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ABSTRACT

OntheHadamard Sequences

Jeong-HeonKim
Department of Electrical
andElectronic Eng.
TheGraduateSchool
Yonsei University

In suchsystemsasranging systems,radarsystems,andspread-spectrumcommunication

systems, it needsto find sequenceswith goodcorrelation property in orderto improve

theperformance.Thecorrelation property maybeauto-correlation or cross-correlation

according to theapplication. A binarysequencewith ideal autocorrelation property are

called aHadamardsequence.In this thesis,Hadamardsequencesandtheir properties(the

linear complexity andthe tracerepresentation) areinvestigated. All known Hadamard

sequenceshave periodsof thefoll owing three types: (1)- �/.102�	� is a primenumber

(2)- � �3
4�65 ��� is a product of twim primes(3)- �7�98:�;� , for , �7� 
���
 . 
�<�<�< .
It is conjectured that if a Hadamardsequenceexists, the period - of the Hadamard

sequencemustbelong to oneof thethreetypesabove. Theconjectureis confirmedup to->= ��������� , exceptfor thethefollowing 17cases:1295, 1599, 1935, 3135, 3439, 4355,
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4623, 5775, 7395,7743, 8227, 8463, 8591, 8835, 9135, 9215,9423. We confirmedthat

thereareno Hadamardsequencesof periods ����?�� 
 ����?�? 
 ��? � � 
�� � � � .
Linearcomplexity of Hadamardsequencesis investigated. wedeterminedthelinear

complexity of Hall’ssextic residuesequencesandJacobi sequencesincludingtwin prime

sequences. As a result, thelinear complexities of all Hadamard sequenceswhich canbe

madeby known construction methodsweredetermined.A Hall’ssextic residuesequence

of period � hasthefollowing linearcomlexity.@ � A � 5/BDCFEG if �! ;� 
%$H&�(*) �� if �! �� 
%$H&�(*) �
Notethatif �! ��I
%$'&�(J) � , theHall’ssextic residuesequenceof period� hasmaximum

linear complexity. The linear complexity of Jacobi sequencesof period �K� canbeclas-

sifiedas10casesaccording to �:
%$'&�(*) � and �L
%$'&�(*) � , whicharegivenin Table3.2.

Twin primesequencesof period �M
4�'5 ��� aregivenby@ � NOP OQ B�RTSKU�BDCFEV if � � � 
%$'&�(*) �B R CFEV if � � � 
%$'&�(*) ��M
4��5 ���W�L� if � �X� 
%$'&�(*) � or � �;� 
%$'&�(*) �
which is thespecial caseof Jacobi sequences.

In orderto give somecommonalities to thethree typesof Hadamardsequences,we

investigatetracerepresentation of Hadamard sequences. First, we give a general trace

representation of Legendre sequencesof all periods.Thereis closerelation between the

tracerepresentation andlinear complexity of a binary sequence.If thelinear complexi-

tiesof two binary sequencesdiffer, thetracerepresentationsof thosesequencesdiffer too

andvice versa.We determinedthelinear complexity of Hall’s sextic residuesequences.

As thelinear complexity hasdifferentform with repect to thevalueof �:
%$'&�(*) � , there

vii



maybetwo formsin thetracerepresentation of Hall’s sextic residuesequences. wegive

oneof them, thecaseof � � �	
%$'&�(J) � .

Key words : ideal autocorrelation, Hadamardsequences, linear complexity, trace
function representation
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Chapter 1

Intr oduction

1.1 Moti vation

In designing a communication system,onehasto note that thereis limited amount of

resources.Sucha restriction becomesmorestrict astheamountof informationto trans-

mit grows. Therefore, it needsto develop methodsto usethe available resourcesmore

efficiently. Signaldesign is oneof solutionsto this problem.

Communication systems in many casesrequire setsof signals which have the fol-

lowing properties[1] :

1. eachsignalin thesetis easyto distinguishfrom thetime shiftedversion of itself.

2. eachsignal in thesetis easyto distinguishfrom (thepossibly time-shifted version

of) every other signalin theset.

As usual, thesetof signals with thefirst property is saidto have a goodauto-correlation

property and it is important for such applications as ranging systems,radarsystems,

andspread-spectrum communicationssystems.Thesetof signals with thesecond prop-

erty is saidto have a good cross-correlation property andit is important for simultane-
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ousranging to severaltargets,multiple-terminal systemidentification, andcode-division

multiple-access(CDMA) communicationsystem.

In general, thesimplification of systemimplementationrequires theuseof periodic

signals.So,werestrict ourattention to periodic signals in this thesis. In order to simplify

thepresentation,weconsiderthesetsof signals of commonperiod Y . Thefoll owing sev-

eralparagraphsaresomeanalysisof signalshaving good distinguishability by Sarwarte

andPursley [1].

Onemay usethe mean-squareddifferenceto measure the distinguishability of sig-

nals.Forourpurposes,two signalsareeasyto distinguish if andonly if themean-squared

difference(MSD)betweenthem is large. If modulation processesareinvolved,not onlyZ 
\[ � but also �]Z 
\[ � mustbeconsidered.That is, wewill require that^`_3a � �Y/bdcegf h 
\[ � " Z 
\[ �ji Vlk [� �Ynmobpce f h V 
\[ � 5 Z V 
\[ �ji k [q" � brce Z 
\[ � h 
\[ � k [�s (1.1)

is large.

Sincethefirst integral on the right handsideof eq.(1.1)is thesumof theenergy inZ 
\[ � and h 
\[ � for �ut [ t Y , h 
\[ � is easyto distinguishfrom Z 
\[ � if the magnitudeof

thequantity v � brce Z 
\[ � h 
\[ � k [ (1.2)

is small. For suchcommunication, navigation,andradarsystemsasthosewith correla-

tion receiversor matched filters,

v
representstheoutput of thefilter matchedto thesignalh 
\[ � whenthe input is Z 
\[ � . In a multiple-accesscommunicationsystem, for example,
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Z 
\[ � and h 
\[ � mayrepresentthesignals assignedto two different transmitters,in which

casetheparameter

v
is a measureof thecrosstalk interferencebetweenthetwo signals.

Properties 1 and2 require the distinguishability of Z 
\[ � and h 
\[W5xw � for �ut w tY if Z 
\[ � and h 
\[ � are different signals, and for � =ywz={Y if two signals are the

same.Consequently, whatwe needto consider is themagnitudeof thefollowing cross-

correlation function v�|D} ~ 
%w ��� bdce Z 
\[ � h 
\[l5�w � k [�< (1.3)

Due to the relative simplicity of their generation, the signals of interest for most

applications areperiodic signalswhich consist of sequencesof elemental time-limited

pulses.Thesepulsesareall of thesameshape,sothatthesignal canbewritten asZ 
\[ �o� ���D� C � Z �1� 
\[ �u� YF� � (1.4)

where � 
\[ � is the basicpulse waveform and Y�� is the time duration of this pulse. IfZ 
\[ ���:Z 
\[M5�Y � for all [ , then Y will bea multiple of Y � , andthesequence 
 Z � � must

beperiodic with a periodwhich is a divisor of - � Y���Y�� .
Suppose Z 
\[ � and h 
\[ � areperiodic asdescribed above. Z 
\[ � aregiven by eq.(1.4)

and h 
\[ � is givenby h 
\[ ��� ����� C � h ��� 
\[ ��� Y�� � < (1.5)

Thenit is easyto show thattheparameter

v
of eq.(1.2) is givenbyv �;��� CFE���� e Z � h � (1.6)

wheretheconstant � is �!� b c��e � V 
\[ � k [ (1.7)
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Thus, the inner product of continuous time signal Z 
\[ � and h 
\[ � is proportional to the

inner product of thecorresponding vectors 
 Z e 
 Z E 
�������
 Z � CFE � and 
 h e 
 h E 
������q
 h � CFE � .
Furthermore,if w �/� Y�� it canbegeneralizedtov |D} ~ 
%w ���;� � CFE��D� e Z � h � S�� < (1.8)

Since 
 h � � is periodic with a period dividing - ,
 h � 
 h ��SqE 
������q
 h �4S � CFE ��� 
 h � 
 h ��SqE 
������q
 h ��C V 
 h ��CFE � 
 (1.9)

wheretheright-handsideof eq.(1.9)is the � th cyclic shift of 
 h e 
 h E 
������q
 h � CFE � .
Above observation gives the motivation to consider the periodic cross-correlation

function of thesequences
 Z � � and 
 h � � which is definedby� |D} ~ 
%w ��� � CFE���� e Z � h � SK� < (1.10)

Sincetheperiodic cross-correlationparametersfor thecontinuous-timesignals Z 
\[ �
and h 
\[ � of eq.(1.4)and eq.(1.5)are completely determined by the cross-correlation

function, the signal design problemdescribed at the beginning of this thesiscanbe re-

duced to theproblemof finding thesetsof periodic sequences with thefoll owing prop-

erties:

1. for eachsequenceZ!� 
 Z � � in theset, � � |D} | 
%w � � is smallfor ��t w t - �	� .
2. for eachpair of sequencesZ!� 
 Z � � and h � 
 h � � , � � |D} ~ 
%w � � is small for all w .

In recent years, the increasinginterestin spread-spectrumcommunicationsandCDMA

communications hasled to a corresponding interest in aperiodic correlation parameters
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andcross-correlationpropertiesof periodic sequences. But thestudyof cross-correlation

propertiesof periodic sequencesrequirestheextensivestudy of auto-correlation proper-

ties asa preliminary. Generally, the setof sequenceswith low cross-correlation values

are generatedfrom the sequences with good auto-correlation property by sometrade

off betweenauto-correlation valuesand cross-correlation values. For instance,Gold

and Kasami madesetsof sequenceswith low cross-correlation values from the , -

sequences[2] [3] [4] [5]. In addition, the sequenceswith ideal auto-correlation played

oneof the most important partsin several communication systemsaspreviously men-

tioned. For example,those sequencesareusedaschip sequencesin spread-spectrum

communicationsystemsandspecifically an , -sequenceof theperiod � U V ��� with ideal

auto-correlation is usedin CDMA reversechannel for identification of eachchannel.

In this thesis, themainobjectis binary sequenceswith idealauto-correlation called

Hadamardsequences,which areformally definedasfollows:

Definition 1.1 A binary sequence� � 
%��� � of period - where - is oddis saidto have

an ideal auto-correlation if theauto-correlation function has ��� for all w� ��� and - forw �/� whereauto-correlation function is definedas¡ 
%w �W� � CFE� � � e 
 �����£¢�¤ S ¢�¤�¥�¦ (1.11)

wheresubscript §l5	w is takenmodulo - . If thenumbers of onesandzerosin a period

differ by 1, thenit is alsosaidto bebalancedandsuch a sequenceis called Hadamard

sequence.

We will investigatesomeexistenceproblem of Hadarmard sequencesandanalyze some

propertiesof thosesequences,especially linearcomplexity andtracerepresentation.
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1.2 An Overview

In Chapter2, we discusstheconjecture on theexistenceof Hadamard sequences. Some

previous results concerning the conjecture are exhibited. Basic theory of Hadamard

sequencesis introduced.In Chapter3, thelinearcomplexity andthecharacteristic poly-

nomialof Hall’s sextic residuesequencesandtwin primesequencesaredetermined. In

Chapter 4, thepropertiesof LegendresequenceswhicharealsoHadamardsequencesare

discussed.The trace representation of Legendre sequencesof all period is determined.

Partial result about the tracerepresentation of Hall’s sextic residue sequencesis given.

Finally, in Chapter 5,all thoseresultsof this thesisaresummarized andsomediscussions

follow.
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Chapter 2

Binary Hadamard Sequences

Let ¨����£©�
ª§ �/� 
 � 
�<�<�<«
9- �u� beabinarysequenceof period - where- is odd.Recon-

sidering theauto-correlation function of binary sequences,¡ 
%w ����� CFE� � � e 
 ����� ¢�¤ S ¢�¤�¥�¦� �¬¨�§o­��1� � ��� SK� ©�� � �¬¨�§®­1���¯ � ��� SK� ©��� �¬¨�§o­��1� � ��� SK� �/� ©���5;�¬¨�§o­���� � �1� SK� �`� ©��� 
9�¬¨�§o­��1� �/� 
9��� SK� �`� ©���5;�¬¨�§o­���� �`� 
9��� SK� �/� ©�� � <
Let’s define Z!� �¬¨�§®­1�1� � ��� SK� ��� ©��4
h � �¬¨�§®­1�1� � ��� SK� �X� ©��4
°±� �¬¨�§®­1�1� �/� 
9��� SK� �X� ©��4
²;� �¬¨�§®­1�1� �`� 
9��� SK� ��� ©��4<
If ¨��1�£© is a Hadamardsequence,

¡ 
%w �+�³��� for all w� � 
%$H&�(´- � andthe number

of � ’s in a period is 
%-µ5 ��� � � andthenumberof � ’s is 
%- �¶��� � � . Thuswe have the
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following equations: Z 5 h � 
 ° 5 ²·�o� ¡ 
%w ���`���Z 5 h 5 ° 5 ²;� -Z 5 °±� 
%- �L��� � �Z 5 ²;� 
%- �L��� � � <
Fromtheabove four equations,onecanconcludethat -7 ��� 
%$'&�( .�� . Therefore if a

binary sequenceis aHadamard sequence,thentheperiod mustbe ��� 
%$H&�( .�� . All the

known Hadamardsequenceshave periodsof thefoll owing three types[6] [7]:

1. - �x.��*�I� is a primenumber.

2. - � �M
4�'5 ��� is a productof twin primes.

3. - ���«¸��	� , for [ ��� 
���
 . 
������ .
Thereis a conjecture that if a Hadamardsequenceexists, theperiod - mustbeoneof

theabovethreetypes[8]. In [6], it is reportedthattherearenoother valuesof ->= �������
with Hadamardsequencesof periodotherthanthoselistedabove,except for thesix cases- � � ?�? 
 .1?�� 
�� � ��
�� ��� 
���)�� , and975,not fully investigated. In [7], SongandGolomb

reconfirmedtheconjecture for all -¹= ������� including thosesix cases. Furthermore, it

is verifiedup to -º= ��������� , exceptfor thefollowing 17cases:1295, 1599, 1935, 3135,

3439, 4355, 4623, 5775, 7395, 7743, 8227, 8463,8591, 8835, 9135,9215, 9423. The

conjecturebecomesmore andmore interesting since thereseemsto be no immediate

commonproperty amongthe threetypes of � listed above andno counterexample has

beendiscoveredyet.
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In this chapter, the four smallestpreviously unknown cases �u�7����?�� , ����?�? , ��? � � ,� � � � areexamined andconfirmedtheconjecturefor all �»t � . � � . It will bediscussed

in thenext section.

Out of three typesof the period - , the caseof - �¼� � �½� gainsits popularity

becauseof its easeof implementation. Therehasbeen a lot of efforts to determinehow

many inequivalent Hadamardsequencesof period - �����¾�L� thereexist, andto figure

out how to construct themsystematically. So far, full search for thesesequences has

beencompletedup to �J�`��� .
2.1 Existenceand non-existenceof binary Hadamard sequences

A Hadamardsequenceof period - �n.��J�/� is known to beequivalentto a 
 � 
 0 
 ��� -
cyclic differencesetwith �H�x.��´�	� 
 0¿���«�*�	� 
 �!�x�6�	� .
Definition 2.1 [6] Givena positive integer � , let À denote thesetof residues $'&�( � .
Let

a
bea 0 -subsetof À . Onecalls

a
a 
 � 
 0 
 �K� -cyclic differencesetif for any non-zerok¿Á À , thereareexactly � pairsof 
 Z 
 h � 
 Z 
 h Á a suchthat

k  Z¿� h $'&�( � .
A 
 � 
 0 
 ��� -cyclic differencesetwith �H�x.��!�r� 
 0Â���«�!�r� 
 �!�x�!�L� is calleda

cyclic Hadamard differenceset,andit inducesa binary sequenceof period �Â�½.��J�¶�
with theideal autocorrelation, a Hadamardsequence.

Example 2.1 Let
a � ¨ � 
 � 
���
 ��� 
 ��� 
 � ��
 ��. © . Then

a
is a 
 ��� 
���
�� � -Hadamarddiffer-

enceset.Eachnonzero
k = � canbewritten asdifferencesmodulo15 of the following

9



threepairs.���/�+�I�Ã.±�`�����	���±�`�Ã.¾�L� ��
 ���/�+�I� � � � �d���X� � �L��� 
� �`����� � �`� � �	���±�`�Ã.¾�L��� 
 .±�/�+�I�����`����� � �`�Ã.��	��� 
���/�+�I���¾���+���±�`�����d� 
 � ���·�I�Ã.±�`�����d�¾�`� � � ��
� ���·�I� � � � ���±�`�Ã.�� ��
 ) �/�+� � � � �	�Ã.±�X� � ��� 
?����·�I����� � �	� � �`�Ã.��d� 
 ���±�/�+�p�����·�	���¾�X������� 
���Ä� � �I�����`�����	�Ã.��`���Å��� 
 ���¾� � �I���¾�`�����	� � �`�����	�Ã. 
� � ���·� � �`�����	� � �`� � ��� 
 �Ã.��`�����	�����`� � �I�Ã.±�`�Ã.���� <
Let 
%�1� � bethebinary sequenceof period 15 in which �T� �/� if § Á a and ��� �`� other-

wise.Thenit canbeeasilyshown that 
%��� � is balancedandhasideal autocorrelation.

0 1 1 1 1 0 1 0 1 1 0 0 1 0 0

Æ

(15,7,3)-cyclic difference set

Ç

binary sequence of period 15 with

ideal autocorrelation
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Figure2.1: ThedifferencesetandHadamard sequenceof Example2.1.
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Oneof themostimportant propertiesof Hadamard differencesetsis that it canhave

a multiplier. A multiplier of theHadamarddifferencesetcanbedefinedasfollows.

Definition 2.2 Let À bethe � -setof theintegers� 
 � 
 � 
������M
 �¯�´� . An integer [ is called

a multiplier of a 
 � 
 0 
 �K� -differenceset
a � ¨ k E 
 k V 
������l
 k�Ï © provided thereexists a

integer Ð suchthat Ñ � ¨�[ k E 
ª[ k V 
�������
ª[ k1Ï © and Ñ � ¨ k E 5	Ð1
 k V 5IÐ�
������l
 k�Ï 5	Ð�© are

thesame0 -subsetof À , whereevery operation is taken modulo � .
If a differenceset

a � ¨ k E 
 k V 
�������
 k1Ï © and [ a � ¨�[ k E 
ª[ k V 
�������
ª[ k1Ï © arethe same,

then
a

is saidto befixedby multiplier [ . In [6], it is shown thatif adifferenceset
a

hasa

non-trivial multiplier [ 1, there is alwaysadifferenceset
aÄÒ

fixedby multiplier [ . In fact,

givena differenceset
a

anda multiplier [ , thereexist exactly Ó�Ô�(�
\[ �x� 
 �Õ��� k shifts

fixedby themultiplier [ [6]. Suchamultiplier turnsout to beveryuseful whenonewants

to exhaustively searchfor all thecyclic differencesetswith givensetof parameters.

Every known difference set has a non-trivial multiplier. But the question as to

whether it is alwaystrue is open. Hall andRyserproved the exitenceof a non-trivial

multiplier under certain circumstancein so-called the“mulitplier” theorem[6].

Theorem 2.1 [6] Let
a

bea 
 � 
 0 
 �K� -cyclic differenceset.Let
k

bea divisor of 0'�r�
andsupposethat 
 k 
 �Õ�]�n� and

k6Ö � . If [ is anintegerwith theproperty that for each

primedivisor � of
k

thereis aninteger × suchthat �ªØÄ x[!
%$H&�( �Õ� , then [ is amultiplier

of
a

.

Baumertprovedthefollowing theoremwhichcanbeusedto provethenon-existence

of somecyclic Hadamarddifferencesetsandcanalsobe used to reduce the computa-
1“non-trivial” meansÙ3ÚÛ»Ü±Ý�Þ]ß�àÅá�â .
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tional complexity of anexhaustive search.

Theorem 2.2 [6] If a 
 � 
 0 
 �K� -cyclic differencesetexists, thenfor every divisor ² of� , thereexist integers ãj�ä
\§ �/� 
 � 
 � 
������3
 ²x�	��� satisfying thediophantine equationså CFE� � � e ã�� ��0å CFE� � � e ã V� ��0��p� 5 ��� � ²å CFE� � � e ã � ã � C Ø �x��� � ² 
 for ��t × tL²x�	�
(2.1)

Here,thesubscript § � × is taken modulo ² .

Basicsteps to reachthenonexistenceis the following. We assumefirst thata cyclic

Hadamarddifferenceset
a

exists.By Theorem2.1,its multiplier , canbedetermined.

For every divisor ² of � , its cyclotomic cosets canbedeterminedby the multiplier , .

We setsomedummyindicators ã � for eachcyclotomic coset. Theremustbesomesets

of ã�� ’s satisfying thethreediophantine equations in Theorem 2.2 if thereexists a cyclic

Hadamarddifferenceset
a

. Thus, if theseequationsdo not possessany solution for

somedivisor ² , thenon-existenceis guaranteed.

2.1.1 Somecomputation

If there exists a 
 ����?�� 
�� . ��
�� � � � -cyclic Hadamarddifferenceset
a

, it must have the

multiplier 16 by Theorem2.1. Thereare 155 cyclotomic cosets modulo 1295. One

needs to consider thecyclotomic cosets moduloeachdivisor of 1295.

Since ����?��u�æ�!ç � ç ��� , if thereexists a 
 ����?�� 
�� . ��
�� � � � -cyclic Hadamard dif-

ferenceset
a

, theremustbe integers satisfying thethreediophantineequations in The-
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orem2.2 for eachdivisor � 
���
�����
�� � 
 � ) � , and ����? . Otherwise,onecanconcludethat

thereis no 
 ����?�� 
�� . ��
�� � � � -cyclic Hadamarddifferenceset.

For thedivisor ²/��� , we have thefollowing equations:U� � � e ã�� � � . �U� � � e ã V� � )�� ? ) �U� � � e ã � ã � S Ø � )���� � ��
 where �+t × tL.
(2.2)

and �Ht ã9� t¶����� . Therearetwo solutionsfor ã�� ’s satisfying (2.2),which are
�ã e 
�ã E 
�ã V 
�ã�èD
�ã U �W� A 
 ����� 
 � ����
 � ����
 � ����
 � �1� �
 � ����
 ����� 
 � ����
 � ����
 � �1� �
For thedivisor ²/� � , we have thefollowing equations:G� � � e3é � � � . �G� � � e é V� � � ��� � ?G� � � e é � é � S Ø �;��? � ��� 
 where ��t × t �

(2.3)

and ��t é e 
 é E 
 é V 
 é èD
������q
 é G tê� � � . Therearetwo solutions for é � ’s satisfying (2.3),

which are 
 é e � ����
 é E � é V � é U ��?�� 
 é è � é�ë � é G �;?���� 
 and
 é e �`���D. 
 é E � é V � é U � )���
 é è � é�ë � é G �;?����

13



For thedivisor ²/� ��� , wehave thefoll owing equations :è G� � � e k � � � . �è G� � � e k1V� �X��� � ��?è G� � � e k � k � S Ø �X��� � ��� 
 where ��t × t ���
(2.4)

and �Ht k e 
 k E 
 k V 
 k èD
�������
 k è G t � � . Thereis only onesolution.k e � � � 
k E � k�ì � ����� � k è U �`� ��
k V � k E�U � ����� � k è V �`� ��
k è � k U � ����� � k è G �`� ��
k ë � k G � ����� � k è ë �`� ��<
For thedivisor ²/�`� ) � , we have thefollowing equations:EjíTU� � � eMî � � � . �EjíTU� � � eWî V� �;��� ) �EjíTU� � � e î � î � S Ø �;��� � � 
 where ��t × t�� ) .

(2.5)
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Here,we useanother dummyindicator ï � which is relatedto î � by thefoll owing :ï e � î eï E � î E e � î ì e � ����� � î E Gªeï V � î E ë � î Vªe � ����� � î Ejí eï è � î V ë � î Vªe � ����� � î E ì ëï U � î ë � î è ë � ����� � î E ì eï ë � î EªEªEï G � î E � î E G � ����� � î Ejí�Eï ì � î è E � î ë E � ����� � î E GªGï í � î EªE � î V E � ����� � î E ì GïDð � î G � î ë G � ����� � î E ì Eï E e � î è ìï EªE � î ì � î E V � ����� � î Ejí Vï E V � î V � î è V � ����� � î E ìªìï E è � î V ì � î GªV � ����� � î E ë Vï E�U � î E ì � î VªV � ����� � î E G ì

ï E ë � î E�U9íï E G � î èªè � î è í � ����� � î E ë íï E ì � î Ejí � î G í � ����� � î E G íï Ejí � î è � î V í � ����� � î E ì íï E ð � î í � î E è � ����� � î Ejí èï Vªe � î ì Uï V E � î ð � î è U � ����� � î E ì Uï VªV � î E�U � î V U � ����� � î E ì ðï V è � î U � î G U � ����� � î EjíTUï V U � î E ð � î ë U � ����� � î E ë U

(2.6)

and ��t ï � t � for ��t § tg�«. . In addition, since � ) �*�z�Âç ��� , therearerelations
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betweenï � ’s andthepreviousvariablesasfollows :ã e � ï e 5 ? 
ñï E 5pï V 5pï�èo5pï U �ã E � ï ë 5 ? 
ñï G 5pï ì 5pï í 5pïDð �ã V � ï E e 5 ? 
ñï EªE 5pï E V 5pï E è 5pï E�U �ã è � ï E ë 5 ? 
ñï E G 5pï E ì 5pï Ejí 5pï E ð �ã U � ï Vªe 5 ? 
ñï V E 5pï VªV 5pï V èo5pï V U �

k e � ï e 5dï ë 5rï E e 5rï E ë 5pï Vªek E � ï E 5dï G 5rï EªE 5rï E G 5pï V Ek V � ï V 5dï ì 5rï E V 5rï E ì 5pï VªVk è � ï è 5dï í 5rï E è 5rï Ejí 5pï V èk ë � ï U 5dïDðo5rï E�U 5rï E ðo5pï V U
(2.7)

Recall that 
�ã e 
�ã E 
�ã V 
�ã�èD
�ã U � werealready determinedas(115, 133, 133, 133, 133) or

(133, 115,133, 133,133), and 
 k e 
 k E 
 k V 
 k èD
 k ë � werealsodeterminedas 
�� � 
 � ��
 � ��
 � ��
 � � � .
By executing aC programfor a few hoursof cputime(Intel PentiumPC),wecould con-

firm that thereis no solution for ï � ’s satisfying boththediophantine equations(2.5)and

theaboverelations(2.7). Thus,onecanconcludethattheredoesnotexist a 
 ����?�� 
�� . ��
�� � � � -
cyclic Hadamard differenceset.

Similarly, the threecases �	�ò����?�? 
 ��? � � , and � � � � canalsobe examined and it

turnsout that no cyclic Hadamard differencesetwith �p�>����?�? 
 ��? � � or � � � � exists.

They canbesummarized asfollows.ó For �H�:����?�?
1. Multiplier is 25

2. Numberof cosetsis 176

3. Numberof solutionsfor ²;� � is 2

4. Numberof solutionsfor ²;�x.ô� is 1

5. Numberof solutionsfor ²;� � ç!.ô�·�`��� � is 0
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ó For �H�:��? � �
1. Multiplier is 16

2. Numberof cosetsis 175

3. Numberof solutionsfor ²;� � is 1

4. Numberof solutionsfor ²;�x. � is 10

5. Numberof solutionsfor ²;� � ç!. � �`����? is 0ó For �H� � � � �
1. Multiplier is 49

2. Numberof cosetsis 189

3. Numberof solutionsfor ²;� � is 5

4. Numberof solutionsfor ²;��� is 1

5. Numberof solutionsfor ²;� � ç´�¾�`��� is 0

All of the above result in the smallest open case�r� � . � ? which is very special.

Theabove analysison thefour casesbasically dependson theexistenceof a multiplier.

For thecase�!� � . � ? , we don’t have any methodto determine a multiplier. Sofar, we

arenot evensureof theexistenceof a multiplier in this case. Theremaing 12 casesup

to � = ��������� have relatively many cosets and the rangesof the possible solutions to

thediophantine equationsaremuchwider thantheprevious four cases. Theseresultin

thehugeincreaseof complexity. It seemsimpossible to finish theexhaustive searchin a

reasonableamount of time.

17



2.2 Classificationof cyclic Hadamard differ encesetswith õ½ö÷�øpùûú
In applications,Hadamardsequencesof period ���l�¾� aremostfrequently used.Maximal

length sequences, , -sequencesin short, also belong to this family [9]. To describe

Hadamardsequencesof period � � ��� , onecanusethewell-known tracefunction which

is defined asfollows [10]:

Definition 2.1 Thetracefunction Y v �8 
£� � is alinearmapping from ü·ý¿
 � � � to ü·ý2
 ��8�� ,
definedas Y v �8 
�þ ��� þ65Lþ Vªÿ 5	þ V R ÿ 5x�����«5	þ Vªÿ������jÿ����
	
where ,>� � 
Wþ Á ü·ý2
 ���Õ� .

Any two Hadamard sequences �K
\§ � and ãD
\§ � of the sameperiod - aresaid to be

equivalentif onecanfind integers
k

and Ð suchthat ��
\§ �o� ã«
 k §�5IÐ � where 
 k 
9- �¯�X�
and �Ht Ð t - �6� . Otherwise,wesaythatthey areinequivalent.Therehavebeensome

effortsto determinethenumber of inequivalentHadamardsequencesof period �¬�W�¿� for

each� , which impliestheclassificationof cyclic Hadamarddifferencesets(CHDS)with�*�g� � � 1, sinceevery CHDSwith �´� � � �¶� is equivalantto a Hadamardsequence

of period � � �L� by thewell-knowncorrespondencethat, for each§ �/� 
 � 
������q
 � � ��� ,�K
\§ �±�µ� if andonly if § Á a . In this section, all the Hadamardsequencesof period� � �*� for �J� ��
 . 
������q
 ��� areclassified andlistedaccording to theknown construction

methods.
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2.2.1
�
�����������

-CHDS

Thereis only one 
���
���
 ��� -CHDS.It is equivalent to an , -sequencewhich canbe ex-

pressedas Ð�
\[ �W� Y v èE 
�þ ¸ �
where þ is a primitive elementof ü·ý2
 � è � .
2.2.2

���������������
-CHDS

Thereis only one 
 ��� 
���
�� � -CHDS.It is an , -sequenceandits tracerepresentation isÐ�
\[ �W� Y v U E 
�þ ¸ �
where þ is a primitive elementof ü·ý2
 � U � .
2.2.3

�����������������
-CHDS

Therearetwo inequivalent 
�� � 
 ��� 
�� � -CHDS.Since� � is aprimecongruent to �ê$'&�( . ,
theremustbeaLegendresequenceof period � � . Let þ beaprimitiveelementof ü·ý¿
 � ë � .ó m31( , -sequence): Ð�
\[ �W� Y v ëE 
�þ ¸ � .ó L31 (Legendresequence) [11] : Ð�
\[ ��� Y v ë E 
�þ ¸ 5Lþ ë ¸ 5Lþ ì ¸ � .
2.2.4

�� ��������!�������
-CHDS

Therearetwo 
�����
�� � 
 ����� -CHDS.Let þ bea primitiveelement of ü·ý2
 � G � .ó m63( , -sequence): Ð�
\[ �W� Y v GE 
�þ ¸ � .ó G63(GMW-sequence)[12] : Ð�
\[ �W� Y v G E 
�þ ¸ 5�þ E ë ¸ �
19



2.2.5
����"����� !���������

-CHDS

Therearesix 
 ��� ��
�����
�� ��� -CHDS[13]. Their tracerepresentationsareasfollows whereþ is a primitive element of ü·ý2
 � ì � .ó m127( , -sequence) : Ð E 
\[ ��� Y v ìE 
�þ ¸ � .ó L127 (Legendre sequence)[11] :Ð�
\[ �W� Y v ìE 
�þ ¸ 5Lþ ð ¸ 5	þ EªE ¸ 5	þ E è ¸ 5	þ E ë ¸ 5	þ E ð ¸ 5	þ V E ¸ 5Lþ è E ¸ 5Lþ U ì ¸ �ó H127(Hall’s sextic residue sequence)[14] :Ð�
\[ ��� Y v ìE 
�þ ¸ 5	þ E ð ¸ 5	þ U ì ¸ � <ó Miscellaneoussequences[15] [16] [17] :

– M127-1 : Ð�
\[ �o� Y v ìE 
�þ ¸ 5Lþ EªE ¸ 5Lþ E ë ¸£� .
– M127-2 : Ð�
\[ �o� Y v ìE 
�þ ¸ 5Lþ è ¸ 5Lþ ì ¸ 5Lþ E ð ¸ 5Lþ V ð ¸£� .
– M127-3 : Ð�
\[ �o� Y v ìE 
�þ ¸ 5Lþ ë ¸ 5Lþ E è ¸ 5Lþ V E ¸ 5Lþ V ð ¸£� .

2.2.6
�
"���������"����� !���

-CHDS

Thereare four 
 ����� 
 ��� ��
���� � -CHDS [18]. Their tracerepresentations are as follows

where þ is a primitive elementof ü·ý2
 � í � .ó m255( , -sequence) : Ð�
\[ ��� Y v íE 
�þ ¸£� .ó G255(GMW-sequence)[12] : Ð�
\[ �W� Y v íE 
�þ ¸ 5�þ E ð ¸ 5Lþ ë è ¸ 5Lþ ð E ¸£� .ó Miscellaneoussequences[15] [16] [17] :
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– M255-1 : Ð�
\[ �o� Y v íE 
�þ ¸ 5Lþ EªE ¸ 5Lþ E ð ¸ 5Lþ V ì ¸ 5�þ í ì ¸£� .
– M255-2 : Ð�
\[ �o� Y v íE 
�þ ¸ 5Lþ è ¸ 5Lþ U è ¸ 5Lþ ð E ¸ 5Lþ EªEªE ¸ � .

2.2.7
�
��������"!��������"����

-CHDS

Therearefive 
 ����� 
 ����� 
 ��� � � -CHDS[19] [20]. Let þ beaprimitiveelementof ü+ý2
 � ð � .
Thenthecorresponding 5 binary sequences canbewritten asfollows.ó m511( , -sequence) : Ð�
\[ ��� Y v ðE 
�þ �ó G511(GMW-sequence)[12] : Ð�
\[ �W� Y v ðE 
�þ ¸ 5�þ EªE ¸ 5Lþ U è ¸ � .ó Miscellaneoussequences[15] [16] [17] [20] :

– M511-1 : Ð�
\[ �o� Y v ðE 
�þ ¸ 5Lþ V è ¸ 5Lþ è E ¸ � .
– M511-2 : Ð�
\[ �o� Y v ðE 
�þ ¸ 5Lþ ë E ¸ 5Lþ ë ì ¸ 5Lþ í è ¸ 5�þ EªEªE ¸ 5Lþ E V ë ¸ 5Lþ Ejí è ¸ � .
– M511-3 : Ð�
\[ �±� Y v ð E 
�þ ¸ 5�þ ì ¸ 5�þ ë ì ¸ 5�þ ìªì ¸ 5�þ í è ¸ 5/þ E e è ¸ 5;þ EªEªE ¸ 5þ E V ì ¸ 5Lþ Ejí è ¸ � .

2.2.8
����#�"!������������"������

-CHDS

Thereareten 
 ����� ��
 ����� 
 ������� -CHDS[21] [22]. Let þ beaprimitiveelement of ü·ý2
 � E e � .ó , -sequence(m1023) : Ð�
\[ �W� Y v E eE 
�þ ¸ � .ó GMW-sequences[12] :

– G1023-1 : Ð�
\[ �W� Y v E eE 
�þ ¸ 5Lþ G è ¸ � .
– G1023-2 : Ð�
\[ �W� Y v E eE 
�þ ¸ 5Lþ V E ð ¸£� .
– G1023-3 : Ð�
\[ �W� Y v E eE 
�þ ¸ 5Lþ E e E ¸ 5Lþ E ë ð ¸ 5Lþ VªV E ¸ � .
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– G1023-4 : Ð�
\[ �W� Y v E eE 
�þ ¸ 5Lþ èªð ¸ 5�þ E ë ì ¸ 5Lþ VªV E ¸ � .
– G1023-5 : Ð�
\[ �W� Y v E eE 
�þ ¸ 5pþ èªð ¸ 5pþ U ì ¸ 5rþ G è ¸ 5pþ E e ð ¸ 5rþ E V ë ¸ 5rþ E ë ð ¸ 5þ Ejí ì ¸£� .ó Miscellaneoussequences[15] [16] [17] :

– M1023-1 : Ð�
\[ �W� Y v E eE 
�þ ¸ 5Lþ EªE ¸ 5Lþ E ë ¸ 5Lþ èªð ¸ 5Lþ E V ì ¸£� .
– M1023-2 : Ð�
\[ �W� Y v E eE 
�þ ¸ 5pþ èªð ¸ 5�þ U ì ¸ 5dþ G è ¸ 5pþ E e ð ¸ 5pþ E V ë ¸ 5�þ E ë ð ¸ 5þ Ejí ì ¸£� .
– M1023-3 : Ð�
\[ �W� Y v E eE 
�þ ¸ 5Lþ UÃE ¸ 5Lþ U ì ¸ 5Lþ G è ¸ 5Lþ í ì ¸ 5Lþ E V ë ¸ 5Lþ Vªe ë ¸£� .
– M1023-4 : Ð�
\[ ��� Y v E eE 
�þ ¸ 5�þ ë ¸ 5/þ ð ¸ 5;þ U ð ¸ 5/þ G è ¸ 5/þ ì E ¸ 5�þ EªEªE ¸ 5þ E V E ¸ 5Lþ V ë è ¸ 5�þ V è ì ¸ 5Lþ E ð E ¸ 5Lþ Ejí è ¸ 5Lþ Vªe ë ¸ 5Lþ V U ë ¸ � .
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Chapter 3

Linear Complexity of Binary
Sequences of SpecialType

In real systems,binary sequencesareusually generatedby feedbackshift registers. In

cryptographic applications,they sometimesrequiresequencesthat cannot beeasily gen-

erated by non-authorizedpartywithout someknowledgeabout thesequences.In sucha

situation, it would be desirable that the lengthof feedbackshift registers that cangen-

eratethe sequencesareaslong aspossible. The linear complexity of a periodic binary

sequenceis definedastheleast positive integer
@

suchthatthereexistsan
@

-stage linear

feedbackshift register (LFSR, in short) thatgeneratesthesequencewith asuitableinitial

loading [9]. It is equalto the degree
@

of the feedbackconnection polynomial (or, the

characteristic polynomial) of sucha shift register. For applications of binary sequences

to cryptographic systems,e.g. stream ciphers, or to spread spectrum communications,

oneusually prefersbinary sequences with larger
@

[23].

In thischapter, wedeterminethelinear complexity of Hall’ssextic residuesequences

andtwin primesequenceswhichhavetheidealautocorrelation. Furthermore,wedetem-

ine thelinear complexity of Jacobi sequences, ageneralization of twin primesequences.
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3.1 The linear complexity of binary sequences

If abinary sequencë�Ð � © of period $ haslinearcomplexity
@

, thenthereexist constantsé e �`� 
 é E 
�<�<�<�
 é�% Á ü·ý2
 ��� suchthatÐ�� � é�% CFE Ð�� CFE 5 é�% C V Ð�� C V 5x�����«5 é e Ð�� C % 
 for all
@ t §®=&$]<

Thepolynomial é 
 Z����/Z % 5 é�% CFE Z % CFE 5*�����j5 é e is calledthecharacteristic polynomial

of thesequence.

It is known thatthereciprocalcharacteristic polynomial é ' 
 ZF� of thesequence ¨�Ð�
\[ � ©
is givenby [10]

é ' 
 Z���� é e Z % 5 é E Z % CFE 5¶�����D5 é�% CFE Z 5 �Ä� Z�(»�	�Ó�Ô�(�
 Z ( �L� 
 _ 
 Z��ª�
where _ 
 ZF�W� Ð e 5	Ð E Z 5/�����«5LÐ ( CFE Z ( CFE <
Thelinear complexity of ¨�Ð�
\[ � © is givenby@ � $ � (�)�Ó f Ó�Ô�(�
 Z ( �	� 
 _ 
 Z��ª�ji <
Example 3.1 Thecharacteristic polynomialof abinary , -sequenceof period � � �r� is

a primitive polynomialof degree � over ü+ý2
 ��� . For example,if onewantsto generate

an , -sequenceof period � U �»���`��� , heonly needsa linear feedbackshift register with� stages.Let é 
 ZF�o�xZ U 5 Z 5 � . Figure3.1shows thelinearfeedbakshift register with

the connection polynomial é 
 ZF���nZ U 5 Z 5 � andTable3.1 showsthe valuesof each

registerwith respectto thetime index. A valuesequenceof aregister is ashifted version

of other registersandthey areall , -sequences.
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R1
 R2
 R4
R3


Figure3.1: LFSRgenerating an , -sequenceof period ���
Table3.1: Thevaluesof registers in Fig.3.1

Time index R1 R2 R3 R4

1 1 0 0 0

2 0 1 0 0

3 0 0 1 0

4 1 0 0 1

5 1 1 0 0

6 0 1 1 0

7 1 0 1 1

8 0 1 0 1

9 1 0 1 0

10 1 1 0 1

11 1 1 1 0

12 1 1 1 1

13 0 1 1 1

14 0 0 1 1

15 0 0 0 1
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3.2 Linear complexity of Hall’ ssexticresiduesequences

Let � � .�* V 5 � � � ��+65 � be a prime and ï be a primitive root modulo � suchthat� Á-, E where , � � ¨�ï G � S�� �D§ �/� 
 � 
�<�<�<«
.+ �	� © (3.1)

Hall’s sextic residuesequenceof period � is definedas[24]Ð�
\[ �o� A � if [ Á/, e10 , E 0 , è� otherwise

where [ �/� 
 � 
�<�<�<«
%� �	� .
For Hall’s sextic residuesequenceof period � , thecorresponding

_ 
 Z�� is givenby_ 
 Z���� Ð�
 �1� 5LÐ�
 ��� Z 5LÐ�
 ��� Z V 5x�����«5LÐ�
4� �	��� Z BDCFE� , e 
 ZF� 5 , E 
 Z�� 5 , è�
 Z��
where,since � Á-, E , , � 
 ZF��� ��32�4�5 Z � � 6 CFE� � � e Z è 587.9 ¤ < (3.2)

Thenthelinear complexity of Hall’s sextic residuesequenceof period � is givenby@ � � � �¬¨�×¿­ _ 
3: Ø ���/� 
 �Ht × t � �	� ©�� (3.3)

where: is aprimitive � th root of unity over ü·ý2
 � � � that is thesplitting field of Z B ��� .
To determine the linear complexity of Hall’s sextic residue sequences,we needthe

following lemma.

Lemma 3.1 Let � � .�* V 5 � � � ��+65 � be a prime and : be a primitive � th root of

unity. Thenthefoll owing aretrue.

26



P1. � , � � � 
4� �I��� �D� , � , � � , � for any � Á-, e and
, � 
3: ��� , e 
3: è 5 � .

P2.
, � 
3: ¢ �o� , � 
3: � for any � Á-, e .

P3.
, � 
3: � ��� , � 
3: Ø � if § and × arein thesameclass.

P4. If � Á-, e , then
, � 
3: ���/� or � .

P5. ; ë� � e , � 
3: �®�`� .
P6. ��� Á/, è .
P7. If � � �	
%$'&�(J) � then

_ 
3: � _ 
3: CFE �]�`� . If � � �	
%$H&�(*) � then
_ 
3: � _ 
3: CFE �]�� .

P8. If � � �L
%$'&�(*) � then � Á-, e . If � � �	
%$H&�(*) � then � Á-, è .
Proof: P1 is obvious from the definitions (1) and (2). If � Á<, e , then � � ï G � for

someinteger § . Then
, � 
3: ¢ ��� ; 6 CFEØ � e 
3: 7 9 ¤ � è 5 7 9>= � ; 6 CFEØ � e : è 5 7 9 � ¤4¥ = 	 � , � 
3: � , which

is P2. P3 is easily obtainedby P2. If � Á&, e , then
, � 
3: � V � , � 
3: V �Ä� , � 
3: � by P2.

Thusif � Á?, e , , � 
3: �Å�:� or � . P5is provenby ; ë� � e , � 
3: ��� ; ë� � e ; 6 CFE� � e : è 5 7 9 ¤ �; BDCFEØ � E : Ø �`� . Since��+ � 
4� �u��� � �����@* V 5 � � , + mustbeodd. ThenP6follows from

thefact that ����� ïBA BDCFE
CED V � ïFA G 6 CED V � ï G A 6 CFE
C
D V S è . For P7,we note thatHall’s sextic

residuesequenceof period � inducesa cyclic Hadamarddifferencesetwith parameters�'� ��
 0H� 
4� �	��� � � and �¿� 
4� � � � � . [6]. Therefore,we have_ 
 Z�� _ 
 Z CFE �W�G* V 5I��5/
 * V 5L� � BDCFE� � � e Z � 
%$'&�( Z B �L��� <
P7is obtainedby substituting : into Z . P8canbeeasilyprovedby observing that2 is a

cubic residue mod � for any rational prime � [25].
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Lemma 3.2 Let � �³.�* V 5 � � � �L
%$'&�(*) � and : be a primitive � th root of unity.

Thenoneof
, e 
3: � 5 , è�
3: � 
 , E 
3: � 5 , U 
3: � and

, V 
3: � 5 , ë 
3: � is 1 andthe others

mustbe0.

Proof: If � � �	
%$'&�(J) � then � ÁH, e . Thenfrom P4andP5in Lemma3.1,either

oneof
, e 
3: � 5 , è�
3: � 
 , E 
3: � 5 , U 
3: � and

, V 
3: � 5 , ë 
3: � is 1 or all threeof themare

1. FromP1in Lemma3.1,we have, E 
3: � 5 , U 
3: ��� , e 
3: è � 5 , è�
3: è � (3.4), V 
3: � 5 , ë 
3: ��� , e 
3: è R � 5 , è�
3: è R � < (3.5)

Suppose that all of themare1. Thenfrom (4) and(5),
, e 
3: � � 5 , è�
3: � �H�º� for all§ �`� 
�<�<�<�
%� �»� . It alsomeansthat

, E 
3: � � 5 , U 
3: � �o�`� for all § �`� 
�<�<�<�
%� �»� , which

is impossiblesince thedegreeof
, E 
 Z�� 5 , U 
 ZF� 5 � is lessthan� �	� .

Theorem 3.1 Let � � ��+!5 �H� �	
%$'&�(J) � . Thenthereexists a primitive � th root :
of unity suchthat

_ 
3: �ä�g� , andfor such : , we have
_ 
3: Ø �®�½� for all × ÁI, E 0 , V10, è 0 , U 0 , ë .
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Proof: Let J bea primitive � th root of unity. Then,B�CFE� � � E _ 

J � �o� B�CFE� � � E , e 

J � � 5 BDCFE� � � E , E 

J � � 5 BDCFE� � � E , è�

J � �� ë�Ø � e , e 

J è = � 5 ë�Ø � e , E 

J è = � 5 ë�Ø � e , è 

J è = �� ë�Ø � e , e 

J è = �� B�C V�Ï � e J 7�K�`�
Thusthereexistsat leastone § suchthat

_ 

J � �o�`� . Then : � J � is whatwe want.

Now we will show that
_ 
3: Ø �W�/� for all × Á-, E 0 , V 0 , è 0 , U 0 , ë . FromP3in

Lemma3.1, it sufficesto showthat
_ 
3: è ¤ ���/� for § �`� 
�<�<�<�
 � . Recallthat_ 
3: �o� , e 
3: � 5 , E 
3: � 5 , è�
3: ���`� < (3.6)

P7in Lemma1 says
_ 
3: � _ 
3: CFE �W�/� , which concludes_ 
3: CFE ��� _ 
3: èML ��� , èD
3: � 5 , U 
3: � 5 , e 
3: ���/� < (3.7)

Then we have
, E 
3: � 5 , U 
3: �J� � by adding two equations above and hence from

Lemma3.2, , e 
3: � 5 , è�
3: ��� , V 
3: � 5 , ë 
3: ����� <
From the above equation, (3.6) and (3.7), we also have

, E 
3: �Â� � and
, U 
3: �Â�{� .

Furthermore _ 
3: è �W� , E 
3: � 5 , V 
3: � 5 , U 
3: �o� , V 
3: � 5 �_ 
3: C è ��� _ 
3: èMN �W� , U 
3: � 5 , ë 
3: � 5 , E 
3: �o� , ë 
3: � 5 �
29



Since
, V 
3: ��� , ë 
3: � , _ 
3: è ��� _ 
3: è N � . But from P7in Lemma3.1,wehave

_ 
3: è � _ 
3: C è �W�� , which gives
_ 
3: è �W� _ 
3: èMN ����� . Similarly,

_ 
3: è R ��� _ 
3: è�O �W��� .
Theorem 3.2 Hall’s sextic residuesequenceof period � �½.�* V 5 � � hasthefollowing

reciprocalcharacteristic polynomial é ' 
 Z�� :é ' 
 ZF��� A 
 ZÂ�I����P �32�4�Q 
 Z¿� : � � if � � � 
%$'&�(*) �Z B �	� if � � � 
%$'&�(*) �
where : is a primitive � th root of unity suchthat

_ 
3: �¯� � . Thelinear complexity
@

is

givenby @ � A � 5/BDCFEG if �! ;� 
%$H&�(*) �� if �! �� 
%$H&�(*) �
Proof: If �� �L
%$'&�(*) � , by Theorem3.1

_ 
3: ¢ ���µ� for � ÁR, e and
_ 
3:TS ���g� forã ÁU, E 0 , VV0 , è 0 , U 0 , ë . Also

_ 
 ���Ä� f 
4� �/��� � � 
%$'&�( ���ji��ê� . Thus é ' 
 Z�� is

givenby é ' 
 ZF��� 
 Z B �	���Ó�Ô�(q
 Z B �	� 
 _ 
 ZF�ª� � 
 ZÂ�	���XW�32�4�Q 
 Z!� : � �
which is over ü·ý2
 ��� since � , e � , e . Thelinear complexity

@
is � 5�
4� �	��� �D� .

If �! ��I
%$'&�(J) � , by P7in Lemma3.1wehave
_ 
3:�Ø � _ 
ª
3:�Ø � CFE ���X� for × �`� 
�<�<�<�
%� �� . That is,

_ 
3: Ø �  �z� for × �7� 
�<�<�<�
%� ��� . Also
_ 
 ����� f 
4� �x��� � � 
%$'&�( ���ji]�7�

because� � �	
%$H&�(*) � . Thus Ó�Ô�(�
 Z B �x� 
 _ 
 Z��ª���z� andhence é ' 
 Z����XZ B �¶� and@ � � .

Example 3.2 Let � �;. � � V 5 � � � ��� � and þ bea primitive element in ü·ý2
 � ì � such

that þ ì 5/þu5 �2�z� . Then þ is a primitive ��� � -th root of unity suchthat
_ 
�þ ���z� .
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Thusthereciprocal of characteristic polynomial é ' 
 Z�� is givenby

é ' 
 ZF��� 
 ZÂ�	��� W�32�4 Q 
 Z!� þ � �� 
 ZÂ�	��� 
 Z ì 5 Z 5 �����
 Z ì 5 Z G 5 Z ë 5 Z U 5 ��� 
 Z ì 5 Z ë 5 Z ë 5 Z è 5 Z V 5 Z 5 ���
where

, e � ¨�� G � �«§ �/� 
 � 
������M
 �D� © .
3.3 On the Linear Complexity of Binary Jacobi sequencesof

period Y[Z
Definea Jacobi sequencë�Ð�
\[ � © of period �K� for [ �g� 
 � 
 � 
�<�<�<D
%��� �x� , where��=:�
aredistinct oddprimes, as

Ð�
\[ ��� NOOOOOOOP OOOOOOOQ
� if [W � 
%$'&�(±��� �� if \ ¸B�] \ ¸^ ] �`�� if \ ¸B ] \ ¸^ ] �`���� if [Ä  � 
%$'&�(±� � and [� � 
%$'&�(´� �� if [W � 
%$'&�(±� � and [·  � 
%$'&�(´� � (3.8)

where \ ¸B ] is theLegendresymbol definedas_ ��V` � A � if � is a quadratic residueof ���� if � is a quadratic non-residue of � .

The above definition is a direct generalization of binary Legendre sequences in sucha

way that Ð�
\[ � takes on 1 or 0 according to whether theJacobi symbol \ ¸B ^ ] � \ ¸B�] \ ¸^ ]
takes on ��� or � , and Ð�
\[ � for othervaluesof [ is assigneda valuein the sameway as

the twin-prime sequence is assigneda value for an index which aremultiples of � or� � ��5 � .
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In thissection,wedeterminethecharacteristic polynomialandthelinear complexity

of Jacobi sequences. Sincetwin primesequencesarespecial caseof Jacobi sequences,

we alsodeterminethose of twin primesequences.

Let ¨�Ð�
\[ � © bea Jacobi sequenceof period ��� definedin (3.8), andlet
¡ � ¨ �Ht § t��� �	� ��\ �BF] �a\ �^ ] �`� © and - � ¨ �Ht § t ��� �	� �b\ �B�] �c\ �^ ] �`��� © . Letü'
 ZF��� Ð�
 �1� 5LÐ�
 ��� Z 5	Ð�
 ��� Z V 5x�����«5LÐ�
4��� �	��� Z B ^ CFE <

Thenfrom thedefinition of theJacobi sequences, ü'
 Z�� canberewritten byüH
 Z���� ��32 � Z � 5
^ CFE� � � E Z B � <

As wealready observedin section 5.1,thereciprocalcharacteristic poynomialof ¨�Ð�
\[ � ©
is givenby 
 Z B ^ �	��� �qÓ�Ô�(3
 Z B ^ �	� 
�üH
 Z��ª�
andthelinear complexity is��� � (�)�Ó�
\Ó�Ô�(q
 Z B ^ �	� 
�üH
 Z��ª�ª� <
Lemma 3.3 Let : be a primitive ��� -th root over ü·ý2
 � 8 � that is the splitting field ofZ B ^ �±� . Then ü'
3:Td ��� ü'
3: � for

v Á ¡
and ü'
3: � �W� ü'
3: � 5 � for � Á - . Furthermore,ü'
3: � Á ¨ � 
 � © if andonly if � Á ¡ .

Proof: Onecaneasily check that 
 ¡ 
�� � is a group and

v ¡ � ¡ 
 � ¡ � -J
 v - � - and� - � ¡ for any

v Á ¡
and � Á - . Thusfor

v Á ¡
,üH
3: d �W� ��32 � : d � 5

^ CFE� � � E : d B � � ��32 � : � 5
^ CFE� � � E : B � � üH
3: � < (3.9)
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For � Á - , ü'
3: � ��� ��32 � : � � 5
^ CFE� � � E : � B � � ��32�e : � 5 ^ CFE� � � E : B � < (3.10)

Since : is a primitive ��� -th root of unity in ü·ý2
 � 8 � , : B and : ^ areprimitive � -th and� -th root of unity respectively. Hencewe have^ CFE� � � E 
3: B � � �`� (3.11)BDCFE� � � E 
3: ^ � � �`� < (3.12)

Observing thatB ^ CFE� � � e : � � ü'
3: � 5Iü'
3: � � 5 ^ CFE� � � E 
3: B � � 5 BDCFE� � � E 
3: ^ � � 5 �Ä�/�
from (3.9) and(3.10), we now know ü'
3: � ��� üH
3: � 5 � . The secondstatement is a

consequenceof thefact that ü'
3: � V � ü'
3: V �o� ü'
3: � if andonly if � Á ¡ .

Since

v Á ¡
and � Á - arerelatively primeto ��� , theabove lemmagivesusinfor-

mationabout ü'
3: � � where 
\§�
%��� ���`� . Wenow turn to theother casewhere 
\§�
%��� �  �`� .
Lemma 3.4 Let : bea primitive �K� -th root in ü+ý2
 � 8 � . Thenwe have

ü'
3:bf ��� NOOOOOOP OOOOOOQ
� if 
 k 
%��� �o� ���� if 
 k 
%��� �o� � and�! ���
�� 
%$H&�(*) �� if 
 k 
%��� �o� � and�! � 
 � 
%$H&�(*) �� if 
 k 
%��� �o� � and �� � 
 � 
%$'&�(´) �� if 
 k 
%��� �o� � and �� ���
�� 
%$'&�(´) �

Proof:

1. If 
 k 
%��� ��� ��� , thenü'
3: f ��� ü'
 ����� ��
2 � � 5
^ CFE� � � E �Å� 
4� �	��� 
%� �	���� 5L� �L�Ä�/� <
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2. If 
 k 
%�K� �ä� � , thenwe canlet
k � � 0 where 
 0 
9� �]�g� . Using thefact thatboth: B and : B Ï areprimitive � -th rootsof unity andRemark3.1,we obtainüH
3:bf ��� üH
3: B Ï ��� ��32 � : B

Ï � 5 ^ CFE� � � E 
3: B Ï � B �� ��32 � : B � 5
^ CFE� � � E : B �� � �L�� �hg ^ CFE� � � E 
3: B � �ji 5 �� � �L�� � � 5 �� A � if �! ���
�� 
%$'&�(*) �� if �! � 
 � 
%$'&�(*) � <

3. If 
 k 
%��� ��� � , thenwe canlet
k � � � where 
 � 
%� ���`� . Thensimilarly,üH
3: f ��� üH
3: ^ � �W� ��32 � : ^ � � 5

^ CFE� � � E 
3: ^ � � B �� ��32 � : ^ � 5
^ CFE� � � E �� � �	�� �hg B�CFE� � � E 
3: ^ � �ji� � �	�� � �� A � if �� � 
 � 
%$'&�(´) �� if �� ���
�� 
%$'&�(´) � <

Remark 3.1 Let
¡ - � ¨ �rt § t �K� ��� � \ �B�] � � and \ �^ ] �¼��� © and - ¡ �¨ �/t § t ��� �:� �k\ �B ] � ��� and \ �^ ] �¹� © . Then - � ¡ - 0 - ¡ . For any§ Á ¡ - , thereareexactly 
%� ����� � � elements in

¡ - such that they areall congruent
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to § mod � and all distinct mod � . Similarly for any § Á - ¡ . Therefore, we have; �32 � : B Ï � � ; �32 � : B � � BDCFEV ; ^ CFE� � E 
3: B � � in theproof of thesecondcaseof thelemma

above.

Remark 3.2 From Lemma3.3, we know that ü'
3: f �Â�>� if ���ô� k , which meansthatZ¿�	� is alwaysa factor of ü'
 Z�� .
Now we are ready to determine the characteristic polynomial of Jacobi sequence¨�Ð�
\[ � © in (3.8). Consider first the casewhere � Á ¡

. From Lemma3.3, we haveü'
3: �®�/� or � . Therefore,without lossof generality, wemaylet ü'
3: �o�/� by renaming: � as: if it is necessary. For thiscasewhere� Á ¡ , weassumethat : is aprimitive �K� -th
rootof unity suchthat ü'
3: ���/� . Wedefinethefoll owing polynomials for convenience:v 
 Z��W� Wd 2�e 
 Z!� : d �� 
 Z��W� W� 2 � 
 Z!� : � ��3
 Z���� ^ CFEW� � E 
 Z!� : B � ��Õ
 Z���� B�CFEWØ � E 
 Z¿� : ^ Ø � <
Clearly 
 � 
9� �o�`� andhencë�: B � �«§ �`� 
 � 
�<�<�<�
9� ��� © and ¨�: V B � �«§ �`� 
 � 
�<�<�<«
9� ��� ©
are the sameset. Therefore �M
 Z�� is the product of minimal polynomials of : B � 
ª§ �� 
 � 
�<�<�<�
9� � � . Similarly ��
 ZF� is the product of minimal polynomials of : ^ � 
ª§ �� 
 � 
�<�<�<�
%� �X� . Hence �3
 Z�� and �Õ
 Z�� are over ü·ý2
 ��� (All coefficients of �M
 Z�� and�Õ
 Z�� are in ü·ý2
 ��� ). If � Á ¡ , we know that

v ¡ � ¡
and

v - � - from Lemma

3.3. Then

v 
 ZF� and � 
 Z�� arealsoproductsof someminimalpolynomialsandhenceover

35



Table3.2: Linearcomplexity of Jacobi sequences�:
%$'&�(*) � �L
%$'&�(*) � +W
 ZF� @
Case.1 1 1 �M
 Z�� � 
 ZF� 
4��5 ��� 
%� �L��� � �
Case.2 1 7 �M
 ZF� ��
 ZF� � 
 Z�� 
4��5 ��� 
%�Å5 ��� � ���d�
Case.3 3 3 �Õ
 Z�� � 
 Z�� 
4� �	��� 
%��5 ��� � �
Case.4 3 5 � 
 ZF� 
4� �	��� 
%� �L��� � �
Case.5 5 5 �M
 Z�� � 
 ZF� 
4��5 ��� 
%� �L��� � �
Case.6 7 7 �Õ
 Z�� � 
 Z�� 
4� �	��� 
%��5 ��� � �
Case.7 1 3

v 
 ZF� � 
 Z�� �M
 ZF� ��
 ZF� ��� �I�
Case.8 1 5

v 
 Z�� � 
 ZF� �M
 Z�� �3
%� �I���
Case.9 3 7

v 
 Z�� � 
 ZF� �Õ
 Z�� �Õ
4� �I���
Case.10 5 7

v 
 Z�� � 
 ZF� �M
 Z�� �Õ
 Z�� ��� �	�
ü·ý2
 ��� . Thefour polynomials

v 
 ZF� 
 � 
 Z�� 
%�M
 ZF� 
9��
 ZF� arefactors of Z B ^ �I� andthey do

not have any commonfactor. Actually,Z B ^ �	�Ä� v 
 Z�� � 
 Z�� �3
 Z�� �Õ
 Z�� 
 Z6�	��� <
In the following theorem, we give the exact form of the characteristic polynomial

andthelinear complexity of Jacobi sequences usingthelemmasdescribedpreviously.

Theorem 3.3 Let ¨�Ð�
\[ � © bethesequenceof period��� asdefinedin (3.8). Thenits recip-

rocalcharacteristic polynomial +W
 Z�� andthelinearcomplexity
@

aregivenin Table3.2.

Herewe distinguish 10 casesaccording to �q
9�+ � 
���
 � 
��I
%$'&�(*) � .
Proof: As written in thebeginning of this section, the reciprocalcharacteristic polyno-
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mial +W
 ZF� of Jacibisequenceof period ��� is givenby

+W
 Z��W� Z B ^ �	�Ó�Ô�(�
 Z B ^ �L� 
�ü'
 ZF�ª� <
Therefore, what is to be doneis just to find commonfactor of Z B ^ ��� and ü'
 ZF� . As

we already noted, Z B ^ �¶�+� v 
 Z�� � 
 ZF� �M
 Z�� �Õ
 Z�� 
 Z´�¶��� and Z!�I� is alwaysa factor ofü'
 Z�� . Thus ZÂ�	� � Ó�Ô�(q
 Z B ^ �	� 
�ü'
 ZF�ª� .
For thefirst 6 cases, � Á ¡ . Therefore,Lemma3.3 implies that üH
3:Bd ��� üH
3: �o�;�

and ü'
3: � ���X� for all

v Á ¡
and � Á - . This gives Ó�Ô�(�
 v 
 Z�� � 
 ZF� 
�ü'
 Z��ª�ä� v 
 ZF� . For

theremaining 4 cases,since �  Á ¡ , we have Ó�Ô�(�
 v 
 Z�� � 
 ZF� 
�ü'
 Z��ª�¯�`� .
In order to determinecommonfactor of �M
 ZF� ��
 ZF� and ü'
 Z�� , onecanusetheresult of

Lemma3.4.ConsiderCase1 for example. In thiscase,wehave Ó�Ô�(�
 v 
 Z�� � 
 ZF� 
�ü'
 Z��ª�¯�v 
 Z�� because � Á ¡ . We alsohave Ó�Ô�(�
4�M
 ZF� �Õ
 Z�� 
 ZJ����� 
�üH
 Z��ª��� �Õ
 Z�� 
 Z»�x��� from

Lemma3.4, since ü'
3: B � �'�>� for ��t § t � �#� , ü'
3: ^ � �'�³� for ��t § t � �#� ,
and ü'
 ���Ä�`� . Therefore, we have Ó�Ô�(�
 Z B ^ �/� 
�ü'
 Z��ª�Ä� 
 Z6�/��� �Õ
 Z�� v 
 Z�� andhence+W
 Z��W� �3
 Z�� � 
 Z�� . All theother casescanbeprovedin thesimilar manner.

The linear complexity of a sequenceis the degreeof its characteristic polynomial.

Thuswe have to calculate the degreesof

v 
 ZF� 
 � 
 Z�� 
%�M
 ZF� 
9��
 ZF� to determine the linear

complexity of Jacobi sequences. The degrees of �M
 Z�� and �Õ
 Z�� are obviously � �X�
and � �x� respectively by definition. Thedegrees of

v 
 Z�� and � 
 ZF� arethesameasthe

cardinality of the set
¡

and - respectively. Recall that
¡

is a subgroupof ¨�§6� ��t§ t ��� �`� 
�
\§9
%�K� �»� � © under multiplication and - is the only cosetof
¡

. Thus� ¡ � � � -L� � 
4� �p��� 
%� �p��� � � , which is thedegreeof

v 
 Z�� and � 
 Z�� . Finally, thelinear

complexity is obtainedby simpleaddition.
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Corollary 3.1 Thecases2,4,7and10 of Theorem3.3coversthelinearcomplexity and

characteristic polynomialof twin primesequences of period �M
4��5 ��� whereboth � and��5 � areprime.

Remark 3.3 In this chapter, we determinedthe characteristic polynomial and the lin-

earcomplexity of Jacobi sequencesincluding twin prime sequences. In fact,Ding de-

termined the linear complexity of twin prime sequencesandits generalization in [26].

After wefinishedour work, weeventually found out thatDing haddonethesamething.

The methodologiesof two indepedentworks arealmostsame.Readerscanrefer [26]

on behalf of their information. Onecanfurther extend thedefinition (3.8) to period ��� v
where��
9� and

v
arethreedistinct primes. It seemsto bechallenging but webelieveafter

somecalculationsonecandeterminethecharacteristic polynomialandhencethe linear

complexity of thesesequencesof period�K� v , whichweomit herefor thefutureresearch.
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Chapter 4

TraceRepresentationof Hadamard
Sequences

4.1 Intr oduction

As described in Chapter 2, theperiodsof all theknown Hadamardsequencesbelong to

oneof thefoll owing three types.

I. - �/.��´�	� is a primenumber.

II. - � �M
4��5 ��� is a productof twin primes.

III. - ���«¸l�	� , for [ ��� 
���
 . 
������ .
In thecaseof type III, all thesequencesfrom knownconstruction methodscanberep-

resentedassumsof tracefunction. For example, an , -sequenceof period � 8;�x� can

berepresented astr l�þ ¸
m where þ is a primitive elementof ü·ý¿
 � 8 � . In thecaseof the

other two types, thereis no knowledge about the tracefunction representation of the

sequences. The tracefunction representation of a sequenceenables us to generatethe

sequencein moresystematicway. Eachterm(tracefunction) in therepresentation corre-
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sponds to a linear feedbackshift register(LFSR) andconsequently thesequencecanbe

generatedby a setof shortLFSRs insteadof comparatively long LFSR.We canusethe

setof LFSRsnot only to obtain thesequencebut alsoto generateothersequenceswhich

canbeused in other partsof system.

Therearethreeknown constructionmethodsin typeI andII sequences. Legendrese-

quencesandHall’s sextic residue sequences belong to typeI andtwin primesequences

belong to type II. In this chapter, we give full description on the tracefunction rep-

resentation of Legendre sequences.Additionally, partial resultabout the tracefunction

representation of Hall’ssextic residuesequencesis presented.Actually, Mersenneprime

period casefor LegendresequencesandHall’s sequencesarealreadydoneby J.-S.No,

et. al. in [11] and[14]. Someof our theoremsin this chapter aregeneralized versionsof

No’s results.

4.2 Legendre sequences

Legendre sequence ¨�ã«
\[ � © of period � where� is a primeis definedas[6, 9, 27]

ãD
\[ �o� NOP OQ
� if [� � $'&�(½�� if [ is a quadratic residuemod �� if [ is a quadratic non-residue mod � (4.1)

If �! ��� 
%$H&�( .�� , thecorresponding Legendresequenceis notonly balancedbut also

hasoptimal autocorrelation property. Legendresequences of period �½ � 
%$'&�( .��
do not have theidealautocorrelation property. But their autocorrelation property is still

good. Themaximumamplitudeof out-of-phaseautocorrelation valuesis just � . Here,we

giveanexamplewhichdepictstheconstructionandautocorrelation property of Legendre

sequences.
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Figure4.1: Autocorrelation function of Legendresequenceof period 11

Example 4.1 Legendre sequenceof period ���¿� �I
%$'&�( .�� : � is a primitive root

mod ��� andthepowersof � mod ��� aregivenby§ 0 1 2 3 4 5 6 7 8 9� � 
%$'&�( ����� 1 2 4 8 5 10 9 7 3 6

Fromthedefinition of Legendre sequences,§ 0 1 2 3 4 5 6 7 8 9 10Ð�
\§ � 1 0 1 0 0 0 1 1 1 0 1

Legendre sequenceof period � � � � 
%$'&�( .�� : � is a primitive root mod � � andthe

powersof � mod � � aregivenby§ 0 1 2 3 4 5 6 7 8 9 10 11� � 
%$'&�( � � � 1 2 4 8 3 6 12 11 9 5 10 7

Fromthedefinition of Legendre sequences,§ 0 1 2 3 4 5 6 7 8 9 10 11 12Ð�
\§ � 1 0 1 0 0 1 1 1 1 0 0 1 0
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Figure4.2: Autocorrelation function of Legendresequenceof period 13

In [27], the linear complexity of a Legendre sequenceis determined,which wasin

factalreadyfound in [28]. In [11], J.-S.No, et. al. havefoundthetracerepresentation of

Legendre sequencesof Mersenneprimeperiod. In this section, we give a general trace

representation of Lengendre sequencesof any prime period. For this, we considertwo

separatecases. Thefirst caseis whentheperiod � of a sequenceis " � 
%$'&�(´) � andthe

second caseis when �6 :"+�L
%$'&�(*) � . For a prime �´ ½" � 
%$'&�(*) � , theresult in this

section is a straightforward generalization of theresult in [11].

4.3 Trace representationof Legendresequences

In this section, we give the general tracerepresentation of Legendresequencesof all

prime periods. Legendre sequenceshave ideal auto-correlation if its period �: ���
%$'&�( .�� . So,they canbeclassfiedastwo familieswhether their periodsare ��� 
%$'&�( .��
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or � 
%$'&�( .�� . In thesenseof linearcomplexity, it is a little bit different. Actually, they

areclassified according that their periods are "��	
%$'&�(*) � or " � 
%$'&�(´) � . The fol-

lowing two subsections give the tracerepresentations for the two families of Legendre

sequences.

For convenience,weneed thefollowing lemma.

Lemma 4.1 Let � be an odd prime and � be the order � mod � . Then there exists a

primitive root * mod � suchthat * A BDCFE
C
D �  � 
%$'&�(�� � .
Proof: Let ï bea primitive root mod � . For every divisor

k
of � �L� , definer f � ¨�
ñï � � � s����
	t � �+t § t � �d� 
�
\§�
%� �	���o�`� ©�<

Every Z Á r f hasorder
k

and
r fvu r f�w �yx for

k  � k Ò . Furthermore,zf|{ BDCFE r f � ¨ � 
 � 
������M
%� �d� ©�<
Thusonecansaythat � Á r � , which provesthelemma.

In the remaining of this section, we use * as a primitive root mod � such that* A BDCFE
CED �  � 
%$'&�(�� � .
4.3.1 When }I~�� �y���-���?���
In this subsection, we consider the casewhere �: ò" � 
%$'&�(*) � . In this case,note

that 2 is a quadratic residue mod � , and hence, Z V  � 
%$'&�(±� � for some Z , and� A BDCFE
C
D V  
 Z V � A BDCFE
C
D V  Z BDCFE  � 
%$'&�('� � . Therefore, � , the order of � mod� divides 
4� �n��� � � . Furthermore, if §J y×¶
%$'&�(´BDCFE� � , then we have tr \ :T� ¤ ] �
tr

_ : � s��!�� K ¥ = ` � tr \�: V K � = ] � tr \�: � = ] for any � -th root of unity : Á ü·ý2
 �9��� . All of

thesearesummarizedin thefollowing:
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Lemma 4.2 Let � bea primewith �6 #" � 
%$'&�(*) � and2 hasorder � mod � . Then, �
divides 
4� �x��� � � . If §ä ;×x
%$'&�(»BDCFE� � , thentr \�:T� ¤ ] � tr \�:T� = ] for any � -th root of

unity : Á ü+ý2
 � � � .
Theorem 4.1 Let � bea primewith �u n" � 
%$H&�(*) � , � betheorder of 2 mod � , and* bea primitive root mod � suchthat * s��!��  � 
%$'&�(�� � . Then,thereexistsa primitive� -th root of unity : in ü·ý2
 � � � suchthats��!�R � CFE� � � e tr \�: � R ¤ ] ��� (4.2)

andfor such : thefoll owing sequence ¨�Ð�
\[ � © for �Ht [ t � �¿� is theLegendresequence

of period � :

Ð�
\[ �W� NP Q ; s����R � CFE� � e tr \�:T� R ¤ ¸ ] for �! ��� 
%$'&�(´) � 
� 5 ; s��!�R � CFE� � e tr \�:T� R ¤4¥ � ¸ ] for �! � 
%$'&�(*) � <
Proof: Let J bea primitive � -th root of unity in ü·ý¿
 � �Õ� andconsiderthefollowing:s��!�R � CFE� � � e tr \�J � R ¤ ] 5 s��!�R � CFE� � � e tr \1

J � � � R ¤ ] � � CFE�Ø � e���

s��!�R � CFE� � � e 

J � R ¤ 5�J � R ¤4¥ � ����
V =

(4.3)

� � CFE�Ø � e ��
s��!�� CFE� � � e 

J � ¤ � ��

V =
Since ���G* A BDCFE
CED � 
%$'&�(�� � ,� � CFE�Ø � e

s��!�� CFE� � � e 

J � ¤4¥ s����� = �� BDC V�Ï � e J � K �`� < (4.4)
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Sinceoneof thetwo summandsin theleft-handsideof (4.3)is 0 andtheotheris 1,either: � J or : � J�� is theprimitive � -th root of unity satisfying (4.2).

Consider thecase�! ��� 
%$'&�(*) � . SinceBDCFEV is odd,wehave Ð�
 �1�o� BDCFEV � ���`� .
If [ is a quadraticresiduemod � , then

Ð�
\[ ��� Ð�
 * V Ø �W� s��!�R � CFE� � � e tr \�: � R � ¤4¥ = 	 ] <
Notethatas § runsfrom 0 to BDCFEV � �´� , both � § and � 
\§«5H× � for any × run throughthesame

setof valuesmodulo BDCFE� possibly in differentorder. By Lemma4.2and(4.2),therefore,

we have Ð�
 * V Ø �W� s��!�R � CFE�Ï � e tr \ : � R K ] � Ð�
 �����/� <
Similarly for [ a quadratic non-residue, we have

Ð�
\[ �W� Ð�
 * V Ø SqE ��� s��!�R � CFE� � � e tr \�: � R � ¤�¥ = 	 ¥ � ]� s��!�R � CFE�Ï � e tr \�: � R K ¥ � ] � Ð�
 *F� <
Since : alsosatisfiestherelation givenfrom (4.3)up to (4.4),we have Ð�
 ��� 5	Ð�
 *F���X�
andconsequently Ð�
 *��W�`� , whichprovesthat ¨�Ð�
\[ � © is theLegendresequenceof period� .

Let’s carethe other case�L � 
%$'&�(*) � . In this case 
4� �#��� � � is even. That is,Ð�
 �1�o�`� 5/BDCFEV � �Ä�`� . If [ is a quadratic residuemod � , then

Ð�
\[ �W� Ð�
 * V Ø �W�`� 5 s��!�R � CFE� � � e tr \�: � R � ¤4¥ = 	 ¥ � ] <
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Similarly to thefirst case,wehaveÐ�
 * V Ø �o�`� 5 s��!�R � CFE�Ï � e tr \�: � R K ¥ � ] �X� 5 �Å�/�
If [ is a quadraticnon-residuemod � , thenÐ�
\[ �W� Ð�
 * V Ø SqE ���`� 5 s����R � CFE� � � e tr \�: � R � ¤4¥ = ¥ �
	 ]�`� 5 s����R � CFE� � � e tr \ : � R K ] �`� <
Therefore we provedthetheorem.

Example 4.2 The order of � mod � � is ) anda primitive root mod � � is � suchthat�x� ��A BDCFE
CEDTí � � V 
%$'&�( � � � . Let þ be a primitive elementof ü+ý2
 � í � satisfyingþ í 5	þ U 5Lþ è 5Lþ V 5 ���/� . Let : � þ s��!�� G . Thenwe haves��!�R � CFE� � � e [ v � E 
3: G R ¤ ��� [ v íE 
3: ¸ ���/� <
TheLegendre sequence ¨�Ð�
\[ � © of period � � is givenbyÐ�
\[ �W�`� 5r[ v íE 
3: G ¸ � <
Example 4.3 The order � mod ��� � is � anda primitive root mod ��� � is � ? suchthat�'� 
�� ?�� s����� � 
�� ?�� E�U 
%$'&�( ��� � � . Let þ bea primitive element of ü·ý2
 � ì � satisfyingþ ì 5	þ U 5 �Ä�/� . Thenwehaves��!�R � CFE� � � e [ v � E 
�þ � R ¤ ��� í� � � e [ v ìE 
�þ èªð R ¤ ���/� <
TheLegendre sequence ¨�Ð�
\[ � © of period ��� � is givenbyÐ�
\[ ��� í� � � e [ v ìE 
�þ èªð R ¤ ¸ � í� � � e [ v ìE 
�þ E V U ¤ ¸ � <
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4.3.2 When }I~�� �����-���?���
Now, we will take careof theothercasethat �» X"+�	
%$'&�(*) � . We assumethat � Ö �
in the remaining of this section in orderto avoid certain triviality. We know that there

existsa primitive root * of ü+ý2
4� � suchthat * A BDCFE
C
D �6�`� from Lemma4.1. Since2 is

a quadratic non-residuemod � where�* ½"��	
%$'&�(´) � , 
4� �¶��� � � mustbeodd,which

implies � is even.Therefore,wecanlet � � �p��� ����, for somepositive integer , . Letþ beaprimitiveelement in ü+ý2
 � � � . Then, þ B 8 is a primitive3rd root of unity. Thatis,þ V B 8 5�þ B 8 5 ���/� <
Fromtheabove equation, we have

tr 
�þ B 8 �W� � CFE� � � e 
�þ B 8 � V ¤ � � D V CFE� � � e 
�þ B 8 5Lþ V B 8 � V R ¤ � � � � � <
For �! ;"��L
%$'&�(J) � , wealreadyknow that 
4� �¿��� � � is oddand � is even.Furthermore

if �´ ;�	
%$'&�(*) � , � � � mustbeoddbecause� �¶���#� 
%$H&�(*) � . If �´ � �I
%$'&�(´) � ,� � � is evenbecause� �	�Å�x. 
%$'&�(*) � . Therefore,weconcludethat

tr 
�þ B 8 �o� A � for �! �� 
%$'&�(*) �� for �! � � 
%$H&�(*) � (4.5)

All of these aresummarized in thefollowing:

Lemma 4.3 Let � Ö � bea primewith �� "+�	
%$'&�(*) � , let � be theorder of 2 mod� , þ bea primitive element of ü·ý¿
 � � � , and � � �x��� ����, . Then,tr 
�þ B 8+� is givenas

(4.5).

Theorem 4.2 Let � Ö � be a prime with �I ³"+�I
%$'&�(´) � , � be the orderof 2 mod� , and * be a primitive root mod � suchthat * s��!��  � 
%$'&�(�� � . Let �«�¿�/�¿� ����,
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for some , , and : be a primitive � -th root of unity in ü·ý2
 � � � . Then, there exists a

primitiveelement þ in ü·ý¿
 � � � suchthats��!�� CFE� � � e tr \ 
�þ B 8 � V ¤ : � ¤ ] �/� 
 (4.6)

andthefollowing sequencë�Ð�
\[ � © for �'t [ t � ��� is theLegendresequenceof period� : Ð�
\[ �W� NP Q ;
s��!�� CFE� � e tr \�
�þ B 8+� V ¤ 
3:T� ¤ � ¸ ] for �! �� 
%$'&�(J) � 
� 5 ; s��!�� CFE� � e tr \1
�þ V B 8·� V ¤ 
3:b� ¤ � ¸ ] for �! � � 
%$'&�(J) � <

Proof: Let J bea primitive elementin ü·ý¿
 � � � . Thens��!�� CFE� � � e tr \1

J B 8 � V ¤ : � ¤ ] 5 s��!�� CFE� � � e tr \�

J V B 8 � V ¤ : � ¤ ] � s��!�� CFE� � � e tr \1

J B 8 5�J V B 8 � V ¤ : � ¤ ]
(4.7)� s��!�� CFE� � � e tr \�: � ¤ ]� s��!�� CFE� � � e � CFE�Ø � e 
3: � ¤ � V =� s��!�� CFE� � � e � CFE�Ø � e 
3: � ¤4¥ s��!�� = �� BDC V�Ï � e : � K� BDCFE�Ï � E : Ï �`� < (4.8)

Therefore, either þ � J or þ � J V is theprimitive elementsatisfying (4.6). We would

like to notethatfor such þ we haves��!�� CFE� � � e tr \�
�þ V B 8 � V ¤ : � ¤ ] �`� < (4.9)
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Consider thecase�! ��	
%$'&�(*) � . Since 
4� �L��� � � is odd, by Lemma4.3,we haveÐ�
 �1��� s����� CFE� � � e tr 
�þ B 8 ��� tr 
�þ B 8 �W�`� <
From(4.6),(4.7), and(4.9),wealsohave Ð�
 ���o�/� andÐ�
 ���o� s��!�� CFE� � � e tr \ 
�þ B 8 � V ¤ 
3: � ¤ � V ]

Since þ B 8/� þ U�B 8 ,� s��!�� CFE� � � e tr \1
�þ V B 8 � V ¤ 
3: � ¤ � ]�`� <
Define �'� } Ø as

�'� } Ø�� þ B 8 V ¤ : � ¤�¥ R = � A þ B 8 :T� ¤4¥ R = if § is even
þ V B 8 :T� ¤4¥ R = if § is odd<
If [ is a quadraticresiduemod � , thenÐ�
\[ �W� Ð�
 * V Ø �W� s��!�� CFE� � � e tr 
3��� } Ø �� ��

s��!�� CFE� � � V tr 
j��� } Ø CFE � �� 5 tr l � Ve } Ø CFE m 5 tr l � VE } Ø CFE m� s��!�� CFE� � � e tr 
3��� } Ø CFE �� Ð�
 * V A Ø CFE
C � <
Therefore, we have Ð�
 * V Ø ��� Ð�
 �����z� for all × . Similarly, Ð�
 * V Ø SqE �+� Ð�
 ����� � for

all × . Therefore, ¨�Ð�
\[ � © for �Ât [ t � �¶� is theLegendresequencegivenin (4.1). The

other casewhere�! � �L
%$H&�(*) � canbeprovedsimilarly.
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Example 4.4 Theorder of � mod . � is �Ã. anda primitive root mod . � is �D� suchthat�´�z�D� A BDCFE
C
D � �æ�D� è 
%$'&�( . � � . Let þ be a primitive element of ü·ý2
 � E�U � satisfyingþ E�U 5	þ ë 5Lþ è 5�þ65 ����� . Thenwehaves��!�� CFE� � � e tr \1
�þ B 8 � V ¤ : � ¤ ] � V� � � e [ v E�UE 
ª
�þ ë U G E � V ¤ : Vªe ¤ �W�/� <
TheLegendre sequenceof period . � is givenby

Ð�
\[ �W� s��!�� CFE� � � e tr \1
�þ B 8 � V ¤ : � ¤ ¸ ] � V� � � e [ v E�UE 
ª
�þ ë U G E � V ¤ : Vªe ¤ ¸ �
Example 4.5 The orderof � mod � � is ��� anda primitive root mod � � is � suchthat����� A BDCFE
CED �H��� . Let þ beaprimitive elementof ü·ý¿
 � E V � satisfying þ E V 5�þ G 5�þ U 5þ65 �Å�/� . Thenwe haves����� CFE� � � e tr \ 
�þ B 8 � V ¤ : � ¤ ] � [ v E VE 
�þ E è G ë : ���/� <
TheLegendre sequenceof period � � is givenby

Ð�
\[ ��� s����� CFE� � � e tr \ 
�þ B 8 � V ¤ : � ¤ ¸ ] � [ v E VE 
�þ E è G ë : ¸ � <
4.3.3 SomeRemarks

The linear complexity and the characteristic polynomial of Legendre sequenceswere

already determinedin [27] and[28]. Nonetheless,we would like to notethat the char-

acteristic polynomial andthe linear complexity of Legendresequencesof period � can
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alsobeobtainedfrom thetracerepresentationsin theprevioussection asfollowing:

Case Char. Polynomial LinearComplexity�6 ��� 
%$'&�(*) � � 
 ZF� 
4� �	��� � ��! � 
%$'&�(*) � 
 Z 5 ��� -r
 ZF� 
4��5 ��� � ��! �� 
%$'&�(*) � 
 Z B 5 ��� ��
 Z 5 ��� � �	��6 � � 
%$'&�(*) � Z B 5 � �
Here, � 
 Z��o��� �32��Te 
 Z 5�: � � and -r
 ZF����� �32 � e 
 Z 5�: � � where � ¡ and - ¡ arethe

setof quadratic residuesandnon-residuesmod � , respectively, and : is a primitive � -th

root of unity satisfying (4.2). Assumethat � is a quadratic residuemod � . Then,both: � and : V � arequadratic residue or otherwiseboth of them are quadratic nonresidue.

Therefore � 
 Z�� and -r
 ZF� areproductsof minimal polynomialsof : � ’s. Since � is a

quadratic residuemod � for �; y" � 
%$H&�(*) � , one canassure that the characteristic

polynomials � 
 Z�� and 
 Z 5 ��� -�
 Z�� arebinary polynomials.

4.4 Trace function representationof Hall’ s sextic residuese-
quences

A Hall’s sextic residuesequenceexistsonly if theperiod � is aprimewith � �x.�� V 5 � �
from somepositive integer � . Sucha primeis �	
%$'&�(J) � or �	
%$'&�(*) � according that� is evenor odd. As already shown in Chapter3, the linear complexity of Hall’s sextic

residue sequenceof period � is � 5`
4� �/��� �D� or � , which is determinedby whether �
is �	
%$'&�(J) � or �	
%$'&�(*) � . Consequently, the tracefunction representationsarealso

differentaccording to thevalue �`
%$'&�(J) � . In this section, thecase�u X�L
%$H&�(*) � is

investigated. thecase�6 � 
%$'&�(*) � remains unsolved.

Let � betheorder of � mod � and ï bea primitive root mod � . If �� �L
%$'&�(´) � ,
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then � Á-, e from P8in Lemma3.1. Thus �¾� ï G � for some§ . Then� A BDCFE
C
D G � 
ñï G � � A BDCFE
CED G � ï A B�CFE
C �  � 
%$'&�(�� � <
Since � is the orderof � mod � , � �qB�CFEG . Let * be a primitive root mod � such that� �G* G � SqE 
%$H&�(�� � for some§ , that is, � Á-, E .
Lemma 4.4 Let � bea primewith �» X�L
%$'&�(*) � . Let � betheorderof � mod � and�

bethecyclic subgroupof
, e generatedby � . Then,for any primitive root * mod �, e � s��!�9 � CFEz� � e * G � �

where * G � � is a coset of
�

in
, e .

Proof: Since�p z�L
%$'&�(*) � , � Á&, e . Then
�

is clearly a subgroup of
, e andthere

areexactly B�CFEG � cosets of
�

in
, e . Thus,it sufficesto show that

* G � �  �G* G Ø � for all §9
j×ô
 �Ht ×¿=L§o= � �	�� � < (4.10)

Assume* G � � ��* G Ø � . Then * G A � C Ø C � � �
, which implies * G A � C Ø C  � Ï 
%$'&�(�� � .

Since ���G* s����� � for someinteger � ,
* G A � C Ø C  * s��!�� � Ï 
%$'&�(�� � < (4.11)

Let’s consider the range of the exponentsof two sidesin the above equation. First,��t § � ×�=êBDCFEG � andhence � =n�Õ
\§ � × � =gBDCFE� . On the right hand side,we canlet� = �%0 = � since * s����� hasorder � mod � . Thus B�CFE� t BDCFE� ��0 =d� �¶� . Consequently,

thetwo sidesin (4.11)cannot bethesamemod � , which proves(4.10).
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Lemma 4.5 Let � be a prime with �I �L
%$'&�(*) � , � be the orderof 2 mod � and *
be a primitive root mod � such that � Á�, E . Then,for any primitive � -th root of unity: Á ü·ý¿
 � � � , : satisfies s����9 � CFE� � � e tr \�: � 9 ¤ ] � , e 
3: �
where [ v 
£� � is a trace function from ü·ý2
 � � � to ü·ý¿
 ��� .
Proof: s��!�9 � CFE� � � e tr \�: � 9 ¤ ] � s��!�9 � CFE� � � e � CFE�Ø � e 
3: � 9 ¤ � V =� s��!�9 CFE� � � e : � 9 ¤ 
 from Lemma4.4�� , e 
3: �
Theorem 4.3 Let ¨�Ð�
\[ � © be the Hall’s sextic residue sequenceof period � with �r ê�
%$'&�(*) � and _ 
 ZF��� Ð�
 �1� 5LÐ�
 ��� Z 5x�����D5LÐ�
4� �	��� Z BDCFE <
Let � betheorderof � mod � , * bea primitive root mod � such that � Á�, E and : bea

primitive � -th root of unity in ü·ý¿
 � � � suchthat
_ 
3: CFE ���`� . ThenÐ�
\[ �W�`� 5 s��!�9 � CFE� � � e tr \ : � 9 ¤ ] <

Proof: Let Ð Ò 
\[ �'�º� 5 ; s����9 � CFE� � e tr \�:b� 9 ¤ ] . Thenfrom Lemma4.5, we have Ð Ò 
\[ �'�� 5 , e 
3: ¸ � . In orderto prove that Ð�
\[ �W� Ð Ò 
\[ � , we have to proveÐ Ò 
\[ �W� A � if [ Á-, e10 , E 0 , è� otherwise
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where [ �/� 
 � 
�<�<�<«
%� �	� . Clearly Ð Ò 
 �1�®�`� 5 , e 
 ���®�/� since B�CFEG � is odd.Recallthat, e 
3: � ��� , � 
3: � where§ Á-, � . Since Ð Ò 
\[ ���`� 5 , e 
3: ¸ � , it sufficesto show that, e 
3: ��� , E 
3: �o� , è�
3: ���/� and, V 
3: ��� , U 
3: �o� , ë 
3: ���`� <
It canbe proved by reconsidering the proof of Theorem 3.1. What have to be noted is

that : in this theorem is the inverseof that in Theorem3.1. In the proof of Theorem

3.1, we showed that
, E 
3: CFE ��� , U 
3: ��� � and

, U 
3: CFE ��� , E 
3: �d� � . Since_ 
ª
3: CFE � è �®�;��� , V 
3: CFE � 5 � , , V 
3: CFE �®� , ë 
3: �¯�X� andsimilarly
, V 
3: �¯�g� . The

other two values
, e 
3: � and

, è�
3: � canbedeterminedas0 by thefactthat
_ 
ª
3: CFE � è R �W�_ 
ª
3: CFE � è�O �W�/� .

Example 4.6 � is aprimitiverootmod ��� � such that � Á-, E andtheorderof � mod ��� �
is � . Let : beaprimitiveelement in ü·ý2
 � � � satisfying : ì 5-: G 5 �Å�/� . Thenit is easy

to check that _ 
3: CFE ��� , e 
3: CFE � 5 , E 
3: CFE � 5 , è�
3: CFE �W�`� <
Thenby Theorem 4.3,theHall’s sextic residuesequenceof period ��� � is givenbyÐ�
\[ ���X� 5 tr l : ¸ m 5 tr \�: è 9 ¸ ] 5 tr \�: è � R ¸ ]�X� 5 tr lj: ¸ m 5 tr l�: ð U ¸ m 5 tr l�: ì è ¸ m <
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Chapter 5

Conclusion

5.1 Summary

In this thesis, Hadamardsequencesandtheir properties(the linear complexity andthe

tracerepresentation) areinvestigated. All known Hadamardsequenceshave periodsof

the foll owing threetypes: (1)- � .10J�#� is a prime number(2)- � �M
4�´5 ��� is a

product of twim primes(3)- �`��8��x� , for , �`� 
���
 . 
�<�<�< . It is conjecturedthat if a

Hadamardsequenceexists,theperiod - of theHadamardsequencemustbelong to one

of thethree types above. In [6, 7], theconjectureis confirmedup to -º= ��������� , except

for the thefollowing 17 cases: 1295,1599,1935, 3135, 3439, 4355, 4623, 5775, 7395,

7743, 8227, 8463, 8591, 8835, 9135, 9215, 9423. In chapter 2, we confirmedthat there

areno Hadamard sequencesof periods ����?�� 
 ����?�? 
 ��? � � 
�� � � � .
In chapter 3, linear complexity of Hadamardsequencesis investigated. we deter-

mined the linear complexity of Hall’s sextic residue sequencesand Jacobi sequences

including twin primesequences.As aresult, thelinearcomplexitiesof all Hadamardse-

quenceswhich canbemadeby known construction methodsweredetermined.A Hall’s
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sextic residuesequenceof period � hasthefoll owing linear comlexity.@ � A � 5/BDCFEG if �! ;� 
%$H&�(*) �� if �! �� 
%$H&�(*) �
The linear complexity of Jacobi sequencesof period �K� can be classified as 10 cases

according to �:
%$'&�(*) � and �L
%$'&�(*) � , which are given in Table 3.2. Twin prime

sequencesof period �M
4��5 ��� aregivenby@ � NOP OQ B R SKU�BDCFEV if � � � 
%$'&�(*) �B R CFEV if � � � 
%$'&�(*) ��M
4��5 ���W�L� if � �X� 
%$'&�(*) � or � �;� 
%$'&�(*) �
which is thespecial caseof Jacobi sequences.

In chapter4, tracerepresentation of Hadamardsequenceswasinvestigated. First,we

gavedageneral tracerepresentation of Legendresequencesof all periods.Thereis close

relation betweenthetrace representation andlinear complexity of a binarysequence.If

thelinearcomplexities of two binarysequences differ, thetracerepresentationsof those

sequencesdiffer tooandviceversa.Wedeterminedthelinear complexity of Hall’ssextic

residuesequences in chapter 3. As the linear complexity hasdifferent form with repect

to thevalueof �`
%$'&�(J) � , there maybetwo forms in thetracerepresentation of Hall’s

sextic residuesequences.we gave oneof them,thecaseof � � �	
%$'&�(J) � .
5.2 Futur e Dir ectionsand Open Problems

Throughout this paper, we investigatedthe existence and the propertiesof Hadamard

sequences. In thefutureresearch,we will studythefoll owing unsolvedproblems.

1. As already mentioned,all known Hadamardsequenceshave periods of the three
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types. Then,is it true that a Hadamardsequenceexists only if the period of the

sequencebelong to oneof thethreetypes?

2. The conjecturehave beenconfirmedup to 10000 except the 13 cases. Is it also

true for the remaining 13 cases? For the smallest case 3439,how canwe find a

multiplier?

3. Oneof themostpopularHadamardsequencesis , -sequences., -sequenceshave

periodsof � 8 �¾� where, ��� 
���
 . 
�<�<�< . Hadamardsequencesof period � 8 ��� are

frequently usedin many applications. So far, All Hadamardsequencesof period�«8´�!� arefoundby exhausitvesearch upto , �`��� . Thenext case� EªE �!� should

bedone.

4. In chapter 4, we determinedthe trace representation of Legendre sequencesand

Hall’s sextic residue sequences. But, we could not find the tracereprentation of

Hall’s sextic residuesequencesof period �I µ�I
%$'&�(J) � . Furthermore,we are

alsointerestedin thetracerepresentation of twin primesequences.

5. Thereseemsto beno clear similarities in thethreeformsof periodsof Hadamard

sequences. Canwe explain why they exist only for thethree types of periods?Or

canwe find a commonexpressionfor all Hadamardsequences?
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F ÏJ � su À 7© F vu ÖÇ \ X 8;:dce �dNØ CEºÙÚ �lÛ2 @5 K)L1NO 8�_|� � F 7� ^;_°� {} ¯d:b{¼ B�D�EFE CE FIHJ w X ���bÜÒ� `zy PR B B`D�EFE
CEGFIHJ 8;:a�;_�ÀtÏJ CE F Ï� PR B �E �;_ � : �ÔÓ�äã � � mE �d: § <5 6 ñQêðû æ V þ N . èx�� ÁñQêp!$æ V þ N . è
<� Z w X `zy ñ�êp!$æ V þ N . è F vu B`D�EFE CEGFIHJÍ� ÖÇ \ X 8;:dce �dNØ CE ÙÚ �lÛ2 @5 K ¨ HJ À 7. ¹ _ FIH� ^;_°�

� 5r + Ïj · : PR B ½ ,J å	¿-:°À 7© � _��d: +-,.�/102í35 6 +�7. § ¹ _�^;_�Ä;_�¸e CEGFIHJ § +ÒÑu �ÔÓ� É> 6 À ,Õ ¸³ §�ÖÇ \ X 8;:dce �dNØ CE
ÙÚ �lÛ2
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