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The literature on latin squares goes back at least 300 years to the monograph Koo-
Soo-Ryak by Choi Seok-Jeong (1646-1715); he uses orthogonal latin squares of
order 9 to construct a magic square and notes that he cannot find orthogonal latin
squares of order 10.
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2 Design Theory: Antiquity to 1950

IAN ANDERSON

The page of the book (2007) CHARLES J. COLBOURN

JEFFREY H. DINITZ

ShOWing Choi’s POLS of order 9 TERRY S. GRIGGS

Those who do not read and understand history are doomed to repeat it. (Harry Truman)

At the time of writing, every passing year sees the addition of more than five
hundred new published papers on combinatorial designs and likely thousands more
employing the results and techniques of combinatorial design theory. The roots of
modern design theory are diverse and often unexpected. Here a brief history is given.
It is intended to provide first steps in tracing the evolution of ideas in the field.

The literature on latin squares goes back at least 300 years to the monograph
Koo-Soo-Ryak by Choi Seok-Jeong (1646-1715); he uses orthogonal Tatin squares of
order 9 to construct a magic square and notes that he cannot find orthogonal latin
squares of order 10. It is unlikely that this was the first appearance of latin squares.
Ahrens [68] remarks that latin square amulets go back to medieval Islam (¢1200), and
a magic square of al-Buni, ¢ 1200, indicates knowledge of two 4 x 4 orthogonal latin
squares. In 1723, a new edition of Ozanam’s four-volume treatise [1712] presented a
card puzzle that is equivalent to finding two orthogonal latin squares of order 4. Then
in 1776, Euler presented a paper (De Quadratis Magicis) to the Academy of Sciences
in St. Petersburg in which he again constructed magic squares of orders 3, 4, and
5 from orthogonal latin squares. He posed the question for order 6, now known as
Euler’s 36 Officers Problem. Euler was unable to find a solution and wrote a more
extensive paper [798] in 1779/1782. He conjectured that no solution exists for order
6. Indeed he conjectured further that there exist orthogonal latin squares of all orders
n except when n =2 (mod 4):

et je n'ai pas hésité d'en conclure qu'on ne saurait produire aucun quarré complet de 36
cases, et que la méme impossibilité s'étende aux cas de n = 10, n = 14 et en général a tous
les nombres impairement pairs.



The page of the book (2007)

showing
Choi’s birth place and year.

1.2.1 A Timeline 21

2.1 A Timeline

A very brief list of biographical data about the main contributors mentioned is given:
only name, year and place of birth, and year and place of death, are given.

Name Years Birthplace Place of Death
Ozanam, Jacques 1640-1717 Bouligneux Paris

Chol Seok-Jeong 1646-1715 Korea Korea

Euler, Leonhard 1707-1783 Basel St Petersburg
Cretté de Palluel, Francois 1741-1798 Drancy-les-Noues  Dugny, France
Steiner, Jakob 1796-1863 Utzenstorf Bern

Pliicker, Julius 18011868 Elberfeld Bonn
Kirkman, Thomas Penyngton 18061895 Bolton Bowden, UK
Peirce, Benjamin 1809-1880 Salem MA Cambridge MA
Woolhouse, Wesley Stoker Barker  1809-1893 North Shields London
Anstice, Robert Richard 1813-1853 Madeley Wigginton, UK
Sylvester, James Joseph 1814-1897 London London

16
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2011

H.-Y. Song, “Choi's orthogonal
Latin Squares is at least 67 years
earlier than Euler's,” 2008 Global
KMS International Conference,
2008. 10. JEJU ICC, KOREA.

>

S22, "Choi's orthogonal Latin
Squares is at least 61 years
earlier than Euler's,” AZLCHgtd
2|t R e ¢, 2011 33
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The literature on latin squares goes back at least 300 years to the monograph Koo-
Soo-Ryak by Choi Seok-Jeong (1646—1715); he uses orthogonal latin squares of

order 9 to construct a magic square and notes that he cannot find orthogonal latin
squares of order 10.
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A magic square of order n with magic constant d is
an n x n array of n? integers such that
1. Every row-sum is d
2. Every column-sum is d
3. LR diagonal-sum is d
4. RL diagonal-sum is d.

Lo Shu [#&E] (HA])
A semi-magic square satisfies only ok BC 65044
the conditions 1 and 2 above.

A normal magic square has entries
1,2,...n°%

There have been lots of ways to generalize the magic squares:

magic circles, magic cubes, magic graphs, magic series, magic tesseracts,
magic hexagons, magic diamonds, magic domino tilings, magic stars,
bimagic squares, trimagic squares, etc. 21



Magic square of order 4 (non-normal)

S. Ramanujan (1887 - 1920, India)

22

12

18

87

21

84

32

2

92

16

7

24

4

27

82

26

Magic constant = 139

< His birthday !
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A Latin Square of order nis an n x n array of n different
symbols such that each row and each column is a permutation

of these n symbols.
2 1) 2 3 D2 3@
3 8 2
4 1
oo

1

02| 701
3 1| (3 T(2

® Diagonal latin square has/a diagonal which is also a permutation of n

symbols.

® Double-Diagonal latin square has both diagonals which are permutation
of n symbols.
® Symmetric latin square is a symmetric matrix along the main diagonal

Two latin squares A=(ay) and B=(bU-) of order n are called
a pair of orthogonal latin squares (POLS, or a graeco-
latin square, or an Euler square) of order n if the n?

ordered pairs (ayby) are all distinct for 1<ij<n.

N =
N

N R DN W
RN WD

N wWwN R
wpbhEFELDN

In this case, we say that A is orthogonal to B or vice versa.



Euler’s 36 officers Problem (1776/1782)
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Euler’s 36 officers Problem (1776/1782)

———————— |
e

~

9 officers (toy) problem ?
- YES, a solutlon exists.

(1) 2\

pr—

ot

éﬁ

o

3@

5

73

A

B

A Latin square of order n has an orthogonal mate

if and only if

It can be decomposed into n disjoint transversals.

25
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Euler further conjectured that
there do not exist POLS of
orders 4k+2 for ALLk =1, 2,
3,4, ...

It turns out that no POLS of
order 6 exists.

It turns out HOWEVER that
there exists a POLS of all
the other remaining
orders of the form 4k+2
for k2 2.

Euler, L., Recherches sur une nouvelle espece de
quarres magiques (1776/1782).

Tarry, G. "Le probleme de 36 officiers."
Compte Rendu de I'Assoc. Frangais Avanc. Sci. Naturel
1, 122-123, 1900.

Parker, E. T. "Orthogonal Latin Squares."
Not. Amer. Math. Soc. 6, 276, 1959.

Bose, R. C,; Shrikhande, S. S.; and Parker, E. T.
"Further Results on the Construction of Mutually

Orthogonal Latin Squares and the Falsity of Euler's
Conjecture.” Canad. J. Math. 12, 189, 1960.
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Application I:

France — late 19t
not exactly of this form

USA - 1979 by Dell
Magazines as Number
Place (the earliest known

examples of modern
Sudoku).

Japan - 1984
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Application II: O| S EMA|AHIO| X' EdAC

Dae-Son Kim, Hyun-Young Oh, and Hong-Yeop Song,

"Collision-free Interleaver composed of a Latin Square Matrix
for Parallel-architecture Turbo Codes,"

IEEE Communications Letters,

vol. 12, Issue 3, pp. 203-205, March 2008.

Each decoder takes the noisy data and respective parity infor-
mation and computes how confident it is about cach decoded
The original data bits plus the two strings of parity bits are combined bit. The two h this i
into a single block and then sent over the channel, where noise can repeatedly, and after a number of iterations, typically four to

cause errors in the transmission. 10, they begin to agree on all decoded bits.

HOW TURBO CODES WORK
Turbo codes use two encoders
e | IIiTol T [T T1[olo] |
at the receiver. With this divide-and-conquer : Data bits Parity bits

approach, turbo codes outperform
all previous error-correction codes.

j 101

The decoded data is the sum
of the noisy data plus the
two final strings of confi~
dence values. The output is
converted back to binary dig-
its. Note that the fifth bit
now has the correct value.

c]l“lo'—'—

Data bits enter the
transmitter and are
copied to ENCODER | and
ENCODER 2. Before
entering ENCODER 2, the
data bits are scrambled
by the INTERLEAVER.

Each encoder generates a string of
error-correction bits (parity bits) by
perfoming a series of calculations on
the data bits it receives.

The received analog signal is sampled and igned integers indicating how likely
itis that a bitis a O or a |. For example, -7 ffeans the bit is almost certainly a O;

+7 means it is almost certainly a I. Note tiift an error occurred in the fifth bit in
the block: originally a I, it now has a negffive value, which suggests a logical 0.

IINTERLEAVER — PARALLELIZE??

29



Application III:

Kichul Kim and Viktor K. Prasanna,

“Latin Squares for Parallel Array Access,"

IEEE Transactions and Parallel and Distributed Systems,

vol. 4, Issue 4, pp. 361-370, April 1993.
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Italian > Latin

Tuscan > Roman

Tuscan-2

Tuscan-3

v

Tuscan-(n-2) Y

Florentine Vatican

Y

Hong-Yeop Song, "Total Number of
Tuscan Squares of order n," The R. C.
Bose Memorial Conference on
Statistical Design and related
Combinatorics, Colorado State University,
in Fort Collins, Colorado, June 7-11,
1995.

Hong-Yeop Song and Jeffrey H. Dinitz,
"Tuscan Squares," Part IV, Chapter 48 of
CRC Handbook of Combinatorial
Designs, edited by Charles J. Colbourn
and Jeffrey H. Dinitz, CRC Press, pp. 480-
484, 1996.



http://www.emba.uvm.edu/~dinitz/contents.html
http://www.emba.uvm.edu/~dinitz/contents.html
http://www.emba.uvm.edu/~dinitz/contents.html
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Proof of the constant row-sums and column-sums:
any rowsum =n>» (p—1)+> q= any column sum
p q

Question: What about the diagonal sums?
Will it work for ANY pair of orthogonal Latin squares of order,n ?



Consider, for example, the earlier example of POLS of order 4.

1 2 3 4 We call it a canonical map

R 1 16 |11 |16
3 4 1 2 1/ 22 3 3 4 4 4p-1)+q

4 3 2 1 » 14 4/ 3 2 » 7 4 13 10
/2 3 4 43 12 2 12 |15 | 2 | 5
3 4 1 2 3, 2 .

4 3 2 |/ Y 14| o A Z
2 | 4 3

column-sum = row-sum = 34 = magic constant
LR-diagonal-sum = 1+4+2+3 = 10
RL-diagonal-sum = 13+14+15+16 = 58

The above shows that the canonical map

NOT ALWAYS constructs a magic square

from a POLS.

Theorem [CD]: For any given pair of orthogonal Latin squares of order n, one can construct a (normal)
semi-magic square of order n (by the canonical map).

It will be magic if either
1. Both diagonals are transversals in both Latin squares (called double-diagonal latin squares), or
2. n=odd and two of the four diagonals of the squares are constant and equal to (n+1)/2. 35
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diagonals of the squares are constant
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C

hoi's POLS of order 9

(1715, KOO-SOO-RYAK)

for magic square

56/4/89/7/2/3/1/:/1/3/2/7/9/8/4/6/5
4/5/6|7/8/9/1/23:3/2/1/9/8 7654
64/5978312:21/38709546
2/3/1/564/897:798460513?2
123/456789:987654321
312645978:879546213
8/9/7/23156/4:4/65]/132798
7/8/9]12/3/4/56:/65/43/21]/987
9/7/813/1/2/645:/54/6/213/879
palindromic
air

® NOT Sudoku
® Leads to a magic square
by the canonical map

Kim and Prasanna’s POLS of order 9
(1993, IEEE Trans PD.S)
for parallel access

12345678

345678012
678012345
201534867
5341867201
86720%t534
120453786
453786120

786120453,‘

4 Sudoku

symmetric
air

036258147
1470362538
258147036
360582471
471360582
582471360
603825714
714603825
825714603

- All the 3 x 3 window sum is
equal to the magic constant.

€ Leads to a magic square
by the canonical map
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PROOF that
Choi’'s and K&P’s are not essentially different

Start with this (CHOI)

Row permutation:

00| N[ LN IS | | O] O] M)
N~ | <t O m| oo AN L)
O O M| oo | LN IN| | <+
LN[ 00| AN <t S| | on| WO O
<t~ —| | ©| O 0| co|
| O| O] n| oo | <t| I~
AN Lh| o0 | <t| N O] M| O
| <t| N O] | Y] | Ln| oo
O| | O] | LN| oof | < IS
O N[ | Y[ oo N[ [ 10 <
N[ | Of oo N[ ©Of Ln| <t | ey
— O/ NI O] oof <t/ ™M

doo7354_nwjhla_
0| IS O LN <t | N[ — O
N[O oo | | L] —| O N
N[ LN S| O] N| | ©f 00| I~
LN <t on| N[ | O 00| N[ O
<t| | | | O] | N[ ©O| o0
— | NN~ [0 oo] <[ O N
M| N[O 0| N[O | <
N[ | mjoo| N O N | ©
NIoY oot O] m| AN
L [ClM I B
OISO T O H | M
<O [N~ 00
O N[t | | o] oo| IS
LN <t O | m] oo N[ o

Symbol substitution:

End up with this (K&P)

1—-20

.._||w
_nlun
> 2

Q
=
C O
> >N
O —=
C ©

~ C
S0

(0p)]
< on
—
— O\ ™M
T 117
AN N <

5 — 4
6—5

7 — 6
8 — 7
9328
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=H 29

o I 1
A2 MZISH 2402 XK LM YUS. U= OrEIS BHE 7| 9s) Of
=

za
Jj]_E|.I_||:||-7(|% Colsi 2

— H AX O

139 @M =Mo| Z|HF0] 9Xt XUt U TS TS 0AM 0]
A5 C=E 7150 AUS
=2t (MANZE|EZS| =F2 1993 I =& (KAIST st ul <)
® O|E G Gl x| EHE 2007H =7H=l "Handbook of Combinatorial
Designs” 2"d ed., Chapman Hall & CRC

o 20131, ST WB7|& Folo MY ANY AY (M =4 55)
Z[7d9| 9xt X uctElgEe| 544

® construct a magic square of order 9 using the canonical map

® symmetry

® NOT essentially different with those by Kim & Prasanna (1993)

BpEILEl/X DaLEIg o) 88

- O dE/ AT A

* OlSE48 IR 1A What's next ?
- EXTETERE
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