A generalized Milewski
construction
for perfect sequences

for APSK+ constellations



.5 Autocorrelation & perfect sequence &
20

» Let x = {x(n)}LZ] be a complex-valued sequence of length L.

The (periodic) autocorrelation of x at time shift 7 is
L—-1

C,(7) = 2 x(n+1t)x*(n).

n=0

where n + t IS computed over the integers modulo L.

 Asequence is called perfect if

- _(E, 7=0 (modlL)
C,(t) =Eé(7) = {0' 7% 0 (modL).

where E = C,(0)



= DFT of a perfect sequence

=0 | n=0

L-1]|L-1
HC@IHR) = Y [ Y xn+ T)x*(n)] e

L-1|L-1

— z z x(n + T)e—jan(n+T)

n=0]17t=0

x*(n)ejZRRn

L-1

*
z x(n)e—jann

n=0

= X (k) = X(k)X* (k) = |X(k)|?

C,(t) = E§(7) if and only if | X (k)|? is a constant for any k.

x is a perfect sequence of period L If and only If

its DF T has flat magnitude.




= Constellations (alphabets)

real
Phase only ampllicude
well studied on y
few results

7777777777777

Quadrature-amplitude modulation (QAM)  Amplitude & phase shift keying (APSK)

“““““““““

Both
Normally Phase and
Square Amplitude
studied few results

7777777777777

Adding the zero point = PSK+, ASK+, QAM+, and APSK+
A



oo The Milewski construction

e Originally proposed to construct perfect polyphase sequences
from those of shorter period

Well-known case: using the Zadoff-Chu sequence as the shorter one

Frank, Zadoff 1962
1960’s (Heimiller 1961)

Chu1973 | ____ . __ .
1970’s (Frank, Zadoff) !
Kumar, Sholtz, Welch
1980’s 1985 Chung, Kumar 1989
1990’ Popovic 1992

Mow’s unified construction (dissertation 1993, ISSTA 1996)

- Brief history of constructing perfect polyphase sequences -



o Interleaved sequence

Let S ={s,, s;} be asetof2 sequences of length 3, where

so =1{a,b,c},s; =1{d,e, [}
Write an array as

oo &

a
[S0,51] = |D
C

and then, by reading the array row-by-row,
we have

s ={a,d,b,e,c, [}

The sequence s is called an interleaved sequence.



s Cyclic shift of interleaved sequence &

s ={a,d,b,e,c,f}

‘ 1 left-cyclic shift ‘

a T Q
o0 &

‘d b

{d,b,ec,f,a} e ¢
f a

‘ 1 left-cyclic shift ‘
T

{b,e,c,f,a,d} C f
a d-




.* The original Mllewskl construction
period: m! -» m2K+1

perfect polyphase A positive
sequence integer

a = {a(m)}] K

| |

Milewski
Construction

|

Output
perfect polyphase sequence

s ={s(m)h=
where

s(n) = a(q)w?
where n = gmX +r.

2K+1 -1

and jom
w = e_m“K.



.* The original Mllewskl construction

1+2K
period: m! - m
K K
perfect polyphase ppositive m-m” X m" array form of s
sequence integer
Input sequence
a = {a(m)n, K of period m
l l Aa) 1 «0)  x1 o <t -
|a(1) X 1 a(1) X a(1) X @M -1
I 1 o N2
Milewski @ e e we@ X (W)
Construction ! ' .
la(m—11x 1 a(m—1) X @™1 a(m —1) x (mmK—l)
l L o _I .
Output a(0)  x1 a0) X o™ a0 X (w’"“"l)m
perfect polyphase sequence ( )mK+1
2K+1 a(l) X 1 a(l) X me+1 a(1) X wm"'—l
s={smh, ) e
a(2) X1 a(2) X @™ *? e a(2) X (ﬁ,m"—l)
where
S(TL) = a(q)wqr ~ a(m—1)x 1 a(m—1) X w™ 1 a(m—1) X (mmK—l e

where n = gmX +r.

and jon
w = e_mK“.



s(n) = a(q)w”
withn = gm® + r, and

s(n) = u(Ma(q)w®

withn = gN + r, and

_J2n
w=e mN.

"“. ° ° LA
Our generalization oty {
D perfect gt
. . . Any polyphase
perfect polyphase Aifl(t)jltwe : Pefftcieiss%;%;l €€ Apositive sequence
ger | integer
sequence ! polyphase of length N
— -1 I — -1
Milewski i Generalized Milewski
Construction | Construction
Output E Output
perfect polyphase sequence E perfect sequence
_ 2K+1_4 ! _ N2_1
s = {s(M)}=o ; s = {s(n)}™¥,
where . where

10



= Array Form

Assume that u is the all-1 sequence,

Column indexr =0,1,2,...,N —1

%U a(0) X (w?)° a(0) X (0h)° - a(0) X (wN"1)°
5 a(1) X (0! a(1) X (wM)?! v a(D) x (wV"1)!
% a(2) X (w?)? a(2) X (wh)? o a(2) X (wV"1)2
3
S am-Dx @) a(m—1) x (o)™ - a(m=1) % (oM
= .
N :
: a(0) X (w®)m®W-1) a(0) X ()mW-1 e a(0) X (wN-1)mW-1)
% a(1) % (wO)m(N—1)+1 a(l) X (wl)m(N—1)+1 o a(1) % (wN—l)m(N—1)+1
| a(Z) X (wO)m(N—1)+2 (Z(Z) X (wl)m(N—1)+2 a(z) X (wN—l)m(N—1)+2
[N
; a(m—1) x (0®)mN-1 a(m—1) X (wh)mN-1 v am=—1) X (@V1)mN-1

_Jjz2m
X w=e mN

11



/' a(0) X
a(l) X
a(2) X
a(m—1) x
a(0) X
a(l) X
a(2) X
\ a(m—1) X

Proof when u is all-1 sequence

(0’0)0
(ﬂ’ﬂ)l

(0’0)2

(mU)m—l

(m[])m(N—l)
(w[])m(N—IJ+1

(mﬂ)m(.ﬂ— 1)+2

OymN-1
(@)

a(0) X
a(l) X
a(2) X
a(m—1) x
a(0) X

a(l) X

a(2) X

a(m—1) X

where

(wh)?
(whH?
(w)?

((‘JL)m—l

(w 1 )m(;\f—l)
{wl)m[N—l)+1

(mL)m(N—l)+2

{wl)mN—l

a(0) X
a(1) X
@(2) X
a(m—-1) x

a(0) X
a(l) X
a(2) X
a(m—1) X

(m.-\"— L)U \

(m.-\"— J.)l

(m.-\"— L)Z

(m.-\-'— J.)m—l

(m.-\-'— l)m(N’— 1)
(w.-\-'—l)m(nl'—lh‘l

(m.-\-'—l.)m(N— 1)+2

‘ (w.-\-'— l)mN—] _/

(SO' S$1,52) ) SN—l)

= (s:(@) = (@ (@Y
is the r-th column

Note that the DFT is linear.
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CSl

Proof - continued

(S50,81,S2,...,Sny—1) = (80,0,0,

y0) + -+ (0,0, ...,0,sy_1)

|

/‘ a(0) X (w)?

a(1) X (0

a(2) X (w?)?

a(m—1) X (0™ 1

a(0) X (w?)mW-1)
a(1) X (wO)m(N—1)+1

a(z) X (wO)m(N—1)+2

\ a(m _ 1) X (wO)mN—l

13




=2 Proof - continued

(s9,81,82,....,Sny-1) = (509,0,0,...,0) + -+ (0,0, ...,0,sy_1)

|

~ a(0) 0 0 ™~
a(1) 0 -0
a(2) 0 0
a(m—1) 0 -0
a(0) 0 -0
a(1) 0 -0
a(2) 0 0

N am—1) 0 0 ~

14




=2 Proof - continued

(s9,81,82,....,Sny-1) = (509,0,0,...,0) + -+ (0,0, ...,0,sy_1)

mX N
subarray '
ﬂ' O 0 '|\
|
: a(l) 0 01
| |
I a(2) 0 01
| |
I s I
| |
La(m—=1) 0 -~ 01 repeated
: N times
a(0) 0 0
a(l) 0 0
a(2) 0 0
- a(m—1) 0 0 ~

15



=2 Proof - continued

m X N array Interleaved sequence
~ a(0) 0 e 00N
a(1) 0 - 0
a(2) 0 - 0 - @(0)0 -+ 0 a(1)0 0 @@)0 0 - a(m—1)0 - 0
N —1times N —1times N — 1times N — 1 times
S~am—-1) 0 e 0~
Case 1) any non-zero term meets another non-zero term
a(t) 0 - 0 a(t+1) 0 - 0 a(t+2) 0 - 0 - a(t—1) 0 - 0
a*(0) 0 - 0 a' (1) 0 - 0 a'(2) 0 - 0 - a*(m-1) 0 - 0
Case 2) any non-zero term meets zero term.
a(t)y 0 - 0 a(r+1) 0 - 0 a@+2) 0 - 0 - al—1) 0 - 0

0 a( 0 - 0 a(1) 0 -« 0 a2 0 - 0 « 0 a*(m—1)0 -

16



‘e Proof - continued

(s9,81,82,....,Sny-1) = (509,0,0,...,0) + -+ (0,0, ...,0,sy_1)

|
A a@ 0 T e 0 1~
| (1) 0 01 :
| et ———— » A perfect sequence of period mN
I a(2) 0 01
I
L P
I
:_a_(nl—_l_) 0 0 repeated
: : W N times _
() 0 o [ts DFT has flat magnitude
a(1) 0 - 0
«(2) 0 - 0 T T T T T
| - 0 1 2 3 4 N1
N am—1) 0 0 ~ m

17




‘e Proof - continued
[ ]

(s9,81,82,....,Sny-1) = (509,0,0,...,0) + -+ (0,0, ...,0,sy_1)

L OR _(l)_ TR T - DFT has flat magnitude
1 a(1) 0 01
o ! FEETT
i : : 0o 1 2 3 4 mN — 1=
Lam—1) 0 - 0 I repeated
: N times
a(0) 0 0
a(1) 0 0
a(2) 0 0
: *Xx—>
N am-1) 0 0

18




Proof - continued

(0,54,0,0,...,0) : 1 left-cyclic shift of (s4,0,0, ...,0)

Cyclic shift in time domain does not affect on
the magnitude in the frequency domain

19




Proof - continued

> Cychcshﬁtintnneij

(0,54,0,0,...,0) : 1-cyclic shift of (s{,0,0,...,0)

/' a(0) 0
a(1) 0
a(2) 0
am—1) o
a(0) 0
a(1) 0
a(2) 0

- aim—1) o

0

1)x

| domain does not affect
on magnitude at the

l frequency domain
N ~ (@ 0 w0~
(0?)’ 0 - 0
(01)” 0 = 0
® ()™ 0 - 0
(@)™ o . 0
(a)l)m(N—l)+1 0 0
(wl)m(N—1)+2 0 0
/ \_ (a)l)mN—l 0 0 _J
- \Nx
J21
(e YnN (e_VnNZ)

20



Proof - continued

Cyclic shift in time

(0,54,0,0,...,0) : 1-cyclic shift of (s{,0,0,...,0)

~ a(0) 0
a(l) 0
a(2) 0
alm—1) o
a(0) 0
a(l) 0
a(2) 0

- am—1) o

0

\

(o2

( _jz_nz)m(N—l)N
e mN

mN?2
21T

)[m(N—1)+2]N

(_1
e mN?2

( _jom )[m(N—1)+1]N .
e

domain does not affect
on magnitude at the
frequency domain

j2Tl.' m(N-1)N+N -1
(e_mNZ)

)[m(N—1)+1]N+N -1

( j2m
e mNZ2
T

jom \MN-D+2IN+N ~1
(e_mN 2)

( o )(mN—l)N+N—1 _/
e

mN?2

Linear phase shift

21



54 Proof - continued
» Cyclic shift in e

| ] ] | ' domain does not affect
(0,54,0,0,...,0) : 1-cyclic shift of (s4,0,0, ...,0) on magnitude at the

DFT has } frequency domain
- —— e = ————— - 0
flat magnitude MO0 o ~ (@) 0 0~
Ia(l) 0 0 I (wl)l 0 0
:a(Z) 0 - 0 : (') . .
| | : :
| I i
0 1 yam-n o _ 0, CON 0 0
X . :
a(0) 0 e 0 (a)l)m(N_l) 0 0
T a(l) 0 e 0 (wl)m(N—1)+1 0 0
L . a(2) 0 0 (w1)m(.’\’—1)+2 0 0
0 N 2N - am—1) o w0 / o (wl)"”"—l 0 0 4
l : :
i 1-cyclic shift
«= =4 at the
selsese—seselsere—seselsese— % frequency
1 N+1 2N+1 domain

22



e Proof - continued

&6 F .
. . requency domain
Time domain 9 y

(magnitude)
(50,0,0, ..., > sex
1 +
(0,51,0,0 T
_I_
(0, 5 0,5y-1) ” J\—rirx—x—)lﬂ x—xT
—1 2N -1 mN?2 — 1

23




CSDL

Proof - done

Time domain

(59,0,0, ...,

(0,

Frequency domain

(magnitude)

mN — 1

X Flat

24



Examples

CSD'.

o9
A perfect
sequence

{0,—1,1,0,1,1} N =2 all-one

Generalized
Milewski
Construction

nsr

R

{0,0,—1,—w,1,w?,0,0,
1, w*1,0>0,0, -1, —w’,
1,w80,0,1, w01, 01}

j2m
Xw=e 12

05 +

1.5

imaginary
o

-1.2

-
= a2
= @
2 & =
2 =)
= ®
A
-1 -0.5 0 0.5 1 15
real

Constellation of s : 12-PSK+

25



A perfect
sequence

{3,-2,3,-2,-2,
3,—-2,—7,—2,—2}

of period 9 N=3 all-one
Generalized
Milewski
Construction

l

s is a perfect sequence
of period 90

-$ Examples (cont’)

Phases are aligned

g
T~ H.
. @ y
6 ¥ o
4 | = \\\ E 4
® \“. w X g »*®
% g
F N i
2 v \BEE® T,
S s L % e 2
5 0F @ ® @ - x
. .
2 w /,/ -ﬁ@ﬁ'ﬁ \ I:b-a
T @ ow ow X fﬁ." TR
= X
& 2 ¥
%) ®
i &
-8
-8 £ -4 -2 { 2 4 & 8
real

Constellation of s : APSK
(3 different amplitudes & 30 different phases)

26



= How many different phases?

cFTTmTsT T | —F—————— I ———— = —
a(0) X :((UO)O a(0) X :(wl)o a(0) x :(wN—l)o
a(l) X :(wO)l a(l) X :(wl)l a(l) % :(wN—l)l
a@ X (@0 a2 X (@h? w2 x (@'

a(m—1) X :(wo)m‘1 a(m—1) X :(wl)m—l a(m—1) X :(wN—l)m—l

a(0) X 1(w%)mWV-1) a(0) X 1(@h)mN-1) (0) x 1 (@N~1ymW=1)
| I I

a(l) X :(a)o)m(""l)+1 a(l) X :(wl)m(N—1)+1 a(l) X :(wN—l)m(N—1)+1

C{(Z) X :(wO)m(N—1)+2 CZ(Z) X :(wl)m(N—1)+2 (X(Z) X :(wN—l)m(N—1)+2

N T "
a(m _ 1) % |(w0)mN—1 a(m _ 1) X |(w1)mN—1 a(m _ 1) X |(wN—1)mN—1
| | |

I A 1 I B

!
mN different phases required, in general
27




. For arbitrary chosen u

Multiplying a constant u(r) with |u(r)| =1
to the r-th column
does not affect on the magnitudes of the DFT of

(0,0, ..., u(1)s,, 0, ...,0) = u(r)(0,0, ..., s,,0, ..., 0)

- Frequency domain

(magnitude)

(1(0)s0, u(1)s, oo, u(N — 1)Sy—1) ” )l{ TT TT T R
Still flat!

Time domain

28



ged(Ly, L) =1
perfect sequence perfect sequence

X = {xin)}#;o = {y(m)}2,

l

Direct product
construction

l

z={z(n)} 127"

= {x(n)y(m)}; L2~

Output
perfect sequence

» Synthesize a long perfect sequence

* Need two short perfect sequences
of relatively prime period

* The constellation depends on
Input perfect sequences

. A comparison

perfect sequence

s Any polyphase
A positive
Perfect sequence integer sequence
of length N
— m—1
a= {ci(n)}mo 11’ i

Generalized Milewski
Construction

]
s = {s(udy ™

= pMa(@w™ L™

Synthesize a long perfect sequence

Output

Need a single short perfect sequence

PSK+ or APSK+ constellations

29



&= Concluding remarks
* The Milewski construction is generalized in period and constellation

flexible period, various input sequences

perfect sequences over PSK, PSK+, APSK+
- Example: Input perfect over ASK+ =» Output perfect over APSK+

N

e Some interesting questions for future works:
Possible to reduce the number of phase? . .
- Atleast mN different phases, in general. RN
- related to constructing perfect sequences * , .
over QAM constellation *
For practical APSK, how to tilt points? .

- Two points on circles of different radius
have different phase offset
to maximize distance, in practice. B e

imaginary

30
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