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ABSTRACT

Recently, No et al. presented a new construction of binary sequences with ideal
autocorrelation property. In this paper, we applied this method into some of the
well-known binary sequences with ideal autocorrelation, and the results are
described in detail. First, the GMW sequences are shown to be a natural extension
of m-sequences with respect to this method. Second, new binary sequences with
ideal autocorrelation property are explicitly constructed from Legendre sequences,

Hall’s sextic residue sequences, and other known sequences of miscellaneous type.
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I. Introduction

Balanced binary sequences with ideal autocorrelation have many applications in spread
spectrum communication systems[6], [7], [14], [20], [18], [21], [23]. The ideal
autocorrelation function of these sequences is the best level of imitation that one can
achieve so that they look like ‘‘true random sequences with statistical randomness,’”’ in
addition to their balanced property of having as many 1's as in one period as 0's, but

still these sequences can be deterministically produced[7].

Some of the well-known examples with period 27—1 can be classified as: (1)
m-sequences for all n=1,2,-; (i) GMW sequences for composite values of n; (iii)
“"Legendre’’ sequences whenever 27—1 is a prime (so called, Mersenne prime); (iv)

“"Hall’s sextic residue’’ sequences for 27—1=31,127, and 131071; and (v) sequences
of miscellaneous type of length 127, 255, 511, found by computer. The m-sequences and

the GMW sequences are best described in terms of the trace function over a finite field
[20]. It was recently shown that the Legendre sequences of period p=2"—1 can be

explicitly described using the trace function from the finite field with 27 elements to
the finite field with two elements[15].

Recently, No et al presented a new construction of binary sequences with ideal
autocorrelation property[16]. In this paper, we applied this method into some of the
well-known binary sequences with ideal autocorrelation, and the results are described in
detail. First, the GMW sequences are shown to be a natural extension of m-sequences
with respect to this method. Second, new binary sequences with ideal autocorrelation
property are explicitly constructed from Legendre sequences, Hall's sextic residue
sequences, and other known sequences of miscellaneous type.

This paper is organized as follows. In Section II, we describe some of the necessary
terminology and background materials for pesudorandom binary sequences and their
trace representation. We will quote the main result of [16] of constructing new binary
sequences with ideal autocorrelation for the sake of completeness. In Section III, the
GMW sequences can be reinterpreted as the natural extensions of the m-sequences. As
a first nontrivial example, the Legendere sequences of Mersenne prime period are

extended to longer binary sequences with ideal autocorrelation property in Section IV.



Hall’s sextic residue sequences and known sequences of miscellaneous type are also

considered in Section IV.
II. Preliminary Background

A Dinary sequence {b(¢)} of period N=2"-1 is said to be balanced if the
number of 1’s is one more than the number of 0's. It is said to have the ideal
autocorrelation property if its periodic autocorrelation function RK( 1) has only two
values, that is, R(t)=N for 1=0( modAN), and

R(t)=-1 for 1#0 ( modN). Here, R(1) is defined as
N-1
Rit) = X (-1) bl e+ 1) +b(0)
t=20

where ¢+ T is computed mod N.
Let {b(#)} and {c(#)} be two binary sequences of period N. Two sequences
{b(t)} and {c(t)} are said to be cyclically equivalent if there exists an integer
T such that ¢(¢)=5b(¢t+71) for all £ Otherwise, they are said to be cyclically
distinct. The sequence {c( )} is called the decimation by r, for some integer r, of a
sequence {b6(¢) }if c¢(t) =b(rt) for all ¢ It is easy to check that the period of
{c(t)} is given by N divided by gcd (r; V). Any two sequences 1b6(¢)} and
{c(t) } of period N are said to be equivalent if there are some integers r and T
such that ¢(¢) = b(r[t+1]) for all . Otherwise, they are said to be inequivalent.

Let ¢ be a prime power and let F , be the finite field with g elements. Let

q
n= em> 1 for some positive integers e and m. Then the trace function 2 ( - ) is a

mapping from £ ,, to its subfield # ,. given by

e—1

[rjzjn(X) — ZO x 9 m
i=

It is easy to check that the trace function satisfies the following: (1)
tr’ Cax+by)=atr’ (x)+ btr’ (y), for all abEF ., x, yEF ,; (ii)
tr’ (x *" ) =" (x), for all x=F ,; and (i) & (x) =70 (x)) for  all
x€F .. See [10], [11] for the detailed properties of the trace function.

For the remaining, we are interested in the case where 7= em for integers



m>1 and e> 1. We use the following notation:

N _ 2"-1
N=2"-1, M=2"-1 and T=—% = ,
L4 an i om_ 1

e a and @ are primitive elements of / ,. and £ ,., respectively.
e {(p(ty), t,=01--M-1}

= a binary sequence of period M with ideal autocorrelation property.
o {c(t), t=01,-N—-1}

a binary sequence of period N as an extension of {156(¢;) }.

Using these notations, we quote the construction of binary sequences with ideal

autocorrelation property[16] by No. et al as follows:
Theorem 1 [16] Let m and n be positive integers such that m | 1 Let B be a
primitive element of # ,, and set a =B where T=(2"-1)/(2"-1). Assume
that for an index set I, the sequence 1b(¢,), ¢,=0,1,M—1} of period
M=2"-1 given by

b( [1) = Zé]trzfz(a ah)
has the ideal autocorrelation property. For an integer r, 1<r<A/—1, relatively prime
to M, the sequence {1c(¢), t=0,1,-N—1} of period N=2"—1 defined by

c(t) = Z;lff’f{ [erf, (BT )

also has the ideal autocorrelation property.

III. GMW Sequences as the Extension of m—Sequences

The m-sequences and the GMW sequences are best described in terms of the trace
function over a finite field [20]. In this section we show that GMW sequences are the

natural extensions of m-sequences in the sense of Theorem 1.

Let m and n be positive integers such that m | 1n Let a and B be primitive
elements of /7 ,, and £ ,, respectively. Let {b6(¢,), ¢,=0,1,-M—-1} be a
binary m-sequence of period M= 2" —1, given by

b(t)="(a ).

Note that the m-sequence {/(¢,)} is a binary sequence with ideal autocorrelation



property. Let r be an integer relatively prime to M. Applying Theorem 1, the sequence
{c(#), t=0,1,-N—1} of period N defined by
cCo)=u7{lel, (B}
has the ideal autocorrelation property. Note that it is exactly the GMW sequence
defined in [19]. In particular, the sequence {c¢(¢)} is an m-sequence of period N,
when r=1.
Consider the  number N ., of cyclically distinct GMW  sequences
{c(),t=0,1,~N—1} of period N=2"-1 with ideal autocorrelation property.
Since /=1{1}, it is easy to check that N,= ¢( M)/m. Hence we have

Ny oM _e(N)

seq m n

which is a well-known result [19].

Example 2 Let {b(¢,), ¢,=0,1,-,6} be a binary m-sequence of period 7, given
by
b(t)=tri(a ™)
for a primitive element a of F ;. Let r be an integer relatively prime to 7. Since the
m-sequence 1b6(¢;) } is a binary sequence with ideal autocorrelation property, it can
be extended to the GMW sequence {c¢(¢), ¢t=0,1,--,62} of period 63 defined by
c(t)y=t5{1 e’ (B}
for a primitive element B in £/ 4, and hence {c(¢)} has the ideal autocorrelation

property by Theorem 1.

IV. New Binary Sequences with Ideal Autocorrelation Property

A. Binary Sequences from Legendre Sequences
Let p be an odd prime. The Legendre sequence <{h(¢), t=0,1,-p— 11} of period
p is defined as

if t=0 modp,
if ¢+ 1s a quadratic residue mod p,
if £ 1s a quadratic non —residue mod p.

b(t) =

— O

1)

It is not difficult to show that {5(¢#)} has the ideal autocorrelation property if and



only if p=3( mod4) [3], [7].
It seems to be quite difficult to find any simple and explicit representation of the
Legendre sequence {b(¢)} for all primes p= 3( mod4) using the trace function

over a finite field. However, it is recently shown that the Legendre sequences of period

p=2"—1 can be explicitly described using the trace function from £ ,., to £, [15].

Proposition 3 Let M= 2"—1 be a prime for some integer m=3 and let u be a

primitive element of 2, the set of intgers mod M. Then there exists a primitive

element a of £/ ,, such that

M=1_,
Zm 27
ZO (o “ ) =0,
~

and the sequence {s(¢), t=20,1,2,-,M—1 } of period M given by

M—-1_
2m 1

sCt) = > i(a )

=0

2
is exactly the Legendre sequence given in Eq.(1).
Consider a decimation {s(u’t)} by u’ of the sequence {s(¢)} given in Eq.

(2). Clearly, if j is an even integer, then {s( u’t) } is the Legendre sequence given

in Eq. (1).

It is also easy to show that if j is an odd integer, then {s( z’¢) } is the sequence

given by
4 1 if =0 modM,
sCu't) = 1 if ¢ is a quadratic residue mod M,
0 if ¢ is a quadratic non —residue mod M.

Since {s(u’t) } has the ideal autocorrelation property regardless of j, we will also
refer to it as a Legendre sequence hereafter. The following theorem is the consequence

of Theorem 1 and Proposition 3.

Theorem 4 Let m be an integer such that M=27"-1 is prime and let n be a

multiple of m. Let u be a primitive element of 2, the set of intgers mod M, and let

B be a primitive element of 7 ,.. For an integer r, 1<r<M—1, relatively prime to



M, the sequence {c( 1), t=0,1,N—17} of perio d N=2"—1 given by

th—l_l
(= 2 et (B Ty

=

has the ideal autocorrelation property.
Consider the number N ., of cyclically distinct extensions {c(#)} of period

N=2"-1 with ideal autocorrelation property, constructed from the Legendre
sequences of period 27— 1. Since we have

I={u® | =01 (M-1)2m—1}
for a primitive element u in 2 ,, it is easy to check that N,= 2. Hence we get

N seq = 2 q)( N) *

n

Example 5 Let m=7 and thus M= 127(=2"-1). It is easy to check that the
element «= 3 is primitive in Z ,;. Let a be the primitive element of 7 ,-

satisfying a’+a’+ 1= 0. Then we have

M—-1_
2m 1

> (e ") = Zotri(a Sy =0.

=0 =

The sequence {b6(¢,), t,=0,1,-~ 126 } given by

8 7 3 2 8 7 97¢
bty = Zotrl(a )= > wri(a ")

= =0
is the Legendre sequence of period 127.

Let n be a multiple of m=7. Let [ be a primitive element of / ,.. Then the

sequence {b(t,)} can be extended to a binary sequence of period 27—1 with
ideal autocorrelation property. That is, for an integer r, 1=<r<6, the sequence

{c(), t=0,1,N—1} of period N=2"—1 given by

(0= % oL (BO] )

has the ideal autocorrelation property by Theorem 4. Note that there are 2¢( N)/n
cyclically distinct extensions of period N with ideal autocorrelation property, constructed

from the Legendre sequences of period 127.



B. Binary Sequences from Hall’s Sextic Residue Sequences

Another construction for binary sequences of period M=2"-1 with ideal

autocorrelation is associated with Hall's difference set only when m is 5, 7, and 17 [1],
[18]. In the case that m =5, the Hall's sextic residue sequences are exactly the
m-sequences.

Consider the case that m=7 and M= 127. The element u= 3 is primitive in
zZ 127

Let a be a primitive element of the finite field £/ ,.. Using a computer search for a

trace representation of the Hall’s sextic residue sequence {1b6(¢,), ¢,=0,1,-, 126}

of period 127, it is found that it can be expressed as

2 o 6i
b)) = X uila D)

Note that its decimation by any integer r also has the ideal autocorrelation property.
Hence, {b6(¢;)} and all of its decimations are called the Hall's sextic residue
sequences.

Applying Theorem 1 to {b(¢,)}, we have extensions of Hall's sextic residue

sequences of period 127.

Theorem 6 Let n be a multiple of 7 and let [ be a primitive element of £ ,,. Then
for any integer r, 1=<r<126, the sequence {c(¢), t=0,1,-,N—1} of period

N=2"—1 defined by

(0= 3 Ly (BT ©)

i=

has the ideal autocorrelation property.

Consider the number N ., of cyclically distinct extensions {c(#)} of period
N=2"-1 with ideal autocorrelation property, constructed from the Hall's sextic
residue sequences of period 127. Since /=13 % | /=0,12} €7 ,,, it is easy to
check that N,;= 6. Hence we have

N =6 2D

seq n



C. Binary Sequences from Known Sequences of Miscellaneous Type

To classify and construct balanced binary sequences of period 27—1 is a very
interesting problem in both theory and practice [6], [7]. Especially, the balanced binary
sequences of period 2”—1 with ideal autocorrelation property find many applications in
spread spectrum communication systems. A complete search for those sequences was
conducted for period 127 by Baumert and Fredrickson [2], 255 by Cheng [4], 511 by
Drier [5].

It is well-known that there are 6 inequivalent binary sequences of period 127 with
ideal autocorrelation property: an m-sequence, a Legendre sequence, a Hall's sextic
residue sequence, and three others called the miscellaneous type I, II, and III. Let a be
a primitive element of the finite field /# ,.. Then the sequences of miscellaneous type
have the following trace representation by a computer search:

(i) Miscellaneous Type I

b () =tr1(a ")+ ul(a )+l Ca ™)+ a(a M)+ a(a T,
(ii) Miscellaneous Type II

byt =triCa )+t (a )+ alla Y+ alla )+l (a P,
(iii) Miscellaneous Type III

b o(t) =t (a ")+ at(a )+l a P
where ¢, runs from 0 to 126. Hence, we have the extensions of these sequences in the

following.

Theorem 7 Let n be a multiple of 7 and let [ be a primitive element of £ ,.. Then

there are the following inequivalent binary sequences of period ~N=2"—1 with ideal

autocorrelation property:

c,(t) =l ler (BOID)+ e CLer (B ")+ CLert (BT ™)
L (BT M)+ a7 (e (BT 2,

c () =il (BT +eariCLers (B D) +ai Lk (BT ™)
L (BT M)+t (B)] 2,

and
c () =Tl (BT +aTCLer (BT ") +aT(Lerd (BT )

where t runs from 0 to N-I and r, 1=<r<126, is an integer.



For a multiple n of 7, consider the number N ., of cyclically distinct extensions

{c(t)} of period N=2"-1 with ideal autocorrelation property, constructed from a
miscellaneous type sequence of period 127. It is easily checked that

N,=(127)/7 =18. Hence we have N .= 18 &( N)/n for a binary sequence of

each miscellaneous type.
At period 255, it is found that there are 4 inequivalent binary sequences with ideal

autocorrelation property: an m-sequence, a GMW sequence, and two others called the

miscellaneous type I and II. Let a be a primitive element of the finite field # ,.. The

sequences of miscellaneous type have the following trace representation by a computer
search:
(i) Miscellaneous Type I

b () =tr8(a )+ atCa )+ utCa M)+ ala )+ at(a T,
(ii) Miscellaneous Type II

b oCe)=eS(a )+ arfa ")+t )+ et (a T+ et ).

where ¢, runs from O to 254. Hence, we have the following extensions of these

sequences.

Theorem 8 Let n be a multiple of 8 and let B be a primitive element of 7 ,.. Then

there are the following inequivalent binary sequences of period N= 2"—1 with ideal

autocorrelation property:

c, () =a5CLery (BOID)+erSCLery (BD)] )+ a5 Lery (BT M)
FetCLerh (BOT )+ e (Lart (B1 1),

c () =5l (BOID)+erSCLery (BT ™ +er5CLery (BT )
SOl (BT ")+ CLart (B9)] %)

where t runs from 0 to N-I and r, 1=<r<254, is an integer relatively prime to 255.
As in the case of period 127, it is easily checked that N,= ¢(255)/8 =16. Hence,
for a multiple n of 8, the number N , of cyclically distinct extensions {c(¢)} of

period N= 2"—1 with ideal autocorrelation property, constructed from a miscellaneous

type sequence of period 255, is given by

10



N =16 o(N)/n.
At period 511, there are 4 inequivalent examples: an m-sequence, a GMW sequence,
and two others called the miscellaneous type 1 and II. Let a be a primitive element of
the finite field £ ,.. The sequences of miscellaneous type have the following trace

representation by a computer search:

(i) Miscellaneous Type I

b (t,)=trCa ")+ alCa )+ (a P,
(ii) Miscellaneous Type II

b ,(t,)=1tCa ")+ tr9(a Ty 4 tr (a D

where ¢, runs from 0 to 510. Hence, we have the extensions of these sequences in the

following.

Theorem 9 Let n be a multiple of 9 and let [ be a primitive element of £ ,,. Then

there are the following inequivalent binary sequences of period N=2"—1 with ideal

autocorrelation property:

c (= Ly (BOID)+ear{CLery (BT ")+ e (Lary (BT )

and

c (0 =i CLery (BOID) +eriCLery (BO1T ") +ari(Lery (BT %)

where ¢t runs from 0 to N-I and r, 1=r=510, is an integer relatively prime to 511.

It is easily checked that N,= ¢(511)/9 =48, Thus for a multiple n of 9, there are

N =48 o(N)/n cyclically distinct extensions {c(t)} of period N=2"-1
with ideal autocorrelation property, which are constructed from a miscellaneous type
sequence of period 511.

In the case of period 1023, a computer search found that there is at least one binary
sequence {1b6(ty), ¢t;,=0,1,-,1022 } with ideal autocorrelation property, which is
inequivalent to any of known sequences such as the m-sequences, the GMW sequences,

and the extensions of the Legendre sequences. It is given by

11



b(t) =tr%Ca )+ Ca ")+ Ca )+ Ca P+ a0 )
where a is a primitive element of the finite field /7 , .. Hence, we have its extension
in the following.
Theorem 10 Let n be a multiple of 10 and let B be a primitive element of /7 ,..

Then there is a binary sequences of period N=27—1 with ideal autocorrelation

property, given by

cCt) =0 la"y (BOID)+arCLer, (BOT )+ (L, (BD)] °)
+ trllo [trnlo (Bf)] 73r) + trllo [trnlo (Bt)] 121r)

where ¢ runs from 0 to N-1 and r, 1=r<1022, is an integer relatively prime to 1023.

It is easily checked that N,= ¢(1023)/10 = 60. Note that a multiple n of 10, there
are N ,,=60 ¢o(N)/n cyclically distinct extensions {c(#)} of period

N=2"—1 with ideal autocorrelation property, which are constructed from the above

miscellaneous type sequence {b6(¢,) } of period 1023.
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