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The main flow of this talk
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We investigate the FER of non-binary polar codes 

with all the non-binary 2 × 2 kernels of type 
1 0
𝜂 1

First,



The main flow of this talk
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We investigate the FER of non-binary polar codes 

with all the non-binary 2 × 2 kernels of type 
1 0
𝜂 1

We propose non-binary 4 × 4 kernels with

the same complexity of encoding and SC decoding 

but better FER performance 

First,

Second,



System model

4

attach
frozen symbols

bit ↦ 𝐺𝐹(2𝑚)
symbol

2𝑚-ary
polar encoder

Discrete 
Coding

Channel

2𝑚-ary
polar decoder

symbol ↦ bit

K 
information 

bits

K
Information

bits

K/m non-binary 
information symbols

to be transmitted

a posteriori
probability vector

of length 𝑁

decoded
symbol vector
of length N

Codeword of length N

Symbol vector
of length N

to be encoded

remove 
frozen symbols

K/m non-binary 
information symbols

to be received



5

𝑭𝟐
𝟒 𝑭𝟐𝟒

Ex) 1 1 0 1 1 ⋅ 𝛼0 + 1 ⋅ 𝛼1 + 0 ⋅ 𝛼2 + 1 ⋅ 𝛼3 = ቐ
0

𝛼𝑡

𝑏0 𝑏1 𝑏2 𝑏3 𝑏0 ⋅ 𝛼
0 + 𝑏1 ⋅ 𝛼

1 + 𝑏2 ⋅ 𝛼
2 + 𝑏3 ⋅ 𝛼

3 ∈ 𝐺𝐹 24

Binary 4-bits Symbols in 𝑮𝑭 𝟐𝟒

4 bits
Polar encoding 

with kernel

1 0
𝛼𝑧 1

𝑧 = 1, 3, 5, 7

basis of 𝑮𝑭 𝟐𝟒

1, 𝛼, 𝛼2, 𝛼3

1, 𝛼2, 𝛼4, 𝛼6

1, 𝛼4, 𝛼8, 𝛼12

1, 𝛼8, 𝛼16, 𝛼24

conversion

Minimal polynomial (𝐺𝐹 (16)) Root (power of 𝛼)

𝑥 + 1 0

𝑥4 + 𝑥 + 1 1, 2, 4, 8

𝑥4 + 𝑥3 + 𝑥2 + 𝑥 + 1 3, 6, 12, 9

𝑥2 + 𝑥 + 1 5, 10

𝑥4 + 𝑥3 + 1 7, 14, 13, 11

bit ↦𝐺𝐹(2𝑚)
symbol

𝑜𝑟



Encoding with 2 × 2 kernels 𝟏 𝟎
𝜼 𝟏
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• 𝒄 = 𝒖𝑮 where 𝐺 = 𝐹2
⊗𝑟 =

1 0
𝜂 1

⊗𝑟

𝜂

𝜂
𝜂

𝜂

𝜂

𝜂
𝜂

𝜂

𝑢1
𝑢2
𝑢3

𝑢5

𝑢4

𝑢6
𝑢7
𝑢8

𝑐1
𝑐2
𝑐3

𝑐5

𝑐4

𝑐6
𝑐7
𝑐8

AWGN

AWGN

AWGN

AWGN

AWGN

AWGN

AWGN

AWGN

• 2 × 2 kernel : 𝐹2 =
1 0
𝜂 1

, 𝜂 ∈ 𝐺𝐹(2𝑚)

Some frozen symbols are sent thru the channel 
in which the reliability is lower;

and information symbols are sent thru the channels 
in which the reliability is higher



Simulation environment
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• Non-binary symbols over GF(16)

• Code length : 64 symbols = 256 bits

• Code rate : ½  (32 frozen symbols and 32 data symbols)

• 2 × 2 kernels 
𝟏 𝟎
𝜼 𝟏

• Channel :  AWGN channel

• Modulation : 16 QAM (each symbol has 4-bit meaning)

• Decoding : Successive Cancelation (SC) decoding



Simulation result with 2 × 2 kernels 
𝟏 𝟎
𝜼 𝟏
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Question
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Can we improve the performance 
using some 4 × 4 kernels 
instead of 2 × 2 kernels, 

while maintaining the complexity of 
encoding/SC decoding ?



Proposed type of 4 × 4 kernel
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𝛿

𝛿

𝛾

𝛾

𝐹 =

1 0
𝛾 1

0 0
0 0

𝛿 0
𝛾𝛿 𝛿

1 0
𝛾 1

=
1 0
𝛾 1

⨂
1 0
𝛿 1

where
𝛾, 𝛿 ∈ 𝐺𝐹 2𝑚 , 𝛾, 𝛿 ≠ 0

The same complexity of encoding/decoding 

as those using 2 × 2 kernels 
1 0
𝜂 1



Non-binary polar code of length 16 
using the proposed 4 × 4 kernel
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𝑠4,1 = 𝑐9
𝑠4,1 = 𝑐10
𝑠4,1 = 𝑐11
𝑠4,1 = 𝑐12
𝑠4,1 = 𝑐13
𝑠4,1 = 𝑐14
𝑠4,1 = 𝑐15
𝑠4,1 = 𝑐16

𝑢1 = 𝑠0,1
𝑢2 = 𝑠0,2
𝑢3 = 𝑠0,3
𝑢4 = 𝑠0,4
𝑢5 = 𝑠0,5
𝑢6 = 𝑠0,6
𝑢7 = 𝑠0,7
𝑢8 = 𝑠0,8
𝑢9 = 𝑠0,9
𝑢10 = 𝑠0,10
𝑢11 = 𝑠0,11
𝑢12 = 𝑠0,12
𝑢13 = 𝑠0,13
𝑢14 = 𝑠0,14
𝑢15 = 𝑠0,15
𝑢16 = 𝑠0,16

𝑠4,1 = 𝑐1
𝑠4,1 = 𝑐2
𝑠4,1 = 𝑐3
𝑠4,1 = 𝑐4
𝑠4,1 = 𝑐5
𝑠4,1 = 𝑐6
𝑠4,1 = 𝑐7
𝑠4,1 = 𝑐8

𝛾

𝛾

𝛾

𝛾

𝛾

𝛾

𝛾

𝛾

𝛿

𝛿

𝛿
𝛿

𝛿

𝛿

𝛿
𝛿

𝛿

𝛿

𝛿

𝛿

𝛿

𝛿

𝛿

𝛿

𝛾

𝛾

𝛾

𝛾

𝛾

𝛾

𝛾

𝛾

𝑠1,1
𝑠1,2
𝑠1,3
𝑠1,4
𝑠1,5
𝑠1,6
𝑠1,7
𝑠1,8

𝑠1,9
𝑠1,10
𝑠1,11
𝑠1,12
𝑠1,13
𝑠1,14
𝑠1,15
𝑠1,16

𝑠2,1
𝑠2,2
𝑠2,3
𝑠2,4
𝑠2,5
𝑠2,6
𝑠2,7
𝑠2,8

𝑠2,9
𝑠2,10
𝑠2,11
𝑠2,12
𝑠2,13
𝑠2,14
𝑠2,15
𝑠2,16

𝑠3,1
𝑠3,2
𝑠3,3
𝑠3,4
𝑠3,5
𝑠3,6
𝑠3,7
𝑠3,8

𝑠3,9
𝑠3,10
𝑠3,11
𝑠3,12
𝑠3,13
𝑠3,14
𝑠3,15
𝑠3,16



Sub-kernels 𝑭𝜸 and 𝑭𝜹 for 𝜸 and 𝜹
of the proposed 4 × 4 kernels

12

𝛿

𝐹𝛿

𝛾

𝐹𝛾

The sub-kernels 𝐹𝛾 and 𝐹𝛿 appear alternately 

during the encoding and decoding process



The message update rule (1/2)
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𝛽

𝑷𝟏

𝑷𝟐

𝑷𝟏
′

𝑷𝟐
′

𝛽

𝑷𝟏

𝑷𝟐

ො𝑢𝑘1

𝑷𝟐
′

𝛽 = 𝛾 or 𝛿 depending on whether 
the current sub-kernel is  𝐹𝛾 or 𝐹𝛿

❖Notation
• 𝑷𝟏, 𝑷𝟐, 𝑷𝟏

′ , 𝑷𝟐
′ : a posteriori probability (APP) vectors

• ො𝑢𝑘1 : symbol corresponding to the APP vector 𝑃1
′

• ො𝑢𝑘2: symbol corresponding to the APP vector 𝑃2
′

• 𝑘1, 𝑘2 : decoding phase for 1 ≤ 𝑘 ≤ 𝑛𝑐

• 𝑷𝟏 = 𝑃1 0 , 𝑃1 𝛼0 , … , 𝑃1 𝛼2
𝑚−2

• 𝑷𝟐 = [𝑃2 0 , 𝑃2 𝛼0 , … , 𝑃2 𝛼2
𝑚−2 ]

• 𝑷𝟏
′ = 𝑃1

′ 0 , 𝑃1
′ 𝛼0 , … , 𝑃1

′ 𝛼2
𝑚−2

• 𝑷𝟐
′ = [𝑃2

′ 0 , 𝑃2
′ 𝛼0 , … , 𝑃2

′ 𝛼2
𝑚−2 ]



The message update rule (2/2)
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𝑃1
′ 𝑢𝑘1 =

1

2𝑚


𝑢𝑘2 ∈ 𝐺𝐹 2𝑚

𝑃1 𝑢𝑘1⨁𝛽𝑢𝑘2 𝑃2 𝑢𝑘2

𝑃2
′ 𝑢𝑘2 =

1

2𝑚
𝑃1 𝑢𝑘1⨁𝛽𝑢𝑘2 𝑃2 𝑢𝑘2

In decoding phase 𝑘𝑖 ,

𝑃𝑈𝑘𝑖
|𝑌𝑛,𝑈𝑘𝑖−1 = … , 𝑃𝑈𝑘𝑖

|𝑌𝑛,𝑈𝑘𝑖−1 𝑢 𝑦𝑛, 𝑢𝑘𝑖−1 , … , where 𝑢 ∈ 𝐺𝐹 2𝑚

ො𝑢𝑘𝑖 = 𝑎rgmax
𝑢 ∈ 𝐺𝐹(2𝑚)

𝑃𝑈𝑘𝑖
|𝑌𝑛,𝑈𝑘𝑖−1 𝑢 𝑦𝑛, 𝑢𝑘𝑖−1

by recursively updating the messages

𝛽

𝑷𝟏

𝑷𝟐

𝑷𝟏
′

𝑷𝟐
′

𝛽

𝑷𝟏

𝑷𝟐

ො𝑢𝑘1

𝑷𝟐
′



Simulation environment
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• Non-binary symbols over GF(16)
• Code length : 64 symbols = 256 bits
• Code rate : ½  (32 frozen symbols and 32 data symbols)

• 4 × 4 kernels

1 0
𝛾 1

0 0
0 0

𝛿 0
𝛾𝛿 𝛿

1 0
𝛾 1

=
1 0
𝛾 1

⨂
1 0
𝛿 1

• Channel :  AWGN channel
• Modulation : 16 QAM (each symbol has 4-bit meaning)
• Decoding : Successive Cancelation (SC) decoding



𝜂 = 𝛼5

𝜂 = 𝛼3

𝜂 = 𝛼

𝜂 = 𝛼7

2 × 2 kernels
𝟏 𝟎
𝜼 𝟏

Comparison of FER performance
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𝜂 = 𝛼5

𝜂 = 𝛼3

𝜂 = 𝛼

𝜂 = 𝛼7

(𝛾, 𝛿) = (𝛼5, 𝛼13)
𝛾, 𝛿 = (𝛼7, 𝛼12)
𝛾, 𝛿 = (𝛼3, 𝛼13)
𝛾, 𝛿 = (𝛼, 𝛼9)

Proposed 4 × 4 kernels  

𝟏 𝟎
𝜸 𝟏

𝟎 𝟎
𝟎 𝟎

𝜹 𝟎
𝜸𝜹 𝜹

𝟏 𝟎
𝜸 𝟏

2 × 2 kernels
𝟏 𝟎
𝜼 𝟏

Comparison of FER performance
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𝜂 = 𝛼5

𝜂 = 𝛼3

𝜂 = 𝛼

𝜂 = 𝛼7

(𝛾, 𝛿) = (𝛼5, 𝛼13)
𝛾, 𝛿 = (𝛼7, 𝛼12)
𝛾, 𝛿 = (𝛼3, 𝛼13)
𝛾, 𝛿 = (𝛼, 𝛼9)

Proposed 4 × 4 kernels  

𝟏 𝟎
𝜸 𝟏

𝟎 𝟎
𝟎 𝟎

𝜹 𝟎
𝜸𝜹 𝜹

𝟏 𝟎
𝜸 𝟏

2 × 2 kernels
𝟏 𝟎
𝜼 𝟏

Comparison of FER performance
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0.17 dB



C𝐨𝐧𝐜𝐥𝐮𝐬𝐢𝐨𝐧
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• We confirmed the existence of 4 × 4 kernels with better FER 

performance than using the best 2 × 2 kernel of type 
1 0
𝜂 1

• This also has the advantage of having the same complexity of 
encoding and SC decoding



C𝐨𝐧𝐜𝐥𝐮𝐬𝐢𝐨𝐧
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• We confirmed the existence of 4 × 4 kernels with better FER 

performance than using the best 2 × 2 kernel of type 
1 0
𝜂 1

• This also has the advantage of having the same complexity of 
encoding and SC decoding

❖Future research: 

1. For 2 by 2 case, do we know some fundamental reason why one is better 
than the other?

2. Is it true that the best 4 by 4 is always better than the best 2 by 2 ? Why?
3. Can an 8 by 8 or larger size kernels improve more?
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Any Questions or Comments?


