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Abstract
In this paper, it is proved that the normalized Hadamard matrices with the property
that the component-wise sum of any two rows of a matrix is a row of the matrix
are equivalent to cyclic Hadamard matrices of the same order which are made from

m —sequences.

I. Introduction

A Hadamard matrix[1] of order 127 is an
nXn matrix of +1’s and -1's such that any two
rows of the matrix are orthogonal. One can easily
check that the orthogonality of rows
affected by permuting

multiplying

is not
columns or
The
Hadamard matrices obtained by those operations

rows or
rows or columns by -1.
are said to be equivalent. Given a Hadamard
matrice, we can always find an equivalent one
whose top row and leftmost column consist
entirely of +1's. We call this Hadamard matrix
normalized or normalized Hadamard matrix. If
(n—=1) X(n—-1)
H' obtained by removing the top row and the

every row of the matrix
leftmost column of a normalized Hadamard matrix
H 1is a cyclic shift of the first row, # is called

cyclic Hadamard matrix. In fact, the rows of H'
are binary sequences with ideal autocorrelation
property. One may figure out that there is one to
one correspondence between binary sequences
with ideal autocorrelation and cyclic Hadamard
matrices. m -sequences[2] which is one of the
popular binary sequences with ideal

autocorrelation can also give cyclic Hadamard

most

matrices.

In this paper, we prove that cyclic Hadamard

matrices  induced from m -sequences  are

with the
property that the component-wise sum of any

equivalent to Hadamard matrices

two rows of a matrix is itself a row of the
matrix. In the following, we call this property
property. It is
Hadamard matrices given by repeatedly applying

J’_
J’_

“‘closure’’ also proved that

Kronecker product to ( J_r ) have the

closure property.

II. The equivalence of some Hadamard
matrices

Theorem 1 : All

matrices of order

the normalized Hadamard

2" with closure property are

equivalent.
proof : Let /A be a matrix as above. Let V' be
the vector space of dimension 2" over GF(2)

and S be the set of rows of //. Then one can

easily check that S V of

dimension 2. Thus a Dbasis
tbyy, b, of S. Write the basis as

is a subspace of

there exists

b 11 b 12 b 12
B = b 21 b 22 b 2971
by by b .

Then
have all distinct columns because otherwise the

S is the row space of 5. B must

Hadamard matrix / has the same columns more
B have all

distinct columns and consequently every 12 -tuple

than once which is impossible. Thus



appears in columns of B exactly once. Suppose
H ! 2 n

with closure property. Let S’ be the set of rows

1s another Hadamard matrix of order

of H'. Then similarly, there is a matrix 5’ of
which rows span S'. Since B and B ' have
all

permutation matrix

n-tuples as their columns, there exists a
0 such that Fo = B’ In

H and H', this means
that there exists a permutation of columns such
that the sets of rows of two matrices become the

view of the matrices

same. Thus A and H ' are equivalent.

Theorem 2 : Every Hadamard matrice which is

obtained by succesive Kronecker product of

H2:[+ +}

+ j—
has closure property.
proof : Let /H ,. be the Hadamard matrice of

order 2% given by succesive Kronecker product.
We will prove the theorem by an induction on

k. Firstly, one can easily check that #H,
satisfies closure property. Suppose / ,, satisfies
closure property.
Hyo=| "2
H.,, -,
Let 4; be the 7-th row of /A ,.. Then the

sums of two rows of / , ... have the following

three cases:
1. ri=Ch, 1 h;))® Ch, | h;)
2. ry=Ch, 1 —h,)® (h,l —h;)
8. ry=C(h, | h)® (h,| —h,)
r; and r,

are obviously some rows of

H , ... by the induction hypothesis on /H ,..
For rg,
ro =Ch; 1 h;)) @& C(h,l —h;)
=(h, ®h; | h,D —h;)
=(h, ®h; | —(h;Dh)).
Thus r; is also a row of /A ,... and the

theorem follows.

A cyclic Hadamard matrice obtained from an
also the property iIn
Theorem 1 because of the cycle-and-add property

m -sequence satisfies

of m -sequences. Thus we have the following
corollary.

Corollary 1 The Hadamard matrice H

"
given in Theorem 2 is equivalent to a cyclic

Hadamard matrice obtained from an m —sequence

of length 27—1 .

For an illustration, we give the following

example.

Example 1
Hadamard
of +1 and

. Let'’s consider the following two
matrices. Here, we use 0 and 1 instead
-1.
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[eNeN el o]

H is a Hadamard matrix obtained by successive
direct product and H ' is a cyclic Hadamard
Let us
denote the sets of rows of /A and H' by S
and S’ respectively. Then as in Theorem 1, we
B and B’ which span S

and S’ respectively.

matrix made from an m -sequence.

can find matrices

0 1 0 1 0 1 0 1
B = 0 01 1 0 0 1 1}
0O 00 0 1 1 1 1
60111 0 1 0 O
B = lOllOlOOl}
601 01 0 0 1 1

We can easily find the permutation matrix o
such that B' = Fo.



10 0 0 0 0 0 0]
00 000 1 0 0
00 00 1 00 0
. 001 000 0 0
000000 1 0
00 0 1 00 0 0
00000 0 0 1
0010 0 0 0 0 0]

and
000 0 0 0 0 0 0]
01 11 01 0 0
01101 0 0 1
_ 00 0 1 1 1 0 1
Ho 01 01 00 1 1
00 1 0 0 1 1 1
001 1 1 01 0
00100 1 1 1 0]

We have another permutation matrix Vv such
that ' = v Ho.

1 0 0 0 0 0 0 O

01 0 0 0 0 0 O

O 01 0 0 0 0 O

v = 0O 00 01 0 0 O

0O 0 0 001 0 O

O 00 0 0 0 0 1

0O 001 0 0 0 O

L0 0 0 0 0 0 1 0
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