


2 n -1
n = 1, 2,…

2 n -1
2 n -1= 31,127, and 131071

p = 2 n -1
2 n



{b( t) } N = 2 n -1

R( τ)
R( τ) =N for  τ = 0( mod N)

R( τ) =- 1  for  τ≠0 ( mod N) R( τ)
R( τ) = ∑N - 1t = 0 (-1) b ( t + τ ) +b( t)

t + τ
{b( t) } {c( t) }

{b( t) } and  {c( t) }
τ c( t) = b( t + τ)

{c( t) }
{b( t) } c( t) =b( rt)

{c( t) } gcd (r,N) {b( t) }
{c( t) } τ

c( t) = b( r[ t + τ])
F q

n = em > 1 tr nm(⋅)
F 2 n F 2 m

tr nm(x) = ∑e - 1i = 0 x 2 mi.

tr nm( ax+by)= a tr nm(x) + b tr nm(y) a,b∈F 2 m, x, y∈F 2 n

tr nm(x 2 m )=tr nm(x) x∈F 2 n tr n1( x)= trm1 ( tr nm(x)),
x∈F 2 n

n = em



m > 1  and  e > 1
N = 2 n -1,  M = 2 m -1,  and  T = NM = 2 n -1

2 m -1
α β F 2m F 2 n

{b( t 1), t 1 = 0,1,…,M- 1 }

{c( t),  t =0,1,…,N - 1 }
{b( t 1) }.

m | n β
F 2 n α =β T where T =( 2 n -1)/(2 m-1)

{b( t 1),  t 1 = 0, 1,…,M- 1 }
M = 2 m -1

b( t 1) = ∑a∈I trm1 ( α at 1 )
r, 1≤r≤M-1

{c( t), t = 0, 1,…,N - 1 } N = 2 n -1
c( t) = ∑a∈I tr m1 {[ tr nm (β t )] ar }

m | n α β
F 2m F 2 n {b( t 1),  t 1 = 0,1, …,M- 1 }

M = 2 m -1
b( t 1) = trm1 (α t 1 ).

{b( t 1) }



{c( t), t = 0, 1,…,N - 1 }
c( t) = trm1 {[ tr nm (β t )] r }

{c( t) }
r = 1

N seq

{c( t),t = 0,1,…,N - 1 } N = 2 n -1
I = {1 } N I = ϕ(M)/m

N seq = ϕ( M )m ⋅ ϕ( N )n ,

{b( t 1),  t 1 = 0,1, …, 6 }

b( t 1) = tr 31(α t 1 )
α F 8

{b( t 1) }
{c( t), t = 0, 1,…,62 }

c( t) = tr 31 {[ tr 63 (β t )] r }
β F 64 {c( t) }

{b( t), t = 0,1,…p - 1 }

b( t) = { 1    if t = 0 mod p,
0    if t is a quadratic residue mod p,
1    if t is a quadratic non - residue mod p.

{b( t) }



p = 3( mod 4)

{b( t) } p = 3( mod 4)

p = 2 m -1 F 2m F 2
M = 2 m -1 m≥3
Z M,

α F 2 m

∑
M - 12m - 1

i = 0 tr m1 ( α u 2i ) = 0,
{s( t),  t = 0, 1, 2,…,M - 1 }

s( t) = ∑
M - 12m - 1

i = 0 tr n1( α u 2it )

{s( u jt) } u j {s( t) }
{s( u jt) }

{s( u jt) }

s( u jt) = { 1    if  t = 0 mod M,
1    if  t is a quadratic residue mod M ,
0    if  t is a quadratic non - residue mod M.

{s( u jt) }

M = 2 m -1
Z M

β F 2 n r, 1≤r≤M-1



{c( t),   t = 0,1,⋯,N - 1 } N = 2 n -1

c( t) = ∑
M - 12m - 1

i = 0 tr m1 {[ tr nm (β t )] ru 2i}

N seq {c( t) }
N = 2 n -1

2 m -1
I = {u 2i | i = 0,1,…,( M- 1)/2m- 1 }

Z M N I = 2
N seq = 2 ϕ( N )n .

m = 7 M = 127( = 2 7 -1)
u = 3 Z 127. α F 2 7

α 7 + α 4 + 1 = 0

∑
M - 12m - 1

i = 0 tr m1 (α u 2i ) = ∑8i = 0 tr 71(α 3 2i ) = 0.
{b( t 1), t 1 = 0,1,…, 126 }
b( t 1) = ∑8i = 0 tr 71( α 3 2it 1 ) = ∑8i = 0 tr 71(α 9 i t 1 )

β F 2 n

{b( t 1) } 2 n -1
1≤r≤6

{c( t),   t = 0,1,⋯,N - 1 } N = 2 n -1
c( t) = ∑8i = 0 tr 71 {[ tr n7 (β t )] r9 i}

2ϕ( N )/ n



M = 2 m -1

m = 5

m = 7 M = 127 u = 3
Z 127

α F 2 7

{b( t 1),  t 1 = 0,1,…, 126 }

b( t 1) = ∑2i = 0 tr 71(α 3 6it 1 ).

{b( t 1) }

{b( t 1) }

β F 2 n

r, 1≤r≤126 {c( t), t = 0, 1,…,N - 1 }
N = 2 n -1

c( t) = ∑2i = 0 tr 71( [ tr n7 (β t )] r3 6i )

N seq {c( t) }
N = 2 n -1

I = {3 6i | i = 0,1,2 } ∈Z 127,
N I = 6

N seq = 6 
ϕ( N )n .



2 n -1

2 n -1

α
F 2 7

b I( t 1 ) = tr 71(α t 1 ) + tr 71(α 5t 1 ) + tr 71(α 7t 1 ) + tr 71(α 11t 1 ) + tr 71(α 31t 1 ),

b II( t 1 ) = tr 71(α t 1 ) + tr 71(α 3t 1 ) + tr 71(α 7t 1 ) + tr 71(α 19t 1 ) + tr 71(α 29t 1 ),

b III( t 1 ) = tr 71(α t 1 ) + tr 71(α 9t 1 ) + tr 71(α 13t 1 )
t 1

β F 2 n

N = 2 n -1

c I( t) = tr 71( [ tr n7 (β t )] r) + tr 71( [ tr n7 (β t )] 5r) + tr 71( [ tr n7 (β t )] 7r)
+ tr 71( [ tr n7 (β t )] 11r) + tr 71( [ tr n7 (β t )] 31r),

c II( t) = tr 71( [ tr n7 (β t )] r) + tr 71( [ tr n7 (β t )] 3r) + tr 71( [ tr n7 (β t )] 7r)
+ tr 71( [ tr n7 (β t )] 19r) + tr 71( [ tr n7 (β t )] 29r),

c III( t) = tr 71( [ tr n7 (β t )] r) + tr 71( [ tr n7 (β t )] 9r) + tr 71( [ tr n7 (β t )] 13r)
r, 1≤r≤126,



N seq

{c( t) } N = 2 n -1

N I = ϕ( 127)/7 =18 N seq = 18 ϕ( N )/ n

α F 2 8

b I( t 1 ) = tr 81(α t 1 ) + tr 81(α 3t 1 ) + tr 81(α 11t 1 ) + tr 81(α 43t 1 ) + tr 81(α 111t 1 ),

b II( t 1 ) = tr 81(α t 1 ) + tr 81(α 7t 1 ) + tr 81(α 9t 1 ) + tr 81(α 47t 1 ) + tr 81(β 63t 1 ).
t 1

β F 2 n

N = 2 n -1

c I( t) = tr 81( [ tr n8 (β t )] r) + tr 81( [ tr n8 (β t )] 3r) + tr 81( [ tr n8 (β t )] 11r)
+ tr 81( [ tr n8 (β t )] 43r) + tr 81( [ tr n8 (β t )] 111r),

c II( t) = tr 81( [ tr n8 (β t )] r) + tr 81( [ tr n8 (β t )] 7r) + tr 81( [ tr n8 (β t )] 9r)
+ tr 81( [ tr n8 (β t )] 47r) + tr 81( [ tr n8 (β t )] 63r)

r, 1≤r≤254
N I = ϕ( 255)/8 =16

N seq {c( t) }
N = 2 n -1



N seq = 16 ϕ( N )/ n .

α
F 2 9

b I( t 1 ) = tr 91(α t 1 ) + tr 91(α 11t 1 ) + tr 91(α 43t 1 ),

b II( t 1 ) = tr 91(α t 1 ) + tr 91(α 17t 1 ) + tr 91(α 25t 1 )
t 1

β F 2 n

N = 2 n -1

c I( t) = tr 91( [ tr n9 (β t )] r) + tr 91( [ tr n9 (β t )] 11r) + tr 91( [ tr n9 (β t )] 43r)

c II( t) = tr 91( [ tr n9 (β t )] r) + tr 91( [ tr n9 (β t )] 17r) + tr 91( [ tr n9 (β t )] 25r)
r, 1≤r≤510

N I = ϕ( 511)/9 =48
N seq = 48 ϕ( N )/ n {c( t) } N = 2 n -1

{b( t 1), t 1 = 0,1,…, 1022 }



b( t 1) = tr 101 (α t 1 ) + tr 101 (α 9t 1 ) + tr 101 (α 57t 1 ) + tr 101 (α 73t 1 ) + tr 101 (α 121t 1 )
α F 2 10

β F 2 n

N = 2 n -1

c( t) = tr 101 ( [ tr n 10 (β t )] r) + tr 101 ( [ tr n 10 (β t )] 9r) + tr 101 ( [ tr n 10 (β t )] 57r)
+ tr 101 ( [ tr n 10 (β t )] 73r) + tr 101 ( [ tr n 10 (β t )] 121r)

r, 1≤r≤1022

N I = ϕ( 1023)/10 = 60
N seq = 60 ϕ( N )/ n {c( t) }

N = 2 n -1
{b( t 1) }



2 n -1




