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Relative Difference Set Design
for Binary Three-level
Autocorrelation Sequence
Using Legendre Symbol and
Trace Function
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@ .
gt Notation

= q Is a odd prime power.

= F, is a finite field of size q

= Fgn is a finite field of size q"

= a is a primitive element of Fn
= B is a primitive element of F,

“Tri*(x) € F, is the trace of x € F ,» defined by
n-—1

Tr{*(x) = z x4
i=0

" () is a function from F; to the complex numbers defined by
q

(1 If x#+ 0 is aquadratic element of F,

()=¢—-1 If x # 0 is not a quadratic element
0 If x=20

\
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g Relative Difference Set

= Definition1

Let u,w,k,A be positive integers. A (u,w,k,A) relative difference set (RDS) D
={d;,d,, ...,d;} is a k-subset of Z,,,, satisfying the following conditions:

° {dl — d]ldl + d], for di, d] e D } = ZuW\UZuW
- Foranyd in Z,,\uZ,,, the congruence d; —d; = d (mod uw) has exactly 2
solution pairs (d;, d;) with d;,d; € D.

= Example1

D={1, 2, 4}, uw=7
° {dl — d]ldl + d], for di, d] eD }
S 20,234, 5, 6=2,\(0)

4\ |12
- 0 1 3 °d; —d; = d(mod 12) in Z;\{0} has

- 6 0 2 exactly 1 solution pair (d;, d;)

44 5 0 -> Dis a (7,1,3,1) RDS

#1.D=(1,2 4}, uw=7LM d;, — d; &




Relative Difference Set

= Example 2
D={1,4,5,6,8}, uw=12

/
4
11 0 3
10 11 2
8 £ 10 0

# 2. D={1,4,568}, uw=122M d; — d; &



Relative Difference Set

= Example 2
D={1,4,5,6,8}, uw=12

# 2. D={1,4,568}, uw=122M d; — d; &



Relative Difference Set

= Example 2
D={1,4,5,6,8}, uw=12

# 2. D={1,4,568}, uw=122M d; — d; &



Relative Difference Set

= Example 2
D={1,4,5,6,8}, uw=12

7 10 11
5 8 9 0

# 2. D={1,4,568}, uw=122M d; — d; &
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Relative Difference Set

= Example 2
D={1,4,5,6,8}, uw=12

N 1[4 5 16 |8

3 5 7
0 2 (»
11 0 1 3
10 110 2
8 9 10 0

# 2. D={1,4,568}, uw=122M d; — d; &



Relative Difference Set

= Example 2
D={1,4,5,6,8}, uw=12

4\ 1456 8
Ao 3 4

9 0 T 2

5 8 11 0 1
6 7 10 11 0

B & o 10

# 2. D={1,4,568}, uw=122M d; — d; &

o NN W b~



Relative Difference Set

= Example 2
D={1,4,5,6,8}, uw=12

EXEI 8
1 o 3 4 5 7
4 9 0 1 2 4
5 8 11 0 1 3
6 7 10 11 0 2
8 |5 8 9 10 0

# 2. D={1,4,568}, uw=122M d; — d; &



Relative Difference Set

= Example 2
D={1,4,5,6,8}, uw=12

5
9 0 T 2 4
11 0 T 3
10 11 0 2
8 9 10 0

# 2. D={1,4,568}, uw=122M d; — d; &



) Relative Difference Set

= Example 2
D:{1,4568} uw=12

_____

0 5 7
9 0 1 2 4
oo 13
7 10 11 0 2
5 9 10 0

# 2. D={1,4,568}, uw=122M d; — d; &




Relative Difference Set

= Example 2
D:{1,4568} uw=12

_____

4 5 7
-@ 0 : Iz
S e e
S e B
8 5 8 @) 10 0

# 2. D={1,4,568}, uw=122M d; — d; &



Relative Difference Set

= Example 2
D={1,4,5,6,8}, uw=12

# 2. D={1,4,568}, uw=122M d; — d; &



Relative Difference Set

= Example 2
D={1,4,5,6,8}, uw=12

# 2. D={1,4,568}, uw=122M d; — d; &



o2 . .
Relative Difference Set

= Example 2
D={1,4,5,6,8}, uw=12

5 7
2 4
11 0 T 3
10 11 0 2
8 9 10 0

# 2. D={1,4,568}, uw=122M d; — d; &
* {d; — dj|d; # d;, for d;, d; € D }={1,2,3,4,5,7,8,9,10,11}=Z1,\6Z;,
*d; — d; = d (mod 12) in Z1,\6Z;,has exactly 2 solution pair (d;, d;)
=> D is (6,2,5,2) RDS



.: Characteristic Sequence of RDS

= (uwk,2) RDSQ! DOl CHa 7|7} uw®l O] ¢ s, E
Ch=1F Z0] Z2lokAt

{1 for teD
St =

0 fortegD
DUCHH £ 5= S CHSTF 22 Xp7| MRS ZHeCt
uw T=20

Cs(t) =uw —4(k— A1) 1€ Z,,\uZyy,
uw — 4k otherwise




.: Characteristic Sequence of RDS

= Example 3

=t =1,234,5,
* D={1,4,5,6,8}: (6,2,5,2) RDS C,(7) =agreement-disagreement=6-6=0,
© 5,={0,1,0,01,1,10,1,00,0:} | uw-4(k-2)=0

" T=0,
Cs(T) =agreement-disagreement=2-10=-8,
uw — 4k=-8
S 010011101000 St 010011101000
St+11OO']']1O']OOOO St+4111O1OOOO1OO
5t 010011101000 S 010011101000
St+2 00111010000 1 St+s 110100001001
St 010011101000 S 010011101000

St+3 011101000010 Sev#6 1017000071001 1



o Elliott-Butson RDS

Theorem 1 (J. Elliott and A. Butson, “Relative difference sets,” //linois
Journal of Mathematics, 1966)

{t|Tr1"(at)—1O<t<q —1}(mod2 )
o ,q""2(2))-RDS.

IS a




Elliott-Butson RDS

Theorem 2

{tl( rl(“))=7, 0<t<24
Fq q—1
is an Elliott-Butson RDS with parameters

q"-1 n-2c4-1

Tr'(at)

Proof)[ez‘U:{tI( ) 70<t<2 }and

q
V= {t|Tr{*(a®) = 1,0 <t < q" —1}(mod2 )

For any t; in U, there exists integer b With 0<b< qT_l such that

Tr(att) = B?°. Then Tri*(a r= 1) 1.So tyisinV and Uc V.




® )
g Elliott-Butson RDS

Since the ternary sequence Tr{*(a') has period 2%, then the cardinality
of U can be written as,

_ 2 Tri(a)\ n_
|U|—q_1|{t|( > )—1,0St<q 1]

n-—1

=q
It equals the cardinality of V. So U=V.



., Binary sequence with 3-level
OO autocorrelation

= Definition 2 (A. M. Arshad et al, IWSDA, 2017 )
(
T n t
1 if< rl(a))ﬂ
Fq
0 Otherwise

2(1._l for =0
g— 1
ﬂ_l B ﬁ_l
C(r)= 94 — 44" ! for r=4
g—1 g—1
qﬂ—Q 1 .
2 Otherwise.
qg—1



., Binary sequence with 3-level
e autocorrelation

A4 0] =9 5, = Theorem 29 (%, 2, "1, q"2(£1)-RDS !

ne.t n_
{tl(TrlF(“ )):7, 0<t<2Lihy
q

9| characteristic sequence O|C}. [t2fA] Of2j 2t €2 3-level AI7|
Az EM T A& RDSQ| characteristic sequence®| HZA0f 7| Qlst
Z10|C},

04 —1 for =0
qg— 1
iy _1 o N _1

C.(r)= 2(1_ — 44" for r= 9

g—1 qg—1
T —1 :

2 Otherwise.

qg—1
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