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Pair of Orthogonal Latin squares (POLS)

Graeco-Latin squares

Euler squares
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A latin square has an orthogonal mate
if and only if it can be decomposed of
n disjoint transversals.
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A transversal in a latin square is a set of n positions,
one from each row and column, containing each of n
symbols exactly once.
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_ (1782) Euler Conjecture:
10Xt QeT1277
No POLS of order 4k+2

(1900) - no 6At
(1959) - yes 10%f
(1960) - POLS of all orders 4k+2 except 6
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132172814605

213879546
79814651132
9.8.716.2.413.2.]
87.9/546/2.1.3
416.511.3.217.9/8
0.2/413.2.119.8.7
2.4.612.1.318.7.3

3)2.1]9/817]65 4

5,64/82.71231

456789123

645978312ml

2.3.115.6/4/8.9.1

12314260082 ;..

31216405278 .5

8.9.7)2.3.1.2.04..

7,8.2,1.2.314.2.6

9.08131.210 4.0 k.

« Corresponding rows are palindromes.

« Therefore, one square is a mirror-image of the other
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Kim&Prasanna's doubly self-orthogonal Latin squares
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Kichul Kim and Viktor K. Prasanna,

“Latin Squares for Parallel Array Access,"

IEEE Transactions and Parallel and Distributed Systems,
vol. 4, Issue 4, pp. 361-370, April 1993.

perfect = both Sudoku and double-diagonal
self-orthogonal = orthogonal to transpose
doubly self-orthogonal = orthogonal to transpose
and also to anti-transpose

Theorem
For all n = 2km?, k > 2, m odd, there exists a
perfect latin square of order n?, which is also
doubly self-orthogonal.
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Choi’'s POLS of order 9
(1715, KOO-SOO-RYAK)

for magic square

5/6/4/8/9/7|2/3/1/:11/3/2|7|9/8/4/6 5
4/5/6|7/8/9/1/23:3/2/1/9/8/7/6 54
6/4/5/9/7/8/3/12:213|879|546
2 3156/4897:798465132
12/3/456789:9876 54321
312 645978:879546/213
89/7|23/1/564:465[13/2798
7/8/9/12/3/456:6054(321987
9171813112614 5:54[6[213/879

palindromic

® NOT Sudoku
® singly diagonal (not doubly)
® Leads to a magic square

by the canonical map

Kimm and Prasanna’s POLS of order 9
(1993, |IEEE Trans PD.S)
for parallel access

0

912345678
345678012
678012345
201534867
534867201
867204534
120453786
453786120
786120453,

4 Sudoku

symmetric
air

- Any 3 x 3 main window

perfect

IS a permutation.

€ doubly diagonal
€ Leads to a magic square
by the canonical map
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PROOF that
Choi's and K&P's are essentially the same

Start with this (CHOI)

Row permutation:
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Symbol substitution:

End up with this (K&P)
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(2'3) (311) (112) 3(p-D+q
(1,1) (2,2) (3,3) —

(3,2) (1,3) (2,1)

0~ O
w U1
SO N

N

Theorem CD: Any POLS constructs a semi-magic square
by the canonical map n(p — 1) + q.

W =N
=N W
N W =
N = W
W N =
_ W N

Proof: For any row or column,
row-sum = Y, n(p — 1) + ¥4 q = column-sum

_ nn(n—l) n nmn+1) _ nn?+1) -

2 2 2

magic constant

Question: What about two diagonal sums?
Will it work for any pair of orthogonal Latin squares of order n ?

Sufficient condition for a magic square:
either
(Suff 1 all) both latin squares are double-diagonal
or
(Suff 2 odd) n=odd and one diagonal is constant (n+1)/2 and the other
diagonal is a permutation, for both squares

They are NOT necessary!

27



MS(5) = 5(p=1)+q

© )
4 1
5 2
1 3
2 4

Counter-example that
the sufficient condition in Theorem CD is not necessary.

Only one square has one constant diagonal of value (n+1)/2
And all the other three diagonals are permutations of 1,2,...n

28



Sufficient conditions that the canonical map constructs a magic square

(Suff 2 odd)

1

and

or

(Suff 1 all)

4

and

2

T

(Suff 2 odd)

Theorem [CD, 3.108]: Two orthogonal double-diagonal latin squares

of order n exists if and only if n # 2, 3, or 6.

3 5 2 4 1 2 1 5 4 3
1 3 5 2 4 1 5 4 3 2
4 1 3 5 2 land|5 4 3 2 1
2 4 1 3 5 4 3 2 1 5
5 2 4 1 3 3 2 1 5 4
(Suff 1 all)
1 3 5 2 4 1 5 4 3 2
5 2 4 1 3 3 2 1 5 4
4 1 3 5 2land |5 4 3 2 1
3 5 2 4 1 2 1 5 4 3
2 4 1 3 5 4 3 2 1 5
J \
% |
i)




Observe:

3%} = mEHEI WA

2 3
1 2
3

L N o=
— S N

[\ N L

N

/

(1,1) (2,2) (3,3)
(3,2) (1,3) (2,1)
(2,3) (3,1) (1,2)

3(p-D+q

First Example

7
1 59| magic !
3
15“/ 1 \15 The semi-magic of order 3 from any 3x3

POLS by the canonical map has this property?
I guess so, simply because 3 is too small.

(Conjecture)

Any semi-magic square of order 3 from a 3x3
POLS by the canonical map can be transformed
move the bottom row into a magic square by some combination of

to the top row/column permutations

will not change the row-sum
or the column-sum




Consider another example of POLS of order 4.

A WwWPN =

=N WS

N R W~

~WENlwh =

RN ~WIIO= DN

w~NnR

5

1y

22
Ty
43
3

1 |6 [11 | 16
33 4y
4, 3, ' 7 |4 |13 | 10
T2 2y 12 |15 | 2 5
2 1
¥ 3 1419 | 8 | 3

column-sum = row-sum = 34 = magic constant
1diagonal-sum = 1+4+2+3 = 10

2diagonal-sum = 13+14+15+16 = 58

It is only a semi-magic square!!!




Second Example

Some observations:
Any row permutation or column permutation will not change the row-sum or the column-
sum of a semi-magic square.

Example: {\
1 [6 @ 16
7 @13 10

—
N
-
9
N
9




Main Question Q1 (in terms of semi-magic)

Is it true that the semi-magic square (from a POLS by the canonical
map) can be transformed into a magic square by some combination of
row/column permutations?

We need both diagonal sums to be the magic constant.

15 ol 2AIE 271 HoliA oAZA BIsHoFE7E...
Combinatorial mathematics #A|&+2 &4 o]|ZA| AlAHE Y.

canonical map2 E Pt=0{El semi-magic square 2T 2| A2 O 2 ZO0t7tA HHETt



one step backward

mestgmarsIASkete | (23) 31 (12) | s 6 72)
(1) (22) 33) | === |1 1(5)9
A transversal in a latin square (3,2) (1,3) (2;1) 3 3 4
is a set of n positions, one from ¥ 4 \4 4
each row and column, containing / \ o o
each of n symbols exactly once.
231 312
123 123
312 231
T will not change T
the orthogonality
move the bottom move the bottom move the bottom
row fo the top row to the top row to the top

e

o

Do
L N o=
- L
N =T

N\_/

two transversals from g
both latin squares, two 1’ 2,1 — 3 4
of which are constant m) (3.1

(n+1)/2 = 2 (6)7 2 6 7(2)

...(Suff 2 odd)...

symmetric pattern of (1,1)(3,3) 3(p-1)+g 1 @ 9 > C 1 @ 9
8 3(4)




one step backward (14]9 |3 &
The situation in the POLS before the 7 @ 10 13
canonical construction
12| 15 @ 2

A transversal in a latin square 116 | 16

is a set of n positions, one from N
each row and column, containing
each of n symbols exactly once.

N\
CD 29 @ y - 1 /6)/11 16
Y, p-1)+q 7 (4|13 |10
23 g % 12 \15 2 |(5)
q Q & 14) 9 |8 | 3

+ the same set of positions of RED and
BLUE latin squares, respectively.

« symmetric patterns of two transversals
from both latin squares

...(Suff 1 all)...

14|9 |3 @
7 |4 @ 13
12 @ 5 | 2
(1)6 | 16] 11

A

VY
@‘) 6 [11 | 16
7 |4 |13 @
12 @ 2 |5
14 |9 @ 3




Main Question (Q1) Again (in terms of POLS):

s it true that, for any POLS,

(1) when n=even or odd, they have a symmetric pattern of
two transversals in both squares at the same set of n
positions; and/or

(2) when n=odd, two of such four transversal positions
contain a constant?

Seems to be still helpless... 0] 3| &0t2| Z7|7} 0] Z...
How to approach these problems?

What if we consider only one diagonal sum? (instead of both diagonal sums)




Another [weaker] Question (Q2)

What if we care only of one diagonal sum?

We have to consider the existence of only one transversal of each square at the
same n positions.

The question on POLS becomes the following:

s it true that, for any POLS,

(1) when n=even or odd, they have a transversal in both
squares at the same set of n positions; and/or

(2) when n=odd, a set of n positions containing a
constant in one square is a transversal in the other
square?

37




Observation (for the second part of Q2):

Given ANY POLS, A and B, of order n (odd) and any n cells of A
containing a constant, the n positions in B corresponding to
these n cells in A must be a transversal in B.

DA D

constant transversal

O O
- O O~ -
O O
O~ 0l 7 0o

Remark: From the above observation, when n=odd, any given POLS can be transformed
by a combination of row/column permutations into a form that leads to a semi-magic
square in which at least one of two diagonal sums is the magic constant.

-- Proof that (2) of Q2 is TRUE.




CONJECTURE 1 for (1) of Q2 :

Any POLS A and B of order n have
transversals at the same n positions

O o] o

transversal transversal

O O
- O O~ -
O O
O~ 0l 7 0o

Conjecture:
any POLS can be transformed by a combination of row/column
permutations into a form that leads to a semi-magic square in which
at least one of two diagonal sums is the magic constant.
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CONJECTURE 1

for (1) of Q2 :

POLS A and B of order n have transversals at the same n positions

Turned out to
be false for odd
order by the
following:

No transversals in

the same set of 9

positions in both
squares.

Choi’s POLS of order 9=o0dd

(1715, KOO-SOO-RYAK)

o |

I~ o
10 /00
N oo o

o Ao o~

NI
N (U7 O

~ 0 Ol v w
W — NOf
— N Wl
N — |




CONJECTURE 2 -- (1) of Q2 for n even:

Any POLS of an even order has a transversal in both squares at
the same set of n positions.

O o] o

transversal transversal

SRS ok
If this is ture, then, when n=even, any given POLS can be transformed by a combination

of row/column permutations into a form that leads to a semi-magic square in which at
least one of two diagonal sums is the magic constant.

41



Modified Question: What is the condition on POLS (of even order n)
so that both have a transversal at the same set of n positions?

Easy and straightforward (even or odd) sufficient condition :
whenever the POLS have a THIRD orthogonal mate.

The n positions in third orthogonal mate with a constant become a transversal in
both of the original POLS.

()2 3
4

1
2

2

®

1
3

2 3
1

1

/]
2

2

z@@f) 3%%) 3%?

So, if the conjecture is not true, then a counterexample could be a POLS that do not
have any third orthogonal mate. [further necessary condition]

First Try: exhaustive search for the order 4.
RESULT: Every pair is a member of an orthogonal triplet. — no counterexample

For order 6, there does not exist a PAIR !
For order 8, there are too many for an exhaustive search.
For order 10 77

42



Conjecture 2 turned out to be FALSE

by the counterexample of order 10 below.

For order 10, we checked with a POLS by Parker (1959) and found that

* they do not possess a third orthogonal mate and further

* no such a pair of transversals exists. [may need a double check!!l]

89 024635 7)

e "

— 24 &2 =H L0 o o O 9O
b= N Sh oS
< LD O b= NSO D
A = S 90 I~ i &9 o
o0 O GO D b= o &Y
= O QO LD =H o0 O =
D GO < oD LN i AD WO b=
GO N =S A D
2 v = 2D o O o9 =<H LD
— D= w0 0o

—
=H ¥ D = — 29 o O oD
o =f MDD DO b= N O
£ 00 =H v DO b= 00 O
O O v 02D = &9 <
S O =800 = O 0 - M
- o 00 LD OO0 O = £M
L) =N = Q0 O O D v
0D 0 0 Oh O <f ) b=
= 2N OO OO0 5 00 W) < O
™ WO N O N = D M

712345698 0/
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Conclusion on Questions (Q2 and Q1)

s it true that, for any POLS,

(1) when n=even or odd, they have a transversal in
both squares at the same set of n positions; and/or

False in general by counter-example for both even (10) and odd (9)
Maybe true(?) for some infinitely many values of n greater than some number, say 10
Therefore, (1) of Q1 becomes false.

One sufficient condition is when the POLS is a member of an orthogonal triplet.
(2) when n=odd, a set of n positions containing a

constant in one square is a transversal in the other
square?

(2) of Q2 is True in general.
(2) of Q1 <for both diagonal sums> is still open.
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Summary

1.

Choi Seok-Jeong in Korea has constructed a pair of orthogonal latin squares (POLS) of
order 9 in 1715 or earlier, which is at least 61 years earlier than that of Euler’s.

® This was appeared in “"Handbook of Combinatorial Designs” 2" ed., edited by C. Colbourn and J. Dinitz,
2007, published by Chapman Hall & CRC.

® This POLS is so special that they construct a magic square of order 9.

® This POLS is essentially the same as those by Kim and Prasanna in 1993 (also by myself).

Question: Every POLS can make a semi-magic square whose one diagonal sum is the magic
constant by a combination of row/column permutations and the canonical map:

(Q2.2) True for an odd order by (Suff 2 odd) condition in Theorem CD.

(Q2.1) For even/odd orders, not every POLS has the same set of transversal positions
- Counterexamples at order 9(%|41°d) and order 10(Parker)
- Cannot make such a semi-magic thru (Suff 1 all) condition in Theorem CD.
- modified conjecture: (Q2.1) is true for all n > some n'

A sufficient condition for a POLS of order n to construct a magic square with a combination
of row/column permutations and the canonical map:

Whenever the POLS has a third orthogonal mate.
* It is still open whether this is also necessary.
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Communication engineering:
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GPS, Mobile Communications
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Pseudo-random Sequences, Cyclic difference sets,
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