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Main Results in this Talk:

e We propose NEW families of
» p-ary polyphase sequences of period N = p? with

(1) perfect autocorrelation, zero, for all out-of-phases
(2) optimal cross-correlation property p = VN, forall phases

e To do this, we introduce:
> The Fermat-quotient sequence, in p X p square array form

> Perfectness from the properties in the array form

YV V V

Generator: representing the structure of associated sequences
Conditions on the generators for perfectness and optimality
Construction of generators that directly indicates optimal families
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Autocorrelation of a Sequence

N-1
C(S, m, T) = z (A)S(l+T)_m(l) Complex primitive

=0 p-th root of unity

N is the period of the sequences =&
Correlation of s m atr/' Both are p-ary sequences

o If s=m, we call C(s,m,7) = C(s,7) as autocorrelation of s at

e Perfectness of periodic autocorrelation

> Ifabinary sequence s = (0,0,0,1) is periodic with period N = 4, then
Cs,1)=w"4+ 0" %+ %+’ 1=1+1-1-1=0
> Also,C(s,2) =C(s,3) =0

o IfC(s,7)=0forall0<t< N, wecall sasa

s is perfect

Perfect Sequence

Communication Signal Design Lab
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Correlation of Two Sequences

e Sarwate bound for perfect sequences

> Ifu and v are both perfect sequences of period N, then
max |C(u,v,7)| = VN

<T<N
0st< Theoretical lower bound of
cross-correlation
e Sequence pair u,v

> Ifu, v are perfect sequences of period N for all i and satisfies
max |C(u,v,7)| = VN

0<t<N

- x Optimal:
Optimal Pair

e Sequence family F = {s{,5,,83, ..., Sy}
> If s;,s; are optimal pairs for all i and j # i, then we call ¥ as an

Optimal Family

then we call u, v as an

F is optimal

Communication Signal Design Lab


http://coding.yonsei.ac.kr/

Previous Result: Frank-Zadoff

e Frank-Zadoff sequence: z(t) = (t — n E‘ + 1) E + 1‘

> m-ary sequence of period N = n?

> n X n array form of sequence

z(0) z(1) z(2)
z(n) z(n+1) z(n+2)

z = z(2n) z2n+1) z(2n+1)

Lz((n - Dn) z((n— i)n +1) z((n- i)n +2)

z(n—1) 7

- z(2n—1)
- z(3n—-1)

z(n? _ 1) |

1 2 3 - n
2 4 6 - 2n

=13 6 9 - 3n| (modn)
n 2n 3n - n?

> Perfect sequence (Frank and Zadoff, 1962)

> F ={z,22,3z,...,(n — 1)z} where n is a prime is an

optimal family (Suehiro, 1988)
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Fermat-quotient Sequence

e Fermat Little Theorem

> If pis a prime, for any nonzero integer a < p,
aP"l = 1modp

e Fermat-quotient
tP~1 -1

Q(t) £

> is always an integer for t # 0 mod p

e Fermat-quotient sequence q = {q(0),q(1), ...}

Q(t) modp ift+O0modp
q(t) =
0 otherwise
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Examples of FQS

e p=54=1{0,0311]0,4,0,42/0,3,223/0,2,4,0,4,01,1,3,0)

S
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pXp
Array form
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Examples of FQS

e p=7
e ¢q=1{00,21646,1,0,6,51,2,3,2,0,5,1,3,0,0,3,0,4,4,5,
54,4,0,3,0,0,3,1,50,2,3,2,1,5,6,0,1,6,4,6, 2, 0}
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1.q(t) =q@?+t)forallt =0,1,2, ...

2. q(tutl) = q(t) £ q(u) forall t,u # 0 (mod p)
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q(t) = q(p?+t)forallt =0,1,2, ...




q(t) = q(p?+t)forallt =0,1,2, ...
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q(tutl) = q(t) + q(u) forall t,u # 0 (mod p)




q(tu®l) = q(t) + q(u) forallt = 0,1,2, ...and u # 0 (mod p)

e p=7
0 0 2 6 4 6 17
O 6 5 1 2 3 2
O 51 3 0 0 3
q=10 4 4 5 5 4 4
O 3 0 0 3 1 5
0 2 3 2 1 5 6
0 1 6 4 6 2 0
u=3
q(3) = 6 = —1. Therefore,
t = 1,2,3,4,5,6, 8,9,10,11,12,13, 15,16, ...
q(t)= 026461 651232 51 ..
q3t)= 615350 540121 40 ..
omm atio 1 Design

12
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Third Property of FQS

> q(t + kp) =q(t)—§ fort # O mod p

0 q(1) 4 q(2) ) qip — 1)
1 1
0 q(1) -1 CI(Z)—E Q(p—l)—pj
2 2
q={0 q(1)-2 q2)—5 | alp- 1). p— (mod p)
| ) e-D| @-D
0 g-Gp-1 q\(Z) 2 q(p — 1) m—

> Each column (except for the left-most) is balanced

Every symbol appears exactly the same
time in each column
except for the left-most column

14
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First Theorem

Theorem 1-1: q is perfect

> p-ary sequence of period p?

Theorem 1-2: F(q) = {q,2q,3q,...,(p — 1)q} is optimal

> mgq is a sequence from q with all the symbols are multiplied by m

e Example: p =5, F(q) = {q,2q,3q,4q}

q =(0,0,3,11,04,0,4,2,0,3,2,2,3,0,2,4,0,4,0,1,1,3,0)
2q = (0,0,1,2,2,0,3,0,3,4,0,1,4,4,1,0,4,3,0,3,0,2,2,1,0)
3q = (0,0,4,3,3,0,2,0,2,1,0,4,1,1,4,0,1,2,0,2,0,3,3,4,0)
4q = (0,0,2,4,4,0,1,0,1,3,0,2,3,3,2,0,3,1,0,1,0,4,4,2,0)

15
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Difference Sequence

e Define dg, as a difference sequence of s by t as:
ds(t) =s(t+ 1) —s(t)

e If dg, is balanced for all T # 0 mod N, then s is perfect
> C(s,7) =Y wstD=s() = 3 dsz(0)
> Sum of all vertex vectors of a regular polygon

A

16
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RC-Balancedness

e p X p array form of d, for p-ary sequence s of period p?
y , y s€q P

de(0) [ de (1) ) dy(2) o dg(p—1)]
ds,r(p) ds,r(p + 1) ds,r(p + 2) ds,r (Zp — 1)

ds,‘r = ds,r(zp) ds,‘r(zp + 1) ds,‘r(zp + 2) ds,‘r(gp - 1) (mOd n)
doe(@ = DP) el —Dp+ 1) dee(@—Dp+2) -~ dyelp?— 1))

e If (1) each column of dg, is balanced for all t # 0 mod p and (2) each
row of dg; is balanced for all r = 0 mod p, then we say

s has RC-balanced difference sequences

e If s has RC-balanced difference sequences, then s is perfect
> Not conversely in general we guess.

> No proof and no counterexample for the converse.

Theorem 2. q has RC-balanced difference sequences

17
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18

Communication Signal Design Lab


http://coding.yonsei.ac.kr/

Transformations of Sequences
Preserving RC-Balancedness

e Lemma: If s has RC-balanced difference sequences, then
(1) Constant Multiple: s" = ms
(2) Constant Column Addition: s’ = A;(s)

(3) Column Permutation: s’ = P,(s)

are also have RC-balanced difference sequences

19
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Examples

0 0 3 1 17
0 4 0 4 2

0 2 4 0 4
0 1 1 3 O

s=q=|(0 3 2 2 3

0 0 4 1 17

0 4 1 4 2

0 2 0 0 4
0 1 2 3 O

A,(s)=[0 3 3 2 3

All of them are RC-balanced !
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Optimal Families from FQS

® General form of constant column additions

> Let a be an integer sequence of period p
> We denote s’ = A%(s) if
s'(t) =s(t) + a(t) modp

~ s(p—D+alp-1)7
- s@p—-D+alp-1)

> AYs) = - sBp—1)+a(p—1)|(modp)

.- s(p?—1) b a(p—1)]

Theorem 3 :

Falq) = {A"(q), A" (2q), A*3(3q), ..., AP 1((p — 1)q)}

is optimal for any integer sequences a;

21
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0 0 1 0 0 2] °:
s=q=[0 2 2‘ 25=2q=l0 1 1] :
2101 0 0 2 ol :
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1 0 17~ 0 2 2]
APy =11 2 2| Tt A%202s) =10 0 1
. 11 1 ol 0 1 0.
ST IR TSN SO limneesessssssssssssssnnnnnnn. ..
00 O M. 2 0 0]
tA%(s) = [0 274 A128)®=d2 1 2| i
o 1 2l iz, 1l
1 1 2 2 2 21 ",
All(s)=[1 0 0 A(25)=[2 0 1 ;
1 2 1 T 201 0l ]
All the sequences are perfect and e
any family with two sequences from each group is optimal
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Relation with Frank-Zadoff

o F,(z) ={AY(2), A*2(22), A*(32),..., A 1((p — 1)z)} is also
optimal for any integer sequences a;’s
» Whatis the relation of g and z ?

e Question: Is there any other sequence s such that F,(s) becomes
optimal for any integer sequences a; ?
> Most perfect sequences does not satisfy,
> except for g, z and their
(1) Constant multiples
(2) Constant column additions
(3) Cyclic shifts and
(4) Decimations
s =D,(s) > s'(t) =s(dt) Ex:(0,1,24,3) > (023,14) :d=2
d#*0modp

e g never goes to z by (1)~(4) and vice versa either

23
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Generator

e let s be a p-ary sequence of period p?. If dg,, has period p, we
let g = d;, and call g as the generator of s. Then,

Common Differences

s(0) s(1) 1 sp—-1)
s(0) + g(0) s(1) +g(1) 1 sp-D+glp-1
e s=[ 5s(0)+29(0) s(1) +29(1) sp—-1D+29(p-1)
5(0) + (- Dg(0) (1) + (p - DV -1+ @-Dgp—1).
h gL
1 2
=1 [s(0) s(1) - s(p—1]+ 3 [g(0) g(1) - gp-1)]
1 p _ 1.
=1's+d"g

» Also, we say that s has a generator g = d; ,, if d,, has period p

24
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Example

e Generate a 7-ary sequence of period 49 having

g = (0,1,2,3,4,5,6)

0 4 3 6 5 1 3
S K 0 1 2 3 4 5 6
0 5 5 2 2 6 2
0 1 2 3 4 5 6
0 6 0 5 6 4 1
0 0 2 1 3 2 0
0 1 4 4 0 0 6
0 2 6 0 4 5 5
0 3 1 3 1 3 4

When we write t = pi +j fori,j = 0,1, ...,p — 1, we can write this also as

s(t) =s(pi+j) =g()i+ s()

25
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For any pair s1,s, € §(g), there exists an integer sequence a of
period p that satisfies

s; = AY(S,)

We call §(g) as the associated family of g

The size of §(g) is pP

» The number of different choices for a

> Some of them are cyclically equivalent: the cyclic shift by p of a member is
always cyclically equivalent to itself.
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Perfect Generator

e We call g as a perfect generator if s is perfect for all s € §(g)

Theorem 5: The followings are equivalent:
(1) g is a perfect generator
(2) g is balanced (in a period) (= g is a permutation)
(3) Every s € §(g) has RC-balanced differentials

e The theorem indicates the construction of perfect generator

e The number of p -ary perfect sequences of period p*:

‘ The number of members in an
The number of perfect generators w'l/e associated family

= Number of whole p-ary perfect sequences of period p?

in Mow’s conjecture (1996)

27
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Optimal Generator

e [Another definition] We call g as an optimal generator if for any
s€ES(9)

Fa(s) = {AM(s), A*?(2s), A% (3s),..., A% 1((p — 1)s)}

is optimal for any integer sequences a;

Theorem 4: If g is an optimal generator of period p, then
Fe(9) ={s1,52,83, .. 5p_1}

with s; € S(ig) is an optimal family

28
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Properties of Optimal Generators

Theorem 6 [A Sufficient Condition for Optimal Generators]:
g is an optimal generator if

H(a,b,7) is a
Hamming correlation
ofaand b at 7

H(mg,ng,7) =1

forall7=0,12,..,p—1, and
for any m,n # 0(mod p) and m # n (mod p)

e Hamming correlation represents the number of hits:

a = (0f12BJ/5%)
b = (211635/4,0)
H(a,b,0) = 2
H(a,b,1) = 1

29
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where g(j)=(04231)
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2g = 0341203412
g = 04231 | H=

7.(9) = 04231 @ | H

T,(9) = 04231  H
T(9)= 04231  H=
H




Properties of Optimal Generators

Theorem 7: If g is an optimal generator, then

(1) Cyclic Shifts: g' = 7.(g)
(2) Constant Multiples: g’ = mg
(3) Decimations: g' = D,;(g)

are also optimal generators.

e Example of operations:
» Cyclic shift: 77 ({0,1,2,3,4}) = {1,2,3,4,0}
» Constant multiple: 2{0,1,2,3,4} = {0,2,4,1,3}
» Decimations: D,({0,1,2,3,4}) = {0,2,4,1,3}

31


http://coding.yonsei.ac.kr/

Equivalence of Optimal Generators

Optimal generator Cyclic Shift

@ (1,2,3/4,0) > (2.34,0,1) > (34,0,1,2) > 4,0,1,2,3)

i——> Constant Multiple

0.24,1,3) > (24.1,3,0) > (41,3,0,2) > (1,3,0.24) > (3,024.1)

l

0,31,4,2) - (31,420 = (1,4,20,3) = (4,20,3,1) = (2,0,3,1,4)

l

04,3,21) =2 (43,210 = (3,2104) = (2,1,04,3) = (1,04,3,2)

We say they are equivalent if one can be
reached from another by (1) and (2).

32
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Decimation and Equivalence

e Decimation is not considered to build the equivalence set of an
optimal generator

> D,(0,1,2,3,4) = (0,2,4,1,3) = 2(0,1,2,3,4)
> D;(0,1,2,3,4) = (0,3,1,4,2) = 3(0,1,2,3,4)
> D,(0,1,2,3,4) = (0,4,3,2,1) =4(0,1,2,3,4)
> =>» Equivalent already!

Theorem 8 [A Sufficient Condition for Theorem 6]:
If g is balanced and all its decimations are equivalent
with g, then it satisfies the Hamming correlation property
In Theorem 6. Hence, 1t is an optimal generator

33
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Construction of Optimal Generators (£}

Theorem 9 [Main Contribution]:

[The Necessary and Sufficient Condition for Theorem 8]:
Let g(x,m,T) be a p-ary sequence with

g(t;k,m,7) =m(t+ 1) modp
for any
— integer k that is relatively prime to p — 1
— integer m # Omod p (constant-multiples, one may fix m=1)
— integer ©  (cyclic-shifts, one may fix 7=0)

Then, g(k,m, 1) is a perfect generator and is equivalent with all its
decimated sequences, and conversely.
Hence, it is an optimal generator.

34
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All the OGS of p<13 (m =1, 7 = 0)

_-_
5 {01,234}
{01,324)
- -_
-_

{01,2,3,456,78910 } T

1 {0,1,8594,7,2,6,3,10 } 3 New
{01,795,38,6,24,10 } 7 New
{01,64,392.8,7510 } 9 FQ

* FZ: equivalent generator of Frank-Zadoff’s FQ: equivalent generator of Fermat-quotient’s
« Communication Signal Design Lab « . =
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Hierarchy of p-ary Perfect Sequences of g7
period p?

Perfect Sequences -

Mow'’s Conjecture (96)

Sequences having

RC-balanced differentials \
‘m‘m‘m‘m

Sequences having
perfect generator

Sequences having Our Conjecture;
optimum generator verified for p < 13

Sequences having
optimum generator
constructed by

i
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