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0 Sequences and Correlation

e For complex-valued sequences x, y of length L, the

periodic correlation of x and y at shift 7 is
L-1

Cey() = ) x(n+ D)y’ (m)

n=0

= If y is a cyclic shift of x, it is called autocorrelation,
and denoted by €, (1)

= QOtherwise, it is called crosscorrelation



L. Perfect Sequences

‘o0
e Asequence x of length L is called perfect if
_|E, =0 (modL)
Ca(T) = {O, 7% 0 (mod L)
Here, E is called the energy of x

e (Sarwate, 79) Crosscorrelation of any two perfect
sequences of length L with the same energy E Is

lower bounded by E/+/L.

= An optimal pair of perfect sequences of length L
= An optimal set of perfect sequences of length L




&3 Interleaved Sequence

» Consider two sequences s; = {a,b,c} and s, ={d,e, f} of
length 3 each

e Write each as a column of an array:

a d
[SO) Sl] — b €
c f]

* Read the array row-by-row and obtain a sequence of length 6:
S = I(SO,S]_) — {a,d,b,e,C,f}

Is called an Interleaved sequence of s, and s,
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.* The original Milewski construction
Length: m > m - m?¥

perfect polyphase A positive
Sequence of length m integer K K
m-m” X m" array form of s
B = {aMm}, K y
l l r5(0) x1 (0 X 1 - f(0) x 1 -
—— B x1 B x M X (0¥
MI|eWSk.I B(2) x1 B(2) X w2 B2 X (wzv—1)2
Construction : : : :
l f(m—-1)x1 Bm—-1)Xx ™! o B(m—1) X (wN—l)m_l
Outputperfectpolyr:ll;aze-l-sleilience Ir-ﬁfo)_ — -:>< 1 B(0) >< wMmN-1) e B(0) >< (wN_l)m(N—l)
s = {S(n)}nzo il ix 1 B(1) X MmN-D+1 .. B(1) X (wN_l)m(N—1)+1
where | 5(2) L 1 B(2) x @mN-D+2 .. pB(2) X (wN—1)m(N‘1)+2
s(n) = B(Qw ! f ; :
w = eI mi DAm -1 Bm-1x W™ fm= 1) x (@)™

Input sequence

Here, we use of period m

n=qmf+r o (q,1)



CSl

Our framework
(A special type of interleaved sequences)

not necessarily polyphase
not necessarily all distinct

A collection of A positive A polyphase sequence A function
N sequence of length m integer of length N Zny — Lnn
B:{ﬁOlﬁll""ﬁN} N U n

! } } !

Interleaving technique

l

Output sequence S = {S(n)}mNz_l

where 7(r)
s(n) = u(r)B,(q)w1
withn = gN + r,and w = exp(—j2m/mN).

Definition. We define A(B, ir) be a family of interleaved sequences
constructed by the above procedure using all possible polyphase sequences pu.
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=SD , ’;\\u NI
e | Array Form | . (&
Assume that u is the all-one sequence, X w=e ’'mN
Column indexr=0,1,2,..,N—-1
.............................................................................................................................................................................................................................................................................................................................. »
;OU ﬁO(O) X (wn(O))O 31(0) X (wn(l))o BN—l(O) X (a)n-(N_l))O
E. ﬁO(l) X (wn(o))l ,81(1) X (w”(l))l ﬂN—l(l) X (wTE(N—l))l
=
§ Bo® X (w™®)’ Bi(2) X (0™®) v By X (@)
) . . . .
Il
e Bo(m — 1)x (@)™ Bi(m — 1) X (@™®)" ™ v Byoa(m = 1)x (WD)
e
N
3 Bo(0) X (@)D gi0)  ix (r@)™TY e gy 1 (0) X (@D
= M X (@@ T p) i (r @) T g 1) I ()
I
= 30(2) % (wn(o))m(N—1)+2 31(2) x (wn(l))m(N—1)+2 BN—l(Z) x (a)n.(N_l))m(N—l)+2
¢ 1 Bom = 1) (@)™ Bi(m — 1)/x (@)™ By (m— DX (P -DY™
Input sequence S, Input sequence 8, Input sequence fSy_4
of period m of period m of period m

Input function m: Zy — Zpn



o5 Milewski Construction is a Special Case

perfect polyphase A positive perfect polyphase The identity
sequence integer sequences An integz?r all-one function
B ﬁo — Bl — ﬁN—l N = m Sequel’lce n-(r) =71
B ={a (Tl)}wzol K _
l l B = {BOrﬂl:---lﬂN} N u T
Milewski Interleaving technique
Construction — 9 9

| |

Output perfect polyphase sequence

2K+1 Output sequence
S = {s(n)}T=o -1 m(mK)2—1
where s = {S(n)}n:()
s(n) = B(Qwi" where
withn = gmX +r, s(n) = B (QwI™™ = B(q)w
and withn = gN +r = gqmX + r, and
2T . 21T . 2T

w = e_]mN = e_]ml“(,



. Condition on perfectness
oe (Main result 1)

Definition. Let i, o be two functions from Zy to Z,,,5. We define

V.o ={x €Zy|m(x + 1) = 6(x) (Mod N) }.
When Tt = a, we use ¥_(t) simply.

Theorem. Any sequence incA(B, ) is perfect if and only if the following
conditions are satisfied:

1) ¥, (r)|=0frr=12,..,N—1
Thatis, m(r) (mod N) forr = 0,1, ..., N — 1 is a permutation over Zy.

2) B isacollection of perfect sequences all of period m with the same energy.

We now call them
the generalized Milewski sequences
10



.0 Examples

&S

e Bo=pB,=1{0-11011} y Constelllationlof
which is a perfect sequence of length 6, o

* N - 2’ 1r +

 n(r)=r,and ® ®

« u is the all-one sequence.

]
@

05 r

B ={Bo B} N u T E o & & @
E
l Ll
Generalized N .
Milewski ‘
Construction §

1.5 -1 -0.5 0 0.5 1 15
real

s =1{0,0,—1—w,1,0?0,0,1w* 1,000 -1, -w’,1,©%30,0,1,w'° 1,0}

is a perfect sequence of length 24. .

Xw=e'2 11



C'D'.
om

ASK constellation
* Bo=B1=B:=

{(3,-2,3,-2,-2,3,-2,—7,-2,-2}
which is a perfect sequence of period 10
N = 3,

n(r) =r,and

u is the all-one sequence.

B ={Bo,B1, B2} N U Y

I

Generalized
Milewski
Construction

l

s is a perfect sequence of length 90.

2TT
Xw=e ‘12

imaginary

Examples

Constellation of s

] & " x
6 - X
= b
ar . x
x @™ & = @ ® b
2 i - ) E
. . @ %’% “ 2
x rl "-?;l: ®
i} (3 ® I o
= i
® X s d I
L ® Ch ﬁ_xmil .
o [5- ) W W M [E E
-4 ) ®
-5 " ¥
% . . ®
)
-8 5 -4 -2 0 2 4 &
real
APSK constellation
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e Direct vs Indirect
Two-step synthesis
4 A 4 Gen_eralize_:d A 4 Ger!eralizgd A
ottengihm || sequencesof || sequencesof
L y L length mN? y _ length mN?2 y

T

Direct synthesis

Theorem. Assume that N is a composite number.

1) Any generalized Milewski sequence of length mN# from the two-step
method can be also obtained by the direct method.

2) There exists a generalized Milewski sequence of length mN? from the direct
method which can not be obtained by the two-step method.
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R Condition on optimal pair
o (Main result 2)

Theorem Let Bl — {ﬁo, ﬁl' "'JBN—l} and Bz — {Yo, yl, ...,yN_l},
all of length m and the same energy Eg, and perfect.

Construct s € A(B;, ) and f € A(B,, 7).

Then, s and f have optimal crosscorrelation if and only if the
following conditions are satisfied foreachr =0,1,...,N — 1:

1) |[Weo| =116, Yrolr) = {x}.
2) For the unique x € W, ;(7), the pair of sequences

m—1 _
{,Bx+r (t)wgl(“r)t} and {yx (t)w%(x)t} IS optimal.
t=0 t=

14



R Condition on optimal pair
°e (Simple Special Case)

COFO”ary Let Bl — {BO’BIJ ""ﬁN—l} and Bz — {Yo, yl, ...,yN_l},
all of length m and the same energy Eg, and perfect.

Assume that = and o have the same range.
Construct s € A(B;, ) and f € A(B,, 7).

Then, s and f have optimal crosscorrelation if and only if the
following conditions are satisfied foreachr =0,1,...,N — 1:

1) |[Weo| =116, Yrolr) = {x}.
2) Forthe unique x € W ;(7),
the pair of sequences .., and y, 1s optimal.
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CSC

whenm=1

e The all-one sequence of length 1 is a trivial perfect sequence.

« And, we can say that

“the all-one sequence and itself is a (trivial)
optimal pair of perfect sequences of length 1”

» Therefore, form = 1,

an optimal k-set of generalized MilewskKi
sequences of length N exists
If and only If
a k x N circular Florentine array exists

16




Example

Cal

e For a4 x 15 circular Florentine array

Song 00
mwm|O0O 1 2 3 4 5 6 7 8 9 10 11 12 13 14
m, | O 1T 8 2 12 3 11 9 4 13 5 14 6 10
s 0 4 11 7 10 1 13 9 5 8 3 6 2 14 12
n, {0 13 7 2 11 6 14 10 3 5 12 9 1 4 8

we have optimal 4-set of generalized Milewski sequences of
length N2 = 152 by picking up a single perfect sequence from
each and every

Oq({l}' 7'[1), Oq({l}' T[Z)l Oq({l}' 7'[3), and
az\({l}; 7T4)-
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Check

my(x + 1) = M (Xx)
has exactly one solution x for any

10

14

13

11

12
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=S whenm> 1

Assume we have an optimal pair 8,y |0 1 2 3 4
and a 2 x 5 circular Florentinearray: =, | 0 2 4 1 3

1) |Lpn,a(r)| =1 ie, W s(r) ={x}
2)  Forthe unique x € W, ,(r), the pair of sequences f,.,- and y, is optimal.

e Construct s € A(B1, 1), f € A(B,, ™) with
By = {Bo, B1) -, Bu-1} and By = {yo, V1, -, ¥n-1}, Where

Bo=vY Yo =B
31 = B Y1 =V

: : Then, any s € A(B;,m1)
Bis =B Vo =V and f € A(B,, m,) Is an

optimal pair
26



® | Definition. Let 7, o be two functions from Zy to Z,,,x.
V.6(®) ={x€Zylm(x+ 1) =0(x) (ModN) }.

|0 2 4 1 3

Pi2(r) ={x €Zylm1(x + 1) = m2(x) (M0od 5)} & B, andy,

V1,0)={x€Zy
Yi.,(1) ={x€Zy
V1.2)={x€Zy
Y1.3) ={x€Zy
Vi,(4)={x€Zy

m1(x +0) = m(x) (mod 5) } = {0} © Boyo = Po and yg
mi(x +1) =Em(x) (mod5) } = {2} © Pry1 = Pf3 and y;
m1(x +2) Em(x) (mod 5) } ={4} © Puiz = Prand yy
m(x +3) =m(x) (mod 5) } ={1} © P13 =Pfsandy,
m1(x +4) =Em(x) (mod 5) } = {3} © P34 = Pz andys

(Bo Yo) = (B,v) or (v,B)
(B1 v4) = (B,v) or (v,B)
(B, v3) = (B,v) or (v,B)
(B; v2) = (B,v) or (v,B)

By v1) = (B,y) or (v,.B)

27




S Maximum set size

Theorem. Let F.(N) be the maximal size of circular Florentine arrays with N
columns(symbols). Denote by O, (mN?) the maximum size of optimal sets
generalized Milewski sequences of length mN 4 from perfect sequences of length
m.

1) Assume that m = 1. Then
OG(mNZ) — FC(N)'

2) Assume that m > 2 and let Op(m) be the maximum size of optimal perfect
sequence sets of period m. Then,

O¢ = min{0p(m), F,(N)}.

28



o Maximum set size — polyphase
(Popovic, 1992)

The maximum size of optimal Zadoff-Chu sequence sets with period m is pyin — 1,
where ppin 1S the smallest prime factor of m.

Corollary. Let N = mN? be odd and let 0,,(L) be the maximum size of optimal
sets of generalized Milewski polyphase sequences of length L constructed by
using Zadoff-Chu sequences of length m.
1) Ifm =1, then

Om (L) = F.(N).
2) Ifm =2, then

Om (L) — min{pmin — 11FC(N)};
where ppin — 1 1 the smallest prime factor of m.

There is no optimal pair of generalized Milewski polyphase sequences of even
length constructed by using Zadoff-chu sequences.

29
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Concluding remarks

e To obtain an optimal k-set of generalized Milewski sequences of length
mN?, we need both:

A k x N circular Florentine array, and
An optimal k-set of perfect sequences of length m.

30




10 x 11 circular Florentine array
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http://www.emba.uvm.edu/%7Edinitz/contents.html

e I
o Concluding remarks

e To obtain an optimal k-set of generalized Milewski sequences of length
mN?, we need both:

A k x N circular Florentine array, and
An optimal k-set of perfect sequences of length m.

Some open problems:
e Foragiven integer N, what is the exact value of F.(N)?
« For agiven integer and its smallest prime factor pyin,
IS there any other optimal set of size greater then p,j, — 17
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Thanks !
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