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ABSTRACT

OntheHadamad Sequaces

Jeorg-HeonKim
Department of Electricd
andElectraic Eng.

The GradwateSchod
Yonseé University

In suchsysemsasrangng systans,radarsystemsandspreal-spetrum commurcation
systems, it needsto find sequenceswith goodcorrelation propeaty in orderto improve
the perfaomance.The correlation propeaty may be auto-corrdation or cross-corelation
accading to theapplication A binary sequacewith ided automrrelaion property are
called aHadamardsequace.In thisthess, Hadamardeqlencesandtheir propertiegthe
linear compl«ity andthe tracerepresendation) areinvedigated All known Hadamad
sequenceshave periodsof the following three types (1)N = 4k — 1 is aprimenumbe
(2N = p(p + 2) is aproduct of twim primes(3)N = 2™ — 1, form = 2,3,4,....

It is conjectural that if a Hadamardsequenceexists, the period N of the Hadamad
segencemustbelorg to oneof thethreetypesabove. The conjectureis confirmedup to

N < 10000, exceptfor thethefollowing 17 cases: 1295 1599 1935, 3135, 3439, 4355,
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4623 5775, 7395,7743 8227, 8463, 8591, 8835 9135, 9215,9423 We corfirmedthat
thereareno Hadamardseqencesof periods 1295, 1599, 1935, 3135.

Linearcompleity of Hadamardsequencess investigatedwe deteminedthelinear
compleity of Hall's sextic residuesequacesandJacdi seqienceincludingtwin prime
seqgences As aresult thelinear complexities of all Hadamad sequaceswhich canbe
madeby known construcion methogweredetemined. A Hall'ssextic residuesequace
of period p hasthe following linear comlexity.

I_ {1+1%1 ifp=7 (mod 8)
P ifp=3 (mod 8)
Notethatif p = 3 (mod 8), theHall's sextic residie seqenceof periodp hasmaximum
linear complity. Thelinear complexity of Jacolh sequacesof period pg canbe clas
sifiedas10casesaccadingtop (mod 8) andg (mod 8), whicharegivenin Table3.2.
Twin prime sequencesof periad p(p + 2) aregivenby

plidp-t if p="7 (mod 8)
L= p;1 if p=3 (mod 8)
p(p+2)—1 ifp=1 (mod8)orp=>5 (mod 8)

which s the spedal caseof Jacolb seqences.

In orderto give somecommondities to the three typesof Hadamardseqience, we
investigatetracerepresentaion of Hadamad seqiencs. First, we give a gereral trace
representaion of Legende sequencesof all periods. Thereis closerelation betweea the
tracerepresentdion andlinear compkxity of abinary sequence.If thelinear complei-
tiesof two binary seqencedliffer, thetracerepresentaionsof those sequacesdiffer too
andvice versa.We deteminedthelinear compleity of Hall's sextic residue sequaces.

As thelinear compleity hasdifferentform with reped to thevalueof p (mod 8), there

Vii



maybetwo formsin thetracerepresentaion of Hall's sextic residue sequence. we give

oneof them, thecaseof p = 7 (mod 8).

Keywords : ideal autacorreltion, Hadamardsequences linear compleity, trace
function repregntaton
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Chapter 1

Intr oduction

1.1 Motivation

In desgning a communi@tion sysem, one hasto notethatthereis limited amouri of
resouces.Sucharestridion becanesmorestrict asthe amountof informationto trans
mit grows. Therefae, it needsto develop methodsto usethe available resoucesmore
efficiently. Signaldesgn is oneof soluionsto this probem.

Communicdéion systensin mary casesequre setsof signds which have the fol-

lowing properties[1] :
1. eachsignalin the setis easyto distinguishfrom thetime shifted version of itself.

2. eachsigmal in the setis easyto distinguishfrom (the possbly time-shfted versian

of) every othe signalin the set.

As usual the setof signak with thefirst propety is saidto have a goodauto-correlation
property andit is important for such applcations asrangng sysems, radarsygems,
andspreal-spetrum communi@tiors sygems.The setof signak with thesecad prop-

erty is saidto have a goad cross-coreelation propety andit is importantfor simultane-



ousrangng to severaltargets,multiple-termiral sysemidentfication, andcode-division
multiple-acces(CDMA) communcationsystem.

In geneel, the simplification of sygemimplemenationrequresthe useof periadic
signals. So,we restrict our attenton to periodic signds in thisthesis In order to simplify
thepresentaton, we considerthesetsof signds of commonperiod T'. Thefoll owing sev-
eral paragaphsaresomeanalysis of signalshaving goad distinguishability by Sarwarte
andPursle [1].

Onemay usethe mean-sgareddifferenceto measue the distinguishabilty of sig-
nals.Forour purpcses two sigrnalsareeasyto distinguish if andonly if themean-gjuarel
difference(MSD)betweenthem is large. If modulaton processesareinvolved, not only

z(t) but also—z(t) mustbe consicered. Thatis, we will require that

MSD = %/O (1) + s () dt

_ % {/OT[;,f(t) + (1)) dt + 2/0Tx(t)y(t)dt} (1.1)

is large.

Sincethefirst integral on the right handside of eq.(1.1)is the sumof the enegy in
z(t) andy(t) for 0 < ¢ < T, y(t) is easyto distinguishfrom z(t) if the magnitule of
the quartity

T
r— /0 s()y(b)dt (1.2)

is small. For suchcommuncation navigation,andradarsygsemsasthosewith correla-
tion recevvers or matchel filters, r representgheoutput of thefilter matchedto thesignd

y(t) whentheinputis z(¢). In a multiple-ace@sscommuncationsysem, for example,



z(t) andy(t) mayrepresentthe signds assigiedto two different transnitters,in which
casethe parameer r is ameasureof the crosgalk interferencebetweerthe two signals.

Propeties 1 and2 requre the distinguishability of z(¢) andy(t + 7) for 0 < 7 <
T if z(t) andy(t) aredifferent signals, andfor 0 < 7 < T if two signds arethe
same.Conseguenty, whatwe needto congder is the magniude of the following cross

corrdation function
T
roy(r) = / syt + ) dt. (1.3)
0

Due to the relative simplicity of their geneation, the signds of interest for most
appications are periodic signalswhich consist of sequaécesof elemenal time-limited

pulses. Thesepulsesareall of the sameshape, sothatthe signal canbewritten as

o0

s(t) = Y watp(t —nT) (1.4)

n=—00
where(t) is the basicpulse waveform and 7 is the time duration of this pulse If
z(t) = z(t + T) for all ¢, thenT will beamultiple of 7;, andthe seqence(z,) must
beperiodc with a periodwhichis adivisor of N = T'/T...

Suppsex(t) andy(t) areperiadic asdescibed above. z(t) aregiven by eq.(14)
andy(t) is givenby

o0

y(t) = Y yath(t — o). (15)

n=—oo

Thenit is easyto shaw thatthe paraneterr of eq.(1.3 is givenby

N—-1
r=X)_ Tnyn (1.6)
n=0
wherethe consant\ is
T.
A= P2 (t) dt (1.7)

0



Thus, the inner product of continuous time sigral z(¢) andy(t) is proportional to the
inner prodwct of the correspomling vectas (ay, 21, - ,£n—1) and(yo, y1,- -+ ,YnN—1)-

Furthemore,if 7 = IT, it canbegenealizedto

N-1
Tzy(T) = A Z TnYn+i- (1.8)
n=0

Since(y,) is periadic with a period dividing N,

(yl’yl+17 toc ayH»Nfl) = (ylayl+17 Y2, ylfl)a (19)

wheretheright-handsideof eq.(1.9)is thelth cyclic shift of (y,y1,--- ,ynv—1).
Above obsevation gives the motivation to corsider the periodic cross-corielation

function of the seqenceqz;, ) and(y,) whichis definedby

N-1
O2,y(7) = Z TnYn+tr- (2.120
n=0

Sincethe periodic crosseorreltion paramegrsfor the coninuous-timesignak z(t)
andy(t) of eq.(1.4)and eq.(1.5)are completly detemined by the cross-corelation
function, the signal desgn problem descibed at the beginning of this thesiscanbere-
duce to the problem of finding the setsof periadic sequence with the foll owing prop-

erties:
1. for eachseqencer = (z,) in theset, |0, ,(7)| issmallfor1 <7 < N — 1.
2. for eachpair of sequecesz = (z,) andy = (yn), |0z, (7)| is smallfor all 7.

In recent yeass, the increasinginterestin spreal-spetrum communicéionsand CDMA

communi@tions hasled to a correspondng interest in aperbdic corrdation paraneters



andcrosseorreltionpropertiesof periadic sequence. But the studyof cross-corelation
propertiesof periodc sequacesrequiresthe extensve study of auto-correlation proper-
tiesasa preliminary Generaly, the setof sequenceswith low cross-corelation values
are geneatedfrom the seqience with good auto-orrelaion property by sometrade
off betweenauto-correltion valuesand cross-corelation values. For instance, Gold
and Kasami made setsof seqenceswith low cross-corelation values from the m-
seqenceq?] [3] [4] [5]. In addtion, the sequenceswith ideal auto-corrdation played
one of the mostimportant partsin severd commurication systemsas previously men-
tioned. For example,those sequacesare usedas chip sequacesin spread-sgctrum
communi@tion sysemsandspedfically anm-sequenceof the period2? — 1 with ided
auto-corrdationis usedin CDMA reversechanrel for identfication of eachchamel.

In this thesk, the main objectis binary sequenceswith ideal auto-correlation called

Hadamardsequences, which areformally definedasfollows:

Definition 1.1 A binary seqencea = (a;) of period N whereN is oddis saidto have
anideal auto-correlation if the auto-correlation fundion has—1 for all 7 # 0 andN for

7 = (0 whereauto-corrdation functionis definedas

N-1

R(r) = (—1)%teitr (1.10)

i=0
wheresubgript i + 7 is takenmodulo N. If the numbes of onesandzerosin a period

differ by 1, thenit is alsosaidto be balancedandsud a seqenceis called Hadamad

seqgwence

We will invedigatesomeexistenceprobem of Hadarmad seqencesandandyze some

propertiesof thoseseaquence, especially linearcompkxity andtracerepresentéon.



1.2 An Overview

In Chapter2, we discussthe conecture on the existerce of Hadamad sequences Some
previous resuts concernirg the conjecture are exhibited. Basic theay of Hadamad
sequencess introduced.In Chapter3, thelinearcompleity andthe chamcterstic poly-
nomial of Hall's sextic residue sequacesandtwin prime seqencesaredetermired. In
Chapte 4, the propertiesof Legende sequaceswhich arealsoHadamardequencesare
discussed.The trace representaipn of Legende sequacesof all periad is detemined.
Partial resut abou the tracerepresentéion of Hall's sextic residie sequa&cesis given.
Finally, in Chapte 5, all thoseresuls of thisthesisaresummarize andsomediscussiors

follow.



Chapter 2

Binary Hadamard Sequertes

Let{a;},i=0,1,...,N —1 beabinary sequaceof period N whereN is odd. Recon

sideling the auto-correlation function of binary sequences

N-1
R(r) =) (—1)%teitr
1=0
= i ai = aipr} — {i: ai # aisr}

:|{ZaZ:a”H‘T:O}|+|{ZaZ:az+T:1}|

- (|{Z ta; =0,ai4, = 1}‘ + |{Z ta; = 1,054, = 0}‘) .

Let'sdefine
z=|{i:a; =air =0},
y=Hi:a=ap, =1}
z=Ni:a; =0,a;1, =1},
w={i:a; =1,a;+, = 0}
If {a;} is aHadamardsequace,R(t) = —1 for all 7 = 0 (mod N) andthe numbe

of I'sin aperiad is (N + 1)/2 andthe numberof 0’sis (N — 1)/2. Thuswe have the



following equdions:

z+y—(z+w)=R(r) = ~1
r+y+z4+w=N
z+z=(N-1)/2

z+w=(N-1)/2.

Fromtheabove four equatons,onecanconcudethat N = —1 (mod 4). Therefaeif a
binary sequaceis aHadamad sequace,thenthe period mustbe —1 (mod 4). All the

known Hadamardsequenceshave periads of thefoll owing three types[6] [7]:

1. N =4n — 1isaprimenumber
2. N = p(p + 2) is aproductof twin primes.
3. N=2—1,fort=2,3,4,---.

Thereis a conjecture thatif a Hadamardsequenceexists, the period N mustbe one of
theabove threetypes|[8]. In [6], it is repatedthatthere areno other valuesof N < 1000
with Hadamardequencesof period otherthanthoselistedabove, except for thesix case
N = 399,495,627,651, 783, and975, not fully investigatel. In [7], SongandGolomb
recorfirmedthe conjecture for all N < 1000 including thosesix case. Furthermae, it
is verifiedupto N < 10000, exceptfor thefollowing 17 cases: 1295 1599, 1935, 3135,
3439 4355, 4623 5775 7396, 7743 8227, 8463,859], 8835, 9135,9215 9423. The
conjecturebecomesmore and more interesting since thereseemsto be no immediate

commonproperty amongthe threetypes of v listed abose andno courterexampke has

beendiscoveredyet.



In this chaper, the four smallestpreviously unknown cases v = 1295,1599, 1935,
3135 areexaminal andcorfirmedthe conjecturefor all v < 3435. It will be discused
in the next secton.

Out of three typesof the period N, the caseof N = 2* — 1 gainsits popularity
becaiseof its easeof implemenation. Therehasbeen alot of efforts to detemine how
mary inequivalert Hadamardsequacesof period N = 2* — 1 thereexist, andto figure
out how to constuct them sydematicdly. So far, full seart for theseseqience has

beencomplketedupto n = 10.
2.1 Existenceand non-existenceof binary Hadamard sequences

A Hadamardsequenceof period N = 4n — 1 is known to be equivalentto a (v, k, A)-

cyclic differencesetwithv =4n — 1,k =2n— 1, A =n — 1.

Definition 2.1 [6] Givenapostive integerv, let U dende the setof residies mod v.
Let D beak-subsetof U. OnecallsD a(v, k, \)-cyclic differencesetif for any non-zero

d € U, thereareexacty X pairsof (z,y),z,y € D suchthatd = z —y mod v.

A (v, k, A)-cyclic differencesetwith v = 4n — 1,k = 2n — 1, A = n — lis calleda
cyclic Hadamad differenceset,andit inducesa binaly sequeceof periodd v = 4n — 1

with theided automrrelaion, a Hadamardseqence.

Example2.1 LetD = {0,5,7,10,11,13,14}. ThenD isa(15, 7, 3)-Hadamardliffer-

enceset. Eachnonzeo d < v canbe written asdifferencesmodulo 15 of the following



threepairs.

1=0-14=11-10 =14 — 13,
3=10—7=13—10 =14 — 11,
5=0-10=5-0=10-5,

7T=5-13=7-0=14—71,

2=0-13=7-5=13—11,
4=0-11=11-7=14 — 10,
6=5-14=11-5=13—71,

8=0-7=7-14=13 -5,

9=5—-11=7—-13=14 -5, 10=0-5=5-10=10-0,
11=7-11=10-14=11 -0, 12=7-10=10—-13 =11 — 14,
13=5-7=11-13=13-0, 14=10-11=13-14=14-0.

Let (a;) bethebinaty sequenceof period 15in whichg; = 0 if 4 € D anda; = 1 other-

wise. Thenit canbe easilyshavn that (g;) is balanedandhasided autoorrelaion.

(15,7,3)-cyclic difference set

0 5 7 10 11 13 14

10510120A34
114911140@3

13@9 12 13 OA

14|71\ 6 8 11 12 14 O

binary sequence of period 15 with
ideal autocorrelation

010 5 1011 13 14 «Z—>  011110101100100

Figure2.1: ThedifferencesetandHadamad sequaéceof Example2.1.
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Oneof themostimportant propeaties of Hadamad differencesetsis thatit canhave

amultiplier. A multiplier of the Hadamardlifferencesetcanbe definedasfollows.

Definition 2.2 LetU bethewv-setof theintegers0, 1,2,--- ,v — 1. Anintegert is called
amultiplier of a (v, k, A)-differencesetD = {d;,ds,--- ,dy} providedthereexists a
integer s suchthatE = {tdy,tda,--- ,tdi} andE = {dy + s,d2 + s,--- ,di + s} are

the samek-subsetof U, whereevery operaion is taken modulow.

If adifferencesetD = {d;,ds,--- ,dy} andtD = {tdy,tds,--- ,tdy} arethe same,
thenD is saidto befixedby multiplier ¢. In [6], it is shovn thatif adifferencesetD hasa
nondrivial multiplier t 1, thereis alwaysa differenceset D fixedby multipliert. In fact,
givenadifferenceset D anda multiplier ¢, thereexist exactly ged(¢t — 1,v) = d shifts
fixedby themultiplier ¢ [6]. Suchamultiplier turnsoutto beveryusefd whenonewants
to exhaustively searcHor all thecyclic differencesetswith givensetof paraneters.
Every known difference set hasa non-tivial multiplier. But the quesion asto
whethe it is alwaystrue is open. Hall and Ryserproved the exitence of a nonttrivial

multiplier under certdn circumstancen so-cdled the “mulitplier” theoem[6].

Theorem2.1 [6] Let D bea (v, k, A)-cyclic differenceset.Letd beadivisor of & — A
andsuppsethat (d,v) = 1 andd > A. If ¢ is anintegerwith the property thatfor eat
primedivisorp of d thereis aninteger j suchthaty’ = ¢ (mod v), thent is amultiplier

of D.

Baumertprovedthefollowing theoremwhich canbeusedto prove thenon-existence

of somecyclic Hadamarddifferencesetsand canalsobe usa to redwce the computa

Lnon-trivial” meanst # 1 (mod v).

11



tionad compleity of anexhaustive seardt.

Theorem2.2 [6] If a (v, k, \)-cyclic differencesetexists, thenfor every divisor w of

v, thereexistintegersb; (i =0, 1,2,--- ,w — 1) satsfying thediophantne equations
w—1
b=k
i=0
w—1
b =k—X+o\w (2.1)
i=0
w—1
Zbibi—j = ’U)\/’w, for 1 <j<w-—-1
i=0

Here,the subgript i — 5 is taken modulow.

Basicsteps to reachthe norexisterceis the following. We assumefirst thata cyclic
HadamardlifferencesetD exists. By Theorem2.1,its multiplier m canbedetemined.
For every divisorw of v, its cyclotomic cosés canbe determinedby the multiplier m.
We setsomedummyindicatorsb; for eachcyclotomic coseé. Theremustbe somesets
of b;’s satisfying the threediophantine equaionsin Theoren 2.2 if thereexists acyclic
Hadamarddifferenceset D. Thus,if theseequationsdo not pos®ssary solution for

somedivisor w, the nonexistenceis guamanteed
2.1.1 Somecomputation

If there exists a (1295, 647, 323)-cyclic Hadamarddifferenceset D, it must have the
multiplier 16 by Theorem2.1. Thereare 155 cyclotomic cosets modulo 1295. One
need to consder the cyclotomic cosés moduloeachdivisor of 1295.

Sincel295 = 5 x 7 x 37, if thereexists a (1295, 647, 323)-cyclic Hadamad dif-

fererce setD, theremustbe integers satisfying the threediophantineequatonsin The-

12



orem2.2 for eachdivisor5, 7,37, 35, 185, and259. Otherwise,one canconcludethat
thereis no (1295, 647, 323)-cyclic Hadamardlifferenceset.

For thedivisor w = 5, we have thefollowing equdions:

b; = 647

b? = 83981 (2.2)

- 14+

S
Il
<)

4
> " bibiyj = 83657, wherel < j < 4
=0

and0 < b; < 255. Therearetwo solutionsfor b;’s satsfying (2.2), which are

(115,133,133,133,133)

bo, b, by, bs, by) =
(bo, b1, b2, b3, ba) {(133,115,133,133,133)

For thedivisor w = 7, we have the following equdions:

6

§:q=6M

=0

6

> el = 60079 (2.3)
=0

6
> ciciyj = 59755, wherel < j < 6
=0

and0 < ¢g,c¢1,¢9,c3, ¢+ ,c6 < 175. Therearetwo solutions for ¢;’s satisfying (2.3),

which are

(co=T7, c1 =co=c4 =95, c3 =c5 =cg = 95), and

(002104, 61262264286, 03205206295)

13



For thedivisor w = 37, we have thefoll owing equatiors :

36

> di =647

=0

36

> dF =11629 (2.4)
=0

36
> didiy; = 11305, wherel < j < 36

i=0
and0 < dy,d1,ds,ds, - - - ,dse < 35. Thereis only onesolution.
do = 35,
di =d7 =---=d3 =17,
dy =dyy = =dz =17,
d3 =dy=---=dss =17,
ds=dg =" =ds5 =17

For thedivisor w = 185, we have thefollowing equdions:
184

Z h; = 647
1=0

184
> h?=2585 (2.5)
=0

184

> hihiyj = 2261, wherel < j < 184
=0

14



Here,we useanotrer dummyindicaor g; whichis relatedto h; by thefoll owing :

90 = ho

g1 =hio =h7o =--- = higo

g2 = h1s = hgo = -+ = higo

g3 = hos = hao =--- = hars 915 = fas

1= hs = has =+ = hyzo g16 = h33 = hgs = -+ = hisg
g17 = hig = hes = -+ = hies

9 = g18 = h3 = hog = -+ = hizs

9o = M=o = = g19 = hg = h13 =--- = hig3

gr = h31 = hs1 =--- = higs (2.6)

gs = h11 = ha1 = --- = hizg g20 = hra

99 = he = hsg =+ = hin1 921 = o = hog = = fums
go2 = h1a = hog = -~ = hirg

10 = har g23 = hy = hes = --- = higs

g == = = g24a = h1g = hsa =+ = hip4

g12 = ha =hze =+~ = hiry

g13 = ha7 = hga = -+ = hi52

g14 = h17 = hgg = -+ = higr

and0 < g; < 7for 0 < i < 24. In addtion, sincel85 = 5 x 37, therearerelations

15



betweery;’s andthe previousvariades asfollows :
bo = go +9(g1 + g2 + g3 + g4) do = go + g5 + g10 + g15 + g20
b1 = g5 + 9(ge6 + g7 + gs + go) di=g1+g6+ 911+ gi6 + g1
bo =gio+9(911 +g12 +g13 +g14) do=got+gr+gi2tgir+gn (2.7)
bs = 915+ 9(g16 + 917 + 918 + g19)  d3 = g3 +gs + g13 + g18 + g23

by =goo +9(g21 + go2 + 923 + goa)  ds = ga+ go + g1a + g19 + goa
Recallthat (bg, b1, ba, b3, by) werealready deteminedas (115, 133 133 133, 133) or
(133,115,133, 133,133), and(dy, d1, do, d3, d5) werealsodeteminedas(35,17,17,17,17).
By execuing a C programfor afew hours of cputime(Intel PentiumPC),we coud con
firm thatthereis no soluion for g;’s satisfying both the diophantine equations(2.5) and
theaboverelatons(2.7). Thus,onecanconcludethattheredoesnotexista (1295, 647, 323)-
cyclic Hadamad differenceset.

Similarly, the threecass v = 1599, 1935, and 3135 canalsobe examinad and it
turns out that no cyclic Hadamad difference setwith v = 1599, 1935 or 3135 exists.

They canbe summarize asfollows.
e Forv = 1599

1. Multiplier is 25

2. Numberof cosetsis 176

3. Numberof soluionsfor w = 3 is 2
4. Numberof solutionsfor w = 41is1

5. Numberof soluionsfor w =3 x 41 =123 is0
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e Forv =1935

1. Multiplier is 16

2. Numberof cosetsis 175

3. Numberof soluionsfor w = 3is 1
4. Numberof solutionsfor w = 43 is 10

5. Numberof soluionsfor w =3 x 43 =129is0
e Forv =3135

1. Multiplier is 49

2. Numberof cosetsis 189

3. Numberof soluionsfor w = 3is 5
4. Numberof solutionsfor w = 5is1

5. Numberof soluionsforw =3 x5 =15is0

All of the abore resultin the smallest open casev = 3439 which is very specal.
Theabove analysison the four casesascally depandson the existenceof a multiplier.
For the casev = 3439, we don’t have any methodto determire a multiplier. Sofar, we
arenot even sureof the existence of a multiplier in this cag. Theremairg 12 caesup
to v < 10000 have relaively mary coseas andthe rangesof the possble solutions to
the diophantine equatons are muchwider thanthe previous four cases Theseresultin
the hugeincreaseof complkexity. It seemdmpossble to finish the exhaustive searchin a

reasmableamourt of time.
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2.2 Classificationof cyclic Hadamard differ encesetswith v =
2" —1

In apfdications,Hadamardequacesof peliod 2* — 1 aremostfrequently used.Maximal
lengh sequences, m-seqencesin short also belong to this family [9]. To descibe
Hadamardsequacesof period 2* — 1, onecanusethewell-known trace function which

is defined asfollows [10]:

Definition 2.1 Thetracefunction T'r7! (-) is alinearmappirg from GF(2") to GF'(2™),
definedas

(n/m—1)
a2mnm

Tr%(a):a+a2m+a22m+---+

wherem | n, a € GF(2").

Any two Hadamad sequence a(i) andb(:) of the sameperiod N aresaidto be
equivalentif onecanfind integers d ands suchthata(i) = b(di + s) where(d, N) =1
and0 < s < N —1. Otherwise,we saythatthey areinequivalent. Therehave beensome
effortsto determire thenumbe of inequivalentHadamardgsequencesof peliod 28 — 1 for
eachn, whichimpliesthe classficationof cyclic HadamardlifferencesetsCHDS) with
v = 2"—1, sinceevery CHDSwith v = 2" — 1 is equivalantto a Hadamardsequace
of period 2" — 1 by thewell-knowncorrespordencethat, for eachi = 0,1,--- ,2* — 2,
a(i) = 0 if andonly if 7 € D. In this sectio, all the Hadamardsequacesof periad
2" —1forn = 3,4,--- ,10 areclassfied andlistedaccordng to theknown constuction

method.
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2.2.1 (7,3,1)-CHDS

Thereis only one(7, 3,1)-CHDS. It is equivalentto an m-sequencewhich canbe ex-
presgedas

s(t) = Tri(ab)

wherea is a primitive elementof GF(2?).

2.2.2 (15,7,3)-CHDS

Thereis only one(15, 7, 3)-CHDS. It is anm-sequenceandits tracerepresentéon is
s(t) = Tri(ab)

wherea is a primitive elementof GF(24).

2.2.3 (31,15,7)-CHDS

Therearetwo inequivalert (31,15, 7)-CHDS. Since31 isaprimecongruertto3 mod 4,

theremustbealegende sequeceof period31. Leta beaprimitive elemenof GF(2).
e m31(m-seqence). s(t) = Tr}(at).
e 131 (Legerdreseqience [11] : s(t) = Tr3(a? + o + ™).
2.2.4 (63,31,15)-CHDS
Therearetwo (63, 31, 15)-CHDS.Let « be aprimitive elemen of G F(2°).
e m63(m-seqence): s(t) = Trb(at).
e G63(GMW-sequenre)[12] :

s(t) = Tri(al + o)
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2.2.5 (127,63,31)-CHDS

Therearesix (127,63, 31)-CHDS[13]. Theirtracerepresenationsareasfollows where

« is aprimitive elemen of GF(27).
e M127(m-seqience : si(t) = Tri(at).
e L127(Legende sequace)[11] :

S(t) — T’I‘I(at + a9t 4+ allt 4+ a13t 4+ a15t 4+ a19t + a21t + aglt + O/l?t)

e H127(Hall's sextic residie seqence)[14] :

s(t) =Tri(al + o' + ™).

e Miscellaneaisseqenceq15] [16] [17] :

— M127-1: s(t) = Tri(a? + ottt + o!%).

- M127-2: 5(t) = Tri(a? + % + o™ + o' + o).

— M127-3: 5(t) = Tri(a? + o® + a3t + a2 4 o2%).
2.2.6 (255,127,63)-CHDS

Thereare four (255,127, 63)-CHDS [18]. Their trace repregntatons are as follows

wherea is a primitive elementof GF(28).
e M255(m-seqience : s(t) = Trd(al).
o G255(GMW-seqence)[12] : s(t) = Trd(at + ot + a3 + o1t).

e Miscellaneasseqenceq15] [16] [17] :
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— M255-1: s(t) = Tr¥(al + ot + a9 + o7 + 7).
— M255-2: 5(t) = Tri(a? + ¥ + a®3 + o' 4 o!11f).
2.2.7 (511,255,127)-CHDS

Therearefive (511,255, 127)-CHDS[19] [20]. Let o beaprimitive elemenbf G F(2°).

Thenthe correspomnling 5 binary sequence canbewritten asfollows.
e m511(m-seqience : s(t) = Tr{ ()
e G511(GMW-seqeence)[12] : s(t) = Tr)(af + ottt + o*3),
e Miscellaneaisseqenceq15] [16] [17] [20] :

— M511-1: s(t) = Tr)(a? + a3 + o31).
— M511-3: s(t) = Tri(al + ™ + a5 + o™ + o83 4 o103 4 111t 4

05127t + a183t) )

2.2.8 (1023,511,255)-CHDS

Thereareten(1023,511,255)-CHDS[21] [22]. Let« beaprimitiveelemenof GF(240).
e m-seqience(ml02): s(t) = Tri%(at).
e GMW-sequenceq12] :

— G10231: s(t) = Tri%(al + af3).
— G10232: s(t) = Tri%(al + o).

— G10233: s(t) = Tri0(al + ol 4 o159 4 o221t),
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— G10234: s(t) = Tri%(at 4+ 3% + o157 4 2211),

(¥187t)_

e Miscellaneasseqenceq15] [16] [17] :

M10231: S(t) — TT%O(at + allt + a15t + a39t + a127t).

M10232: s(t) = Tri%(a! + &% + a7 + a3 + 109 4 125¢ 4 o159t 4

(¥187t)_

M1023-3: S(t) — T’I‘%O(at + a41t + a47t + a63t + a87t + 04125t + a205t).

M10234 : s(t) = Tri%ca’ + o + o + o + a3 + o1t 4 Q! 4

0412” + a253t +a237t 4 a191t +a183t 4 O4205t —f-01245t).
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Chapter 3

Linear Complexity of Binary
Sequencs of SpecialType

In real systans, binary sequencesareusually geneatedby feedback shift registers. In
cryptographic apgdications,they sometimesequie sequ@cesthat canrot be easily gen
eratal by non-autlorizedparty without someknowledgeabou the sequeces.In sucha
situdion, it would be desrable that the length of feedback shift registers thatcangen
eratethe seqencesareaslong aspossille. Thelinear compleity of a periodic binarty
sequenceis definedastheleas positve integer L suchthatthereexistsan L-stage linear
feedlackshift register (LFSR in shor) thatgererategshe sequacewith asuitableinitial
loading [9]. It is equalto the degree L of the feedback connetion polynomial (or, the
charaterigic polynomial) of sucha shift registe. For applicatiors of binary seqience
to cryptographic sysems,e.g. strean ciphes, or to sprea spectum communcatiors,
oneusudly prefersbinary seqience with larger L [23].

In this chagpter, we deteminethelinear compleity of Hall's sextic residuesequence
andtwin primeseqlencesvhich have theidealautacorrdation. Furthermae, we detem-

inethelinear complexity of Jacol seqencesagenealizaion of twin prime sequeces.
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3.1 Thelinear complexity of binary sequences

If abinary seqence{s;} of period P haslinearcompleity L, thenthereexist consants

co=1,¢1,...,c, € GF(2) suchthat
S8; = C1,—18i—1 +€C—28;—92 + -+ + €CoSi—1L, forall L <i< P.

Thepolynomiale(z) = z¥ +cr, 121 +- - -+ ¢ is calledthe charaterisic polynomial
of theseqence.

It is known thatthereciprocalcharaderisic polynomialé (z) of thesequace{s(t)}
is givenby [10]

2P -1

* L L—-1
— + + .-+ _ +1=
C (3)) CoT 1T Cr,—1T gc ( P 1,5( ))

where

S(z) = so +s1z+--+sp_qgzt L

Thelinear compleity of {s(¢)} is givenby

L = P — deg[ged(z" — 1, 8(z))]-

Example 3.1 Thecharaterisic polynomialof a binary m-sequaceof period2* — 1 is
a primitive polynomial of degreen over GF(2). For example,if onewantsto geneate
anm-seqienceof period 2t — 1 = 15, heonly needsalinear feedtackshift register with
5 stages.Let c(z) = z* + z + 1. Figure3.1shavs the linearfeedbak shift register with
the connection polynomialc(z) = z* + z + 1 andTable 3.1 showsthe valuesof eat
register with resgectto thetime index. A value sequaceof aregiste is a shifted versim

of otherregistersandthey areall m-sequeces.
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N

Figure3.1: LFSRgererating anm-seqienceof period 15

Table3.1: Thevaluesof registasin Fig.3.1

Timeindex || R1 R2 R3 R4

1 0 0 O
2 0O 1 0 o
3 O 0 1 o
4 1 0 0 1
5 1 1 0 o0
6 O 1 1 o0
7 1 0 1 1
8 o 1 0 1
9 1 0 1 O
10 1 1 0 1
11 1 1 1 0
12 1 1 1 1
13 o 1 1 1
14 O 0 1 1
15 O 0 0 1
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3.2 Linear complexity of Hall’ s sexticresiduesequences

Letp = 4u® 4+ 27 = 6f + 1 bea prime andg be a primitive root modub p suchthat

3 € C1 where
Cr={¢*"|i=0,1,...,f -1} (3.1)

Hall's sextic residuesequ@éceof periad p is definedas[24]

1 ifteCyUCiUCs
s(t) = :
0 othawise

wheret =0,1,...,p— 1.
For Hall's sextic resicdle sequenceof periad p, the correspondng S(z) is givenby
S(z) = s(0) + s(1)z + s(2)z® +--- + s(p — 1)zP!

= Cy(z) + Ci(z) + C3(x)
where,since3 € Cy,

1
Ci(z) = Z Tt = Zz?’lgﬁl. (3.2)
i=0

1€C)

Thenthelinear compleity of Hall's sextic resduesequaceof periad p is givenby
L=p-|{j:5(8)=0,0<j<p—1} (3.3)

wheref is a primitive pth root of unity over GF'(2") thatis the splitting field of ¥ — 1.
To deteminethe linear complexity of Hall's sextic residie sequaces,we needthe

following lemma.

Lemma3.1 Letp = 4u? + 27 = 6f + 1 beaprime and3 be a primitive pth root of

unity. Thenthefoll owing aretrue.
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P1. |C)| = (p — 1)/6, aC, = C; for ary a € Cy andC;(B8) = Co(8*).
P2. Cl(ﬁa) = Cl(,B) forany a € Cp.
P3. C)(B%) = Cy(p’) if i andj arein the sameclass

P4.If 2 € Cy, thenCy(B) =0 or 1.

P5. 320 ,Ci(B) = 1.
P6. —1 € (5.

P7.1f p =7 (mod 8) thenS(B8)S(8 1) = 0. If p = 3 (mod 8) thenS(B)S(B ') =

1.

P8.If p =7 (mod 8) then2 € Cj. If p =3 (mod 8) then2 € Cs.

Proof: P1is obvious from the definitions (1) and (2). If a € Gy, thena = ¢% for
. . a _ i j _ (i+3) .
someinteger i. ThenCy(8%) = Y10 (89")¥9" = o125 p¥'9"™ = Cy(B), which
is P2. P3is easily obtainedby P2. If 2 € G, thenC;(B)? = Ci(8?%) = Cy(B) by P2.
Thusif 2 € Cy, Ci(8) = 0 or 1. P5is provenby 30 Ci(8) = Y20, S/ g3's* =
Z?j p7 = 1. Since3f = (p—1)/2 = 2u? + 13, f mustbeodd ThenP6&follows from
thefactthat—1 = g(»—1)/2 = ¢(61)/2 = ¢6(/—1)/2+3 For P7,we note thatHall's sextic
residue sequaceof period p inducesa cyclic Hadamardlifference setwith paraneters

v=p,k=(p—1)/2and\ = (p — 3)/4 [6]. Therefoe,we have

S(z)S(z 1) = u? + 7+ (u® + 6) pz_:xi (mod zP — 1).

=0

P7is obtaired by substtuting g into z. P8 canbe easilyproved by obsewing that2 is a

cubic residwe modp for ary rational primep [25]. [ |
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Lemma3.2 Letp = 4u? + 27 = 7 (mod 8) and 3 be a primitive pth root of unity.
Thenoneof Cy(8) + Cs5(8),C1(B) + Cu(B) andC2(B) + C5(B) is 1 andthe others
mustbeO.

Proof: If p =7 (mod 8) then2 € Cy. Thenfrom P4andP5in Lemma3.1, either
oneof Cy(B) + C5(B8), C1(B) + C4(B) andC=2(B) + C5(B) is 1 or all threeof themare

1. FromP1lin Lemma3.1,we have

C1(B) + Cu(B) = Co(B®) + C3(8%) (3.4)

Co(B) + Cs(B) = Co(B%") + Ca(8%). (3.5)

Suppoes thatall of themare 1. Thenfrom (4) and(5), Gy(3?) + C3(B*) = 1 for all
i=1,...,p—1.ItalsomeanghatC(5°) + C4(p*) = 1foralli =1,...,p—1, which

is impossiblesince thedegreeof € (z) + Ca(x) + 1 is lessthanp — 1. [

Theorem3.1 Letp = 6f +1 = 7 (mod 8). Thenthereexists a primitive pth root 3

of unity suchthat.S(8) = 1, andfor such 8, we have S(#’) = 0 forall j € C; UCy U

C3 UCy U Cs.
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Proof: Let~y bea primitive pth root of unity. Then,
p—1 p—1 p—1 p—1
Y S() =Y Co(r) + Y Ci(y) + ) Csly)
i=1 i=1 i=1 i=1
=) G+ () +)Cs(rY)
j=0 j=0 j=0
5 .
= Z Co(v*)
j=0
p—2
k=0
=1
Thusthereexistsat leastonei suchthat S(7#) = 1. Theng = ~* is whatwe want.

Now we will shav thatS(57) = 0 forall j € C; U Cy U C3 U Cy U Cs. FromP3in

Lemmas3.1,it sufiicesto showthatS(ﬂ:”i) =0fori=1,...,5. Recallthat

5(8) = Co(B) + C1(B) + C3(B) = 1. (3.6)

P7in Lemmal saysS(3)S(8~!) = 0, which concludes

S(B7Y) = S(B%) = C3(B) + Cu(B) + Co(B) = 0. (3.7)

Thenwe have C;(8) + C4(8) = 1 by adding two equatons above and herce from

Lemma3.2,
Co(B) + C5(B) = C2(B) + C5(B) = 0.
From the above equation, (3.6) and (3.7), we alsohave Ci(8) = 1 andCy(8) = 0.
Furthemore
S(8%) = C1(B) + Ca(B) + Ca(B) = C(B) + 1

S(B7%) = S(8%") = Cu(B) + C5(B) + C1(B) = Cs(8) +1
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SinceCy(8) = Cs(B), S(83) = S(83"). Butfrom P7in Lemma3.1,wehave S(53)S(33) =

0, whichgivesS(83) = S(8%") = 0. Similarly, S(8%") = S(8%°) = 0. N

Theorem 3.2 Hall's sextic resicle sequaceof period p = 442 + 27 hasthe following

reciprocal chaacterstic polynomial ¢ (z):

C*(.’E) _ ("E - 1) HiECo ($ - ﬂl) if b= 7 (mOd 8)
2P —1 if p=3 (mod 8)

whereg is a primitive pth root of unity suchthat S(3) = 1. Thelinear compleity L is

givenby

1+ ifp=7 (mods)
P if p=3 (mod 8)

Proof: If p = 7 (mod 8), by Theorem3.1.5(8%) = 1 for a € Cy andS(B?) = 0 for
be CiUC,UC3UCLUCs. AlsoS(1) = [(p—1)/2 (mod 2)] = 1. Thusc*(z) is

givenby

e (zP — 1) o R

1€Co
whichis over GF'(2) since 2Cy = Cy. Thelinear compleity Lis1 + (p — 1)/6.

If p=3 (mod 8), byP7in Lemma3.1wehaeS(5/)S((87)~!) = 1forj =1,...,p—
1. Thatis, S(87) # 0forj = 1,...,p — 1. Also S(1) = [(p — 1)/2 (mod 2)] =1
becaisep = 3 (mod 8). Thusged(z? — 1, S(z)) = 1 andhercec*(z) = z — 1 and

L=np. |

Example3.2 Letp = 4 - 52 + 27 = 127 anda be a primitive elemeit in GF(27) suc

thata” + a + 1 = 0. Thena is a primitive 127-th root of unity suchthat S(a) = 0.
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Thusthereciprocd of charaterigic polynomial & (z) is givenby

¢(z) = (@-1) [] (e~ o)
2€Co
=(z—1)(z" +z+1)

(228242t )@+ P+ S+ 2 )
whereCy = {3% | i =0,1,--- ,20}. n

3.3 On the Linear Complexity of Binary Jacobi sequence®f
period pg

Definea Jacol sequence{s(t)} of period pg fort = 0,1,2,...,pg — 1, wherep < ¢

aredistinct odd primes as

(

0 ift=0 (mod pq)
0o if(5)(¢)=
s(t) =41 if 8 8 =1 (3.8)
0 ift#0 (modp)andt=0 (mod q)
(1 ift=0 (modp)andt#0 (mod q)

where(}%) is the Legendresymbd definedas

(a) B {1 if a is aquadaticresicdueof p

P —1 if a isaquadatic non+esidie of p.

The above definition is a dired genealization of binaly Legende sequencs in sucha
way thats(t) takes on 1 or 0 accordng to whethe the Jacol symbol(p%) = (%) (5)
takeson —1 or 1, ands(t) for othervaluesof ¢ is assgneda valuein the sameway as
the twin-prime sequ@ce is assgned a value for an index which are multiples of p or

q=p+2.
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In this sectbn, we deteminethe charateristic polynomialandthelinear complexity
of Jacolb sequence. Sincetwin prime segencesarespedal caseof Jacdi sequaces,
we alsodeteminethos of twin primesegience.

Let {s(t)} beaJacob sequenceof periad pq definedin (3.8), andlet R = {0 < i <

=113 () = oy - 053 711 (3 () =1
G(z) = s(0) + s(1)x + s(2)z® + --- + s(pg — 1)zPT L.

Thenfrom the definition of the Jacdi sequence, G(z) canberewritten by
qg—1
G(z) = le + sz.
iEN i=1
As we already observedin section 5.1, thereciprocal charaterigic poynomialof {s(t)}
is givenby

(zP1—1)/ ged(a™ — 1,G(x))
andthelinear compl«ity is
pq — deg(ged(a?? — 1, G(x))).

Lemma 3.3 Let 8 be a primitive pg-th root over GF(2™) thatis the splitting field of
zP4—1. ThenG(B") = G(B) forr € RandG(8") = G(B)+1forn € N. Furthermae,

G(B) € {0,1} if andonly if 2 € R.

Proof: Onecaneasily chek that(R, -) isagroupandrR = R,nR = N,rN = N and

nN = Rforarnyr € Randn € N. Thusforr € R,

qg—1 q—1
GB) =D B+ =) B+ pr=G(B). (3.9)
1EN =1 1EN =1
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Forn € N,

g—1 q—1
G =D Br+> AP = g+ p (3.10
tEN =1 1€ER =1

Sinceg is a primitive pg-th root of unity in GF(2™), P and 3¢ areprimitive g-th and

p-th root of unity respetively. Hencewe have

qg—1
> (B =1 (3.11)
.
> (B =1. (3.12
i=1
Obsening that
pg—1 g1

p—1
DB =GE) +GE)+ Y () + (B +1=0
1=0 =1 =1
from (3.9) and (3.10), we now know G(8") = G(B) + 1. The secondstatemet is a
conquerteof thefad thatG(8)? = G(8?) = G(B) if andonlyif 2 € R. |

Sincer € R andn € N arerelaively primeto pq, the above lemmagivesusinfor-

mationabat G(5*) where(i, pg) = 1. We now turnto the other casewhere(i, pq) # 1.

Lemma 3.4 Let 8 beaprimitive pg-th rootin GF(2™). Thenwe have

(0 if (d,pq) = pq
0 if (d,pq) =pandp=3,7 (mod 8)
G(BY) =<1 if(dpg) =pandp=1,5 (mod 8)
0 if (d,pg) =qandg=1,5 (mod 8)
(1 if (d,pg) =gandg=3,7 (mod 8)

Proof:
1. If (d,pq) = pgq, then

-1
G(ﬂd):G(n:ZH%}:WWA:O.

1EN =1
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2. If (d,pq) = p, thenwe canlet d = pk where(k, ¢q) = 1. Usingthefactthatboth

BP and Pk areprimitive g-th rootsof unity andRemark3.1, we obtain

G(BY = Gy = 3 ki 4 3 (g

iEN =1

q—1
— Z ﬂpi + Zﬁpi
i=1

1€EN

= p%l . <§(ﬁp)i) +1

p—1
=—"1+1
5 +

0 ifp=3,7 (mod8)

1 ifp=1,5 (mod8).
3. If (d,pq) = q,thenwe canletd = gl where(l,p) = 1. Thensimilarly,
g—1

G(B) = G(B™) = Y_ A" + > _(B")"

1EN =1

q—1
=Y B+ 1
i=1

1EN

q—1 = i
== (Z(ﬁq) )

i=1
-1 "

_J0 ifg=1,5 (mod 8)
|1 ifg=3,7 (mod 8).

Remark 3.1 Let RN = {0 < i < pq — 1 | (1-,) — 1 and (5) — 1} andNR =
0<i<pg—1] (5) — —1and (g) = 1}. ThenN = RN U NR. For ary

i € RN, thereareexactly (¢ — 1)/2 elements in RN sud thatthey areall congruent
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to 4« mod p andall distinct mod ¢. Similarly for ary 7+ € NR. Therebre, we have
Sien BPF =3y B = B5E S 1(8P)¢ in theproof of these@ndcaseof thelemma

above. [ ]

Remark 3.2 From Lemma3.3, we know that G(3%) = 0 if pg|d, which meansthat

z — 1is alwaysafacta of G(z).

Now we areread/ to detemine the charaterisic polynomial of Jacdi sequace
{s(t)} in (3.8). Consickr first the casewhere2 € R. FromLemma3.3, we have
G(B) = 0 or 1. Therefoe, withoutlossof geneality, we maylet G(3) = 0 by renamirg
B" asg if it isnecesary Forthiscasewhere2 € R, weassimethatg is aprimitivepg-th

root of unity suchthatG(8) = 0. We definethefoll owing polynomialk for corvenience:

Clearly(2,¢) = 1 andhence{"* | i = 1,2,...,q—1}and{B%** | i =1,2,...,q— 1}
arethe sameset. Therefae p(z) is the prodwct of minimal polynomials of #%,i =
1,2,...,q — 1. Similarly ¢(x) is the product of minimal polynomials of f%,i =
1,2,...,p — 1. Hencep(z) andq¢(z) are over GF(2) (All codficientsof p(z) and
g(z) arein GF(2)). If 2 € R, we know thatrR = R andrN = N from Lemma

3.3. Thenr(z) andn(z) arealsoprodwcts of someminimal polynomialsandherceover
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Table3.2: Linearcompleity of Jacdi sequences

p (mod 8) | ¢ (mod 8) f(z) L

Case.1l 1 1 p(z)n(z) (p+1)(g—1)/2
Case.2 1 7 p(@)g(z)n(z) | (p+1)(g+1)/2 -2
Case.3 3 3 q(z)n(z) (p—1)(g+1)/2
Case.4 3 5 n(x) (p—1)(g—-1)/2
Case.5 5 5 p(z)n(z) (p+1)(g—1)/2
Case.6 7 7 q(z)n(z) (p—1)(g+1)/2
Case.7 1 3 r(z)n(z)p(z)q(x) pg—1
Case.8 1 5 r(z)n(z)p(z) plg—1)
Case.9 3 7 r(z)n(z)q(z) qlp—1)
Case.10 5 7 r(z)n(z)p(z)q(z) pg—1

GF(2). Thefour polynomialsr(z), n(z), p(z), ¢(z) arefactas of 274 — 1 andthey do

not have ary commonfactor Actually,

27 — 1 = r(2)n(2)p(a)q() (@ - 1).

In the following theaem, we give the exad form of the charaterigic polynomial

andthelinear complity of Ja®mbi sequence usingthe lemmasdescibed previously.

Theorem 3.3 Let{s(¢)} bethesequaceof periodpg asdefinedin (3.8). Thenits recip-
rocal charaterisic polynomial f (z) andthelinearcomplexity L aregivenin Table3.2.

Herewe distinguish 10 casesaccadingto p,q = 1,3,5,7 (mod 8).

Proof: As written in the beginning of this secton, thereciprocal characterstic polyno-
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mial f(x) of Jacibisequenceof periad pq is givenby

Pl —1

flo) = ged(zP? — 1,G(x))

Therefae, whatis to be doneis just to find commonfacta of #7 — 1 andG(z). As
we already noted zP? — 1 = r(z)n(z)p(z)q(z)(z — 1) andz — 1 is alwaysa facta of
G(z). Thusz — 1| ged(zP? — 1, G(x)).

For thefirst 6 cases, 2 € R. Therefoe,Lemma3.3impliesthatG(5") = G(8) =0
andG(p") = 1forallr € Randn € N. Thisgivesged(r(z)n(x), G(z)) = r(z). For
theremainng 4 case, since2 ¢ R, we have ged(r(z)n(z), G(z)) = 1.

In order to deteminecommonfacta of p(z)g(z) andG(z), onecanusetheresut of
Lemma3.4. ConsitlerCasel for example In thiscasewe haveged(r(z)n(z), G(z)) =
r(z) becase2 € R. We alsohave ged(p(z)q(z)(z — 1), G(z)) = g(z)(z — 1) from
Lemma3.4,since G(B”) = 1for1 <i < qg—1,GB%) =0forl1 <i<p-—1,
andG(1) = 0. Therefae, we have ged(zP? — 1,G(z)) = (z — 1)g(z)r(z) andhene
f(z) = p(z)n(z). All theother casesanbeprovedin the similar manner

The linear complexity of a sequéceis the degree of its charaderistic polynomial.
Thuswe have to calcuate the degreesof r(z), n(z), p(z), g(x) to detaminethelinear
compleity of Jacob seqiences. The degrees of p(z) and ¢(z) areobviously ¢ — 1
andp — 1 respetively by definition. The degrees of r(z) andn(z) arethe sameasthe
cardnality of the set R and N resgectively. Recallthat R is a subgroupof {7 | 1 <
i < pg — 1,(i,pq) = 1} under multiplication and N is the only cosetof R. Thus
|R| = |[N| = (p — 1)(¢ — 1)/2, which s the degree of () andn(z). Finally, thelinear

compleity is obtanedby simpleaddtion. |
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Corollary 3.1 Thecase2,4,7and10 of Theorem3.3 coversthelinearcomplexity and
charaterigic polynomial of twin prime seqiences of period p(p + 2) wherebothp and

p + 2 areprime.

Remark 3.3 In this chager, we determinedthe charaterisic polynomial andthe lin-
earcompleity of Jacol sequ@cesincluding twin prime sequaces. In fact, Ding de-
terminal the linear compleity of twin prime sequecesandits genealization in [26].
After we finishedour work, we eventually found outthatDing haddonethe samething.
The methoalogies of two indepedentworks are almostsame. Readersanrefer [26]
on behaf of their information. Onecanfurther extend the definition (3.8) to periad pgr
wherep, g andr arethreedistinct primes It seemdo bechallengirg but we believe after
somecalcultionsonecandetemine the characterigic polynomialandhencethe linear

compleity of thesesequencesof periodpgr, whichwe omit herefor thefutureresearch.
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Chapter 4

Trace Representationof Hadamard
Seguencs

4.1 Intr oduction

As descibedin Chapte 2, the periads of all the known Hadamardsequencesbelong to

oneof the foll owing three types
I. N =4n —1isaprimenumbe.
II. N =p(p+ 2)isaproductof twin primes.
M. N=2'—1,fort=2,3,4,---.

In the caseof type lll, all the seqeencesfrom known constuction methals canberep-
resetied assumsof tracefunction. For examplke, anm-seqlenceof period 2" — 1 can
berepresentel astr (a') wherea is a primitive elementof GF(2™). In the caseof the
othe two types thereis no knowledge abaut the tracefunction representaion of the
seqgences The tracefunction repregntaton of a seqienceenalles usto geneatethe

sequencein moresysteanaticway. Eachterm(trace function) in therepresentsion corre
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spordsto a linear feedtack shift registe(LFSR) andconsquetly the sequeacecanbe
geneatedby a setof shortLFSRs instead of compargively long LFSR.We canusethe
setof LFSRsnotonly to obtain the seqencebut alsoto geneateother sequaceswhich
canbeusdl in othe partsof systen.

Therearethreeknown congructionmethalsin typel andll seqwencesLegendese-
guercesandHall’s sextic residie seqience belong to type | andtwin prime seqience
belong to type Il. In this chager, we give full descrption on the trace function rep-
resertation of Legende sequaces. Additionally, partial resultabou the tracefunction
representaion of Hall's sextic resduesequ@cesis presated. Actually, Mersenre prime
periad casefor LegendresequacesandHall’s sequacesarealready doneby J.-S.No,
et. al. in [11] and[14]. Someof our theoremsin this chager aregeneréized versiors of

No’sreslts.
4.2 Legendre sequences

Legende sequace{b(t)} of period p wherep is a primeis definedas[6, 9, 27]

1 ft=0 mod p
b(t) =< 0 if tisaquadatic residuemodyp (4.1)
1 if ¢ isaquadatic non+esidie modp

If p=—1 (mod 4), thecorresporling Legendresequaceis notonly balarcedbut also
hasoptimal autacorrdation property. Legendresequence of period p = 1 (mod 4)
do not have the ideal automrrelaion property. But their autacorrdation propety is still
good Themaximumamplitudeof out-of-phas auto®rrelaion valuesisjust 3. Here,we
give anexample which depidsthecondructionandautocarelaion propety of Legende

seqgwences
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11

R()

Figure4.1: Autocorrelaion function of Legendresequeceof period 11

Example 4.1 Legendre sequenceof period 11 = 3 (mod 4) :

2 is a primitive root

mod11 andthe powversof 2 mod11 aregivenby

i

01 2 3 4 5 6 7 89

2 (mod 11)

1 2 4 85 10 9 7 3 6

Fromthe definition of Legende seqlences,

01 2 3 45 6 7 8 9 10

101 00O01110 1

(%)

Legendre sequenceof period 13 =1 (mod 4) : 2 is aprimitive rootmod 13 andthe

powersof 2 mod 13 aregivenby

1 01 2 3 4

5 6 7 8 9 10 11

2 (mod13) |1 2 4 8 3

6 12 11 9 5 10 7

Fromthedefinition of Legende seqwences,

01 2 3 45

6 7 8 9 10 11 12

s@) 1 0100 1

1110 0 1 O
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R()

0 13

Figure4.2: Autocorrelaion function of Legendresequeceof period 13

In [27], the linear compleity of a Legende sequenceis detemined,which wasin
factalreadyfound in [28]. In [11], J.-S.No, et. al. have foundthetracerepresentéion of
Legende sequecesof Mersenne prime period. In this sectbn, we give a geneal trace
representaion of Lengende sequacesof ary prime periad. For this, we corsidertwo
sepaatecases Thefirst caseis whenthe period p of asequaceis +£1 (mod 8) andthe
secand caseis whenp = +3 (mod 8). Foraprimep = +1 (mod 8), theresut in this

sectbnis astraightforward genealization of theresut in [11].
4.3 Tracerepresentationof Legendre sequences

In this secton, we give the gereral tracerepre€ntaton of Legendresequacesof all
prime periods. Legende seqenceshave ided auto<orreltionif its period p = —1

(mod 4). So,they canbeclasdiedastwo familieswhethe their periodsare—1 (mod 4)
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orl (mod 4). In thesenseof linearcompleity, it is alittle bit different. Actually, they
are classfied accading that their periods are +£3 (mod 8) or 1 (mod 8). The fol-
lowing two subgctiors give the tracerepresentdions for the two families of Legende
seqeences

For corvenien@, we nedal the following lemma.

Lemma4.1 Let p be an odd prime andn be the order 2 mod p. Thenthere exists a

primitive root » modp suchthatu® -1/ = 2 (mod p).

Proof: Let g bea primitive root modp. For every divisor d of p — 1, define

(p—

1)
@ 1<i<p—2,(i,p—1) =1}

Aqg={(g")
Everyz € A, hasorderd andAy; N Ay = @ for d # d'. Furtheamore,

U Ad:{laZ"" 7p_2}'

djp—1
Thusonecansaythat2 € A,,, which provesthelemma. |

In the remairing of this secton, we usew as a primitive root mod p such that

uP~D/" =2 (mod p).
4.3.1 Whenp = +1 (mod 8)

In this subsetion, we considerthe casewherep = +1 (mod 8). In this case,note
that 2 is a quadatic resdue mod p, and hence 2 = 2 (mod p) for somez, and
20-1/2 = (£2)P-1/2 = zP~1 = 1 (mod p). Therefae, n, the order of 2 mod
p divides(p — 1)/2. Furthemore,if i = j (mod 1‘%1), thenwe have tr (B“) =
tr (5“%“”') =tr (ﬁQk“]) =tr (ﬂ“j) for any p-th root of unity 8 € GF(2"). All of

thesearesummarizedin thefollowing:
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Lemma4.2 Letp beaprimewith p = +1 (mod 8) and2 hasordern modp. Then,n
divides(p — 1)/2. If i = j (mod 1), thentr (ﬁ“) = tr (ﬁ“j) for any p-th root of

unity 8 € GF(2").

Theorem4.1 Letp beaprimewith p = £1 (mod 8), n bethe order of 2 modp, and
u beaprimitive root modp suchthatu®s = 2 (mod p). Then,there exists a primitive

p-throot of unity 8 in GF(2") suchthat

p=1_
2n 1

> w(p) =0 (4.2)
1=0

andfor suc s thefoll owing sequece{s(t) } for 0 < t < p—1istheLegendresequace
of peliod p :
-1 .
@ Z}:"O_l tr (ﬂ“mt) forp= -1 (mod 8),
s(t) = —1 .
14+ 5,7% (5“2””) forp=1 (mod 8).

Proof: Let~y beaprimitive p-th root of unity in GF(2") andcorsiderthefollowing:

27

e B =1 n—1 [Bt-1
Z tr (,yu%) n Z tr <(7u)u2z> _ . 1( Z (’yu% +’Yu%+l)> (4.3)

=0

Since2 = w1/ (mod p),

5]

~1

n-17, -1

_ ult

= (v
=0

=0 ¢
2

P

71j
n
)

= Y4 =1. (4.4)
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Sinceoneof thetwo summandin theleft-hand sideof (4.3)is 0 andtheotheris 1, either
B =~ or g = ~" is the primitive p-th root of unity satisfying (4.2).

Consicerthecasep = —1 (mod 8). SinceZ;* is odd,we have s(0) = 2% -1 = 1.

If tis aquadraticresduemodp, then

2

S(t) — 3(u2j) — nz: tr (IBUZ(H—J')) )

=0

p_1,1

Notethatasi runsfrom O to ”2;711 —1, both2s and2(: + 5) for ary j runthroughthesame
setof valuesmodulop%1 possibly in differentorde. By Lemma4.2and(4.2),therefore,

we have

p=1_
1

s(u¥) = Z tr (m’“) = s(1) = 0.

k=0
Similarly for ¢ a quadatic non-residue we have

p=1__
2n 1

S(t) — s(u2j+1) — Z tr (ﬁu2(i+j)+1>
=0

p=1_
2n 1

= Z tr (ﬂ“2k+1) = s(u).
k=0

Sinceg alsosatisfiegherelation givenfrom (4.3)upto (4.4),wehave s(1) + s(u) = 1
andconseguenty s(u) = 1, which provesthat{s(t)} is the Legendresequenceof period
p-

Let's carethe othe casep = 1 (mod 8). In this case(p — 1)/2 is even. Thatis,
s(0) =1+ 1%1 -1 = 1. If tisaquadatic residuemodp, then

p=1_
2n 1

s(t) = s(u¥) =1+ Z tr (5u2(¢+j)+1) _

1=0
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Similarly to thefirst case we have

Wy — 14 Z () =1+1=0

If ¢ is aquadraticnonresidue modp, then

p*l

S(t) :S( 2]+1 =1+ Z tr (Bu2(2+1+1))

Therefae we provedthetheaem. |

Example 4.2 The order of 2 mod 17 is 8 and a primitive root mod 17 is 6 suchthat
2 = 6(-1/8 = 62 (mod 17). Let o be a primitive elementof GF(2®) satisfying

Brat+rad+al+1=0. Letﬁ — o . Thenwe have

Z P(B™) = tri(8") =

1=0

ThelLegende sequace{s(t)} of period 17 is givenby
s(t) =1+ tri(6%).

Example 4.3 The order2 mod 127 is 7 and a primitive root mod 127 is 39 suchthat
= (39)%" = (39)" (mod 127). Let a bea primitive elemen of GF(27) satisfying

o + a* +1 = 0. Thenwe have

Z tri(a Ztr 921 =

ThelLegende sequace{s(t)} of period 127 is givenby

Z tr 92% Z tr 124 t
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4.3.2 Whenp = £3 (mod 8)

Now, we will take careof the othercasethatp = +3 (mod 8). We assumehatp > 3
in the remairing of this sectbnin orderto avoid certain triviality. We know thatthere
exists a primitive root u of GF(p) suchthatu?—1)/" = 2 from Lemma4.1. Since2 is
aquadatic non-residuemodp wherep = +£3 (mod 8), (p — 1)/n mustbe odd, which
impliesn is even. Therebre,we canlet 2" — 1 = 3pm for somepostive integerm. Let

a beaprimitiveelemenin GF(2"). Then,a?™ is aprimitive 3rd root of unity. Thatis,
o™ 4 o™ 41 = 0.

Fromtheabove equaton, we have

n—1 ) n/271 5: n
(@) = (&™) = 3 (@™ +a™) =21

Forp = £3 (mod 8), wealreadyknow that(p—1)/n is oddandn is even. Furthermoe
if p=3 (mod 8), n/2 mustbeoddbecasep — 1 =2 (mod 8). If p = —3 (mod 8),

n/2 is evenbecaisep — 1 =4 (mod 8). Therefoe, we corcludethat

tr (0?™) 1 forp=3 (mod 8) 4.5)
aP™) = :
0 forp=-3 (mod 8)

All of these aresummarize in thefollowing:

Lemma4.3 Letp > 3 beaprimewith p = £3 (mod 8), let n bethe order of 2 mod
p, a beaprimitive elemen of GF'(2"), and2"™ — 1 = 3pm. Then,tr (a#™) is givenas

(4.5).

Theorem4.2 Letp > 3 beaprimewith p = +3 (mod 8), n be the orderof 2 mod

p, andu be a primitive root mod p suchthatu®s = 2 (mod p). Let2™ — 1 = 3pm
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for somem, and 8 be a primitive p-th root of unity in GF(2*). Then,there exists a

primitive element « in GF'(2™) suchtha

p_1,1
n

Yoo ((apm)?ﬂ“") —0, (4.6)

i=0
andthefollowing sequence{s(¢)} for 0 < t < p— 1 istheLegendresequaceof periad
" el i ot

5 = it _tlr ((apm)Q (8 )t) | forp=3 (mod 8),
" 1+ Z::Toil tr ((0‘2pm)21 (,Buz)t) forp=-3 (mod 8).
Proof: Let~y beaprimitive elemenin GF'(2"). Then

10—171 10—171 10—171
n n n

> (o et )+ 0w (e = 3w (e

(4.7)

=) gk=1. (4.8)
k=1

Therefae, either « = v or & = +? is the primitive elementsatidying (4.6). We would

like to notethatfor sucha we have

p—1_4
n

Yo ((oﬁpm)?ﬂ“") — 1. (4.9)

1=0
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Consicerthecasep = 3 (mod 8). Since(p — 1)/n is odd, by Lemma4.3,we have

Sincea?™ = o*P™,

p=1_q
n

= > (@ ("))
1=0
= 1.

DefineX; ; as

i+2j e .
aPm BT if s even,

it
Xi = OlmeZ,Bul = i+27 e ..
" a2Pm et it s odd

If ¢ is aquadraticresduemodp, then

Il
—
=

—_~
24
<.
|
=
S—

= s(u?U-).

Therefae, we have s(u?) = s(1) = 0 for all j. Similarly, s(u?*1) = 5(2) = 1 for
all 5. Therefae,{s(¢)} for0 < t < p — 1 istheLegendreseqiencegivenin (4.1). The

othe casewherep = —3 (mod 8) canbeprovedsimilarly. [ |
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Example 4.4 Theorde of 2 mod43 is 14 anda primitive root mod 43 is 20 suchthat
2 = 20=D/m = 20% (mod 43). Let a bea primitive elemen of GF(2'*) satisfying

al*+ a® + o® + a+ 1 = 0. Thenwe have

=1
Z tr ((apm 2lﬁu) ZtrM 5461 215201) 0.
i=0
The Legende sequaceof period 43 is givenby
sy= Y tr ((apm) B t) = 3" trld((aP01)2 g20't)
i=0 i=0

Example 4.5 The orderof 2 mod 13 is 12 anda primitive root mod 13 is 2 suchthat
2 = 2(—=1)/n — 2. et a beaprimitive elemenif GF(2'?) satidying o!? + of + a* +
a+ 1= 0. Thenwe have

p=1_1q
n

>t ((@m)? ) = tri2(a¥%) = 0.

1=0

ThelLegende sequaceof periad 13 is givenby
s(t) = Z tr ((apm)ziﬂuit> — 112(o1365 31

1=0

4.3.3 SomeRemarks

The linear compleity andthe charateridic polynomial of Legende sequenceswere
already deteminedin [27] and[28]. Nonethdess,we would like to notethatthe char-

acteistic polynomial andthe linear complkxity of Legendresequecesof period p can
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alsobe obtanedfrom thetracerepresentéionsin the previous secton asfollowing:

Case Char Polynomid | Linear Compleity
p=-1 (mod8) Q(x) (p—1)/2
p=1 (mod 8) (z+1)N(z) (p+1)/2
p=3 (mod8) | («P+1)/(x+1) p—1
p=-—3 (mod 8) zP +1 P

Here,Q(z) = Micqr(z + B*) andN (z) = e nr(z + B°) WwhereQR and N R arethe
setof quadatic residuesandnon-residiesmodp, respetively, and g is a primitive p-th
root of unity satisfying (4.2). Assumethat 2 is a quadatic resduemodyp. Then,both
A" and % are quadratic resiclie or otherwise both of them are quadatic norresidte.
Therefae Q(z) and N(z) are productsof minimal polynomialsof #’s. Since?2 is a
quadatic resduemodp for p = +1 (mod 8), one canassue that the chaacterstic

polynomials@(z) and(z + 1) N (z) arebinary polynomials.

4.4 Trace function representationof Hall' s sexticresiduese-
quences

A Hall's sextic residue sequ@ceexists only if the period p is aprimewith p = 44 + 27
from somepositive integerv. Suchaprimeis 7 (mod 8) or3 (mod 8) accading that
v is evenor odd As alrealy shavn in Chapter3, thelinear compkxity of Hall's sextic
resicdue sequaceof periodp is 1 + (p — 1)/6 or p, which is detaminedby whetter p
is 7 (mod 8) or 3 (mod 8). Conseuenty, the tracefunction repregntatonsare also
differentaccading to thevalue p (mod 8). In this sectim, thecasep = 7 (mod 8) is
investigatedthecasep = 1 (mod 8) remairs unsoled.

Let n bethe orde of 2 modp andg be a primitive root modp. If p = 7 (mod 8),
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then2 € C, from P8in Lemma3.1. Thus2 = ¢% for somei. Then

Sincen is the orderof 2 modp, n | ’%1. Let u be a primitive root mod p such that

3 = u%*! (mod p) for somei, thatis, 3 € C;.

Lemma4.4 Letp beaprimewith p = 7 (mod 8). Let n bethe orderof 2 modp and
H bethecyclic subgoupof Cy gengatedby 2. Then,for any primitive root v modp

p—1__
6n 1

C(): U UGiH
=0

whereu® H is acosetof H in Cy.

Proof: Sincep = 7 (mod 8), 2 € Cy. ThenH is clearly a subgoup of Gy andthere

areexactly”ﬁ;n1 cosds of H in Cy. Thus,it sufficesto shaw that
: , -1
WHA49H foralli,j, 0<j<i< p6—. (4.10
n
Assumeu®H = uSH. ThenuS(—)H = H, which implies u¢=7) = 2% (mod p).

Since2 = "= for someinteger I,

p—1

w809 = 4" % (mod p). (4.1

Let's consier the range of the exporents of two sidesin the above equdion. First,

0 <i—j < 2t andherce0 < 6(i — j) < ZL. Ontheright hard side,we canlet
; p=1 —1 -1

0 < Ik <msineeu = hasorde n modp. Thus?— < P—Ik < p — 1. Consegentl,

thetwo sidesin (4.11)camot bethe samemodp, which proves(4.10).
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Lemma4.5 Let p beaprimewith p = 7 (mod 8), n be the orderof 2 modp andu
be a primitive root mod p such that3 € C;. Then,for ary primitive p-th root of unity

B € GF(2"), B satisfies

p=1_
6n 1

> (8) = o)

i=0
wheretr(-) is atrace function from GF(2") to GF(2).

Proof:
T Tom ~In=1
61 61 j
IRICOED D
i=0 i=0 ;=0
p—1

6

1
=) A" (from Lemmad.4)
i=0

= Co(p)

Theorem 4.3 Let {s(¢)} bethe Hall's sextic resicdue sequenceof period p with p = 7
(mod 8) and

S(z) =s(0) +s(1)z + -+ s(p—1)zP~L.
Let n betheorderof 2 modp, u bea primitive root modp suc that3 € C; andg bea

primitive p-th root of unity in GF(2") suchtha S(3~!) = 1. Then

p=l_g
sy =1+ Y tr (5“6").
=0

p_1_ %
Proof: Lets'(t) = 1+ >, tr (ﬂ“6 ) Thenfrom Lemma4.5, we have §'(t) =

1+ Co(BY). In orderto prove thats(t) = (), we have to prove

S,(t)— 1 ifteCyuCiUCs
" 10 othemwise
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wheret =0,1,...,p — 1. Clearlys’(0) =1+ Cp(1) =0 sinoe”ﬁ;n1 is odd. Recallthat

Co(B) = Cy(B) wherei € C;. Sinces'(t) = 1 + Cy(3?), it suficesto shaw that

Co(B) = C1(B) = C5(B) =0 and

Ca(B) = Cu(B) = C5(B) = 1.

It canbe proved by recansideing the prodf of Theoren 3.1. What have to be noted is
that 5 in this theaemis the inverseof thatin Theorem3.1. In the prodf of Theorem
3.1, we shaved that C1(B~!) = C4(B) = 1 andCy(B~') = C1(B) = 0. Since
S((B™H3) =0=Co(B7Y) + 1, Ca(B71) = C5(B) = 1 andsimilardy C»(8) = 1. The
othe two valuesCy (8) andCs(8) canbedetaminedas0 by thefactthat S((51)%") =

S((B7)¥) = 0. u

Example 4.6 3 is aprimitiverootmod127 suchthat 3 € C; andthe orderof 2 mod127
is 7. Let 8 beaprimitive elementin GF(2") satsfying 57 + 841 = 0. Thenit is eay
to check that

5(18_1) = CO(,B_I) + Cl(ﬁ_l) + Cg(,@_l) =1.

Thenby Theoran 4.3,the Hall's sextic residuesequaceof period 127 is given by

sty =1+tr (B +tr (ﬁ36t) Lt (,3312t)

=1+1tr (8) +tr (B°") +tr (B™).
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Chapter 5

Conclusion

5.1 Summary

In this thess, Hadamardsequ@&cesandtheir properties(the linear compleity andthe
tracerepresenttion) areinvedigated All known Hadamardsequ@éceshave periads of
the following threetypes (1)N = 4k — 1 is a prime number(2)N = p(p + 2) isa
product of twim primes(3)N = 2™ — 1, form = 2,3,4,.... It is conecturedtha if a
Hadamardsequeceexists, the period N of the Hadamardsequencemustbelorgy to one
of thethree types above. In [6, 7], the conjectureis confirmedupto N < 10000, except
for thethefollowing 17 cases 1295,1599,1935, 3135, 3439, 4355, 4623, 5775, 73%,
7743 8227, 8463 8591, 8835 9135 9215 9423 In chaper 2, we confirmedthatthere
areno Hadamad sequecesof peliods 1295, 1599, 1935, 3135.

In chager 3, linear compleity of Hadamardsequencesis investigatel. we deter-
mined the linear complexity of Hall's sextic residie sequacesand Jacolh seqience
including twin primesequaces.As aresut, thelinearcompleities of all Hadamardse-

guerceswhich canbe madeby known congruction methalsweredetemined. A Hall’s
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sextic resduesequaceof period p hasthefoll owing linear comlexity.

15 ifp=7 (mods)
Ay ifp=3 (mod 8)

The linear complity of Jacdi sequaécesof period pg canbe classfied as 10 cases
accading to p (mod 8) andg (mod 8), which are given in Table 3.2. Twin prime
sequenceof periad p(p + 2) aregivenby

pidp-t if p="7 (mod 8)
L={ed if p=3 (mod 8)
plp+2)—1 ifp=1 (mod8)orp=>5 (mod 8)

whichis the spedal caseof Jacol seqiences.

In chager 4, trace representtion of Hadamardsequeceswasinvestigated First, we
gavedageneal tracerepresentaion of Legendresequencesof all periods. Thereis close
relaion betweenthetrace representéion andlinear complexity of a binary sequace. If
thelinearcompkexities of two binary seqiences differ, thetracerepresentaions of those
seqencediffer tooandvice versa.We detaminedthelinear compleity of Hall’'s sextic
residue sequence in chager 3. As the linear compleity hasdifferentform with reped
to thevalueof p (mod 8), there may betwo formsin the tracerepresentaion of Hall's

sextic residuesequaces.we gave oneof them,thecaseof p = 7 (mod 8).
5.2 Future Directionsand Open Problems

Throudhout this paper we invedigatedthe existerce and the properties of Hadamad

seqences In thefuturereseach, we will studythefoll owing unsolved probems.

1. As already mentiored, all known Hadamardsequ@ceshave periods of the three
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types. Then,is it true that a Hadamardsequenceexists only if the period of the

seqlencebelong to oneof thethreetypes?

. The conjecturehave beenconfirmedup to 1000 except the 13 cases. Is it also
true for the remainirg 13 cages? For the smalle$ case 3439, how canwe find a

multiplier?

. Oneof themostpopular Hadamardequenceds m-sequaces.m-seqience have
periodsof 2™ —1 wherem = 2, 3,4, . ... Hadamargeqenceof period 2™ —1 are
frequently usedin mary applicatiors. Sofar, All Hadamardseqencesof period
2™ — 1 arefoundby exhaustve seart upto m = 10. Thenext case2'! — 1 shoul

bedone

. In chapte 4, we deteminedthe trace represenation of Legende sequeacesand
Hall's sextic residue sequ@ces. But, we could not find the tracereprenation of
Hall's sextic resddue sequacesof period p = 3 (mod 8). Furthemore,we are

alsointerestedin thetracerepresenttion of twin prime sequeéces.

. Thereseemdo beno clea similarities in the threeforms of petiods of Hadamad
seqlences Canwe explain why they exist only for the three types of periods?Or

canwe find a commonexpressionfor all Hadamardseqgence®
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