?’—p—L TEpQD(()p) Up2D§p)
2 2

p3—p2—p776pDéf ) UpDﬁp )

—p?, re Dy uDP.
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Proof. Since Cy(7) = p® —4ds(1,0;7), we need to calculate d,(1,0; 7). Note that
ds(1,0;7) =|C1 N (Co + 7))
=GN DY +7)| + [Cin (DY +7)] + [Cin(DF ) +7)] (8)

Denote the first, the second and the third term in {) as A(7), B(r) and C(7),
respectively. To begin with, we are going to compute A(7). Note that

A7) =100 (DY +7)| = {0} 0 (D +7)| + 15D 1 (D +7)]
2 3
+ [P N > DY + 1) + DY) 0 (* Dy + 7). 9)

Denote the first, the second, the third and the fourth term in (@) as Ay (7),

As(T), As(T) and A4(7), respectively. Let us compute A;(7) first. When 7 = 0,
2

Ay (r) = {0} ﬂpzD(()p)\ = 0. When 7 € le(p for i« = 0,1, by Lemma [l any

) ()

when 7 € Dgps) for i = 0,1, any element of pQD((,p) + 7 is an element of DEPS) for
i = 0,1, respectively. Therefore, when T € {0} UpD(()pz) Ungpz) U D(()p3) U Dgpa),
Aq(7) = 0. Next thing to do is to compute the value of A;(7) when 7 belongs
to the set p2D(()p) Up2D§p). From Lemma [l and Bl if p = 1 mod 4, 7 € p2D§p)
implies —7 € pzDgp) for i = 0, 1, respectively. Hence, in this case, A;(7) = 1 if
T E pQD(()p) and A;(r) =01if 7 € p2D§p). Likewise if p = 1 mod 4, 7 € p2D§p)

2 (p)
Di+1 mod 2

T E pQD(()p) and A(1)=1if 7 € p2D§p). Summarizing these, we have

element of p2D(()p +7 is an element of pD;” ’ for i = 0, 1, respectively. Similarly,

implies —7 € p for i = 0,1, respectively. Hence, A;(r) = 0 if

0,7 € {0yupD) UpD¥) U DY) U D)
1,7 EpzD(()p) and p = 1 mod 4
Ai(r)=40,7¢€ pQD(()p) and p = 3 mod 4 (10)
0,7 EpQDgp) and p =1 mod 4
1,71 EpzDgp) and p = 3 mod 4

Next let us consider As(7). Similarly Ay (r) = 0 if 7 € {0} U pDP) U pDP) U
D(()p U Dgp ). When 7 € pzD(()p) UpQDgp)7 As(T) = \pQDgp) N (pzD(()p) +7)| =
|p2D§p) N (pQD(()p) + p%a)| for some a € D(()p) U Dgp). Therefore As(7) = |D§p) N

(DY + a)| = |a'D") N (a='DY + 1)| and by Lemma [ and the definition of
the generalized cyclotomic numbers of order 2 with respect to p, we have

0, re{0yupD{ upDIuDFIUDE”)
Az(1) = (0,1),,7 € p* DY
(1,0),,7 € p2D§p)

In the case of A3(7), As(7) =0if 7 € {0} U D(()pa) U Dgps) with the same reason
2 2
as Aq(r) and Ax(7). If 7 € UpD(()p ) UpD§p ), then for ¢ = 0,1, any element
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of ple(p ) & 7 is a multiple of p? mod p® so that it can not be an element of
2 2
PDY) ), Thus, in these cases, A3z(7) = 0. In the case of T € ngp ) for i = 0,1,
2 2
we have pQD[(,p) +7 C pDZ(p ). Therefore, As(t) = 0] = 0if 7 € pD[(,p ) and

As(r) = |p2D(()p) +7| = pgl if 7 e ngpZ). Similarly, we can compute A4(7).
Summarizing these calculation, we have

0, reZs\pD?) 0, 7€\ D"
A3(T): ’ p 2 1 5 A4(T): ’ pg 1

p217T€pD§p) p;17T€D§p)

Combining the results of A;(7), Aa(7), As(7) and A4(7), we have

0, 7=0
p+3 TEp2D( and p = 1 mod 4
p“ TEpQD()andpE3mOd4
p41 TEpQD()andpzlmod4
A(T) = Z Ai(1) = P TEp2D( and p = 3 mod 4 (11)
1<i<4 0, repD{P”)
pgl,TEngpZ)
0, TED(()ps)

3
rt reDP)
Next we are going to compute B(7) and C(7). Note that

2 2
B(r) = {0} (oD + 1)l + 15D 01 (D +7)
2 2 3 2
+[pD¥) 0 (D) + 1) + 1D N (pDF ) + 7). (12)

C(r) = {0} N (DY) +7)| + DI N (DY +7)]
2 3 3 3
+pDi"”) N (DF) + 1) + D) 0 (DF + 7)1 (13)
Denote the first, the second, the third and the fourth term in ([I2)) as B (1),
Bo (1), Bs(7) and By(7), respectively. Likewise denote the first, the second, the

third and the fourth term in (I3]) as C1(7), Ca(7), C5(7) and Cy(7), respectively.
With almost the same way, we can reach the following:

p=1mod 4 Bi(7) B2(1) Bs(1) Ba(1) B(1)

repDF) 1 Pt (0,1),, 0 PP

repD®) 0 0 (1,0),. 0 P(P4 b (14)
reDf 0 0 o Pyr o

otherwise 0 0 0 0 0
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p=3mod 4 Bi(7) Ba(1) Bs(r) Ba(r) B(7)

pDF) 0 0 (0,1), 0 P
repD) 1 Pl (1,0),, 0 PP (15)
re D§p3) 0 0 p22—p pop
otherwise 0 0 0 0 0

By doing the same procedure repeatedly, we can reach the following:

p=1mod 4 Ci(1) Co(1) Cs(1) Cu(t) C(1)

7eD{) 1 Pt PP (0,1), P2
%) pP—p?
T Dy 0 0 0 (1, 0)p3 4
otherwise 0 0 0 0 0
(16)
p=3mod 4 Ci(r) Cao(7) Cs(1) Cu(r) C(7)
7eD) 0 0 0 (0,1), P
re D§p3) 1 p;l p22—p (1’0)173 p3—52+2
otherwise 0 0 0 0 0

Combining (I),([), and ([IG), we can compute ds(1,0;7). Since Cy(7) =
p® — 4d,(1,0;7), it completes the proof.
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