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ZCZ Sequences Family

A set of K sequences of period L:
s={s®={sP|ten}i=01,.,Kk-1]
isan (L, K, Z.,)-2CZ sequences family, if
forany i and j, Cs(i),s(j)('l-) = 0 for |t| < Zy,

except for the caseof Tt = 0 andi = .

Here, Z. is called the zero-correlation zone.




‘9
(CL
o0

ZCZ Sequences Family
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ZCZ Sequences Family

ZCZ Sequences Family §
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Cross-corrélation Value:= 0 =~

-




&
(L ZCZ Sequences Family
o9

A set of K sequences of period L:
s={s®={sP|ten}i=01,.,Kk-1]
isan (L, K, Z.,)-2CZ sequences family, if
foranyiand j, Cs(i),s(j)('l-) = 0 for |t| < Zy,

except for the caseof T = 0andi = .

Known Fact 1 (Upper bound [45])

For an (L, K, Z_.,)-ZCZ sequences family, the size K of the family
is upper bounded by

K <L/Z,
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b E g > K s@ | s®
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Lz At Lo ez

Known Fact 1 (Upper bound [45])

For an (L, K, Z_.,)-ZCZ sequences family, the size K of the family
is upper bounded by

K=<Ll/zZ,




Cyclic Relative Difference Sets

Let u, v, k, A be positive integers.

A (u,v, k, 1) relative difference set (RDS) D is
a k-subset {d{, d,, ..., d;} of the integers mod uv
relative to its subgroup (u) £ uz,,
satisfying the following condition:

(A, ford € Z,,\uZ,,
Ap(d) =<k, ford=20
0, otherwise.

It is called a cyclic RDS since Z,,,, is a cyclic (additive) group.

** A (d) 2 |(D +d) N D]



Example: (8,3,7,2) Cyclic Relative Difference Sets

D=1{0,2,6,7,92021}: (u=8v=23k="71=2)-RDS

0O 2 6 7
22 0 4 5
18 20 0 1
17 19 23 0
15 17 21 22

4 6 10 11 13
3 5 9 10 12

9
7
3
2
0

20
18
14
13
11

23

21
19
15
14
12

—

Loyy = Ly
uZ,u_V_f_8\Z24 Zuv\uZuv = Z24\8224
[ 0 5/1 2 03 4 5 6 7 )
E\_JE
8 | 9 10 11 12 13 14 15
E 16 E 17 18 19 20 21 22 23
e\ J

Ap(d) = A= 2ford € Z,,\uZ,,
Ap(d) =k =7ford =0

Ap(d) = 0ford € uZz,,\{0}

** Ap(d) 2 |(d + D) nD|



Example: (8,3,7,2) Cyclic Relative Difference Sets

D=1{0,2,6,7,92021}: (u=8v=23k="71=2)-RDS

0O 2 6 7 9 20

22 0 18
18 20 O . 3 14
17 19 23 0 13

15 17 21 22 0 11
4 6 10 11 13 O
3 5 9 10 12 23

21
19
15
14

0

Loyy = Ligy

ULy = 8124 Ly \UZLyyyy = Lpg\8Z74

______

0'234567\

9 10 11 12 13 14 15

17 18 19 20 21 22 23
o J

______

[AD (d) = A = 2 ford € Zy,\uZy,

Ap(d)=k=7ford=0

Ap(d) = 0ford € uZz,,\{0}

** Ap(d) 2 |(d + D) nD|




Example: (8,3,7,2) Cyclic Relative Difference Sets

D=1{0,2,6,7,92021}: (u=8v=23k="71=2)-RDS

6 7 9 20
22 0 4 5 7 18
18 20 0 1 14

3
17 19 23 0 13

15 17 21 22 0 11
4 6 10 11 13 O
3 5 9 10 12 23

21
19
15
14
12

—

Loyy = Ligy

ULnyyy = 8Z24 Loy \UZyy = Lp4\8Z74

______

0 1.3 6 7 )
10 11 12 13 14 15

17 18 19 20 21 22 23
o J

______

[AD (d) = A = 2 ford € Zy,\uZy,

Ap(d)=k=7ford=0

Ap(d) = 0ford € uZz,,\{0}

** Ap(d) 2 |(d + D) nD|




Example: (8,3,7,2) Cyclic Relative Difference Sets

D=1{0,2,6,7,92021}: (u=8v=23k="71=2)-RDS

0O 2 6 7 9 20
22 0 4 5 7 18
18 20 0 1 14
17 19 23 0 2 13

15 17 21 22 0 11
4 6 10 11 13 O

5 9 10 12 23

21
19
15
14
12

—

Loyy = Ligy

ULy = 8124 Ly \UZLyyyy = Lpg\8Z74

@ 24567\

9 10 11 12 13 14 15

17 18 19 20 21 22 23
o J

______

[AD (d) = A = 2 ford € Zy,\uZy,

Ap(d)=k=7ford=0

Ap(d) = 0ford € uZz,,\{0}

** Ap(d) 2 |(d + D) nD|
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.Hl. Example: (8,3,7,2) Cyclic Relative Difference Sets

D=1{0,2,6,7,92021}: (u=8v=23k="71=2)-RDS

[ ] Loyy = Ligy

U,Zuv = 8224 Zuv\uZuv = Zz4\8Z24

/1 2 3 4 5 6 7\

9 10 11 12 13 14 15

—
oo
—_
O
o]

18 Zom 1 3 14 15 16 Ik17 18 19 20 21 22 23/
17 19 ZBE 2 13 14
15 17 21 22 [o] 11 12 Ap(d) = A = 2 ford € Zy,\uZyy
4 6 10 11 13m 1

[AD(d)=k=7ford:O ]

Ap(d) = 0ford € uZz,,\{0}

** Ap(d) 2 |(d + D) nD|

12
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UL Example: (8,3,7,2) Cyclic Relative Difference Sets

D=1{0,2,6,7,92021}: (u=8v=23k="71=2)-RDS

( )

0O 2 6 7 9 20
22 0 4 5 7 18

18 20 ON? 83

17 19 23, 0 13
i\lo 1&
15 17 21 22 0 11

4 6 10 11 13 O
3 5 9 10 12 23

14

21
19
15
14
12

Loyy = Ligy

Loy = 8y Zuv\uZuv = Z24\8224

______

(1 2 3 4 5 6 7\

i 9 10 11 12 13 14 15

17 18 19 20 21 22 23
o J

______

Ap(d) = A= 2ford € Z,,\uZ,,

Ap(d) =k =7ford =0

[AD (d) = 0 for d € uZ,,\{0) ]

*Ap(d) 2 |(d+D)n D]

13



Example: (8,3,7,2) Cyclic Relative Difference Sets

o0
D=1{0,2,6,7,92021}: (u=8v=23k="71=2)-RDS

| Loy = L4
0 2 6 7 9 20 21 0 1 2 3 4 5 6 7
22 0 4 5 7 18 19

8 19 10 11 12 13 14 15
18 20 0 1 3 14 15
17 19 23 0 2 13 14 16 10 18 19 2021 22 23
15 17 21 22 0 11 12

4 6 10 11 13 0 1
3 5 9 10 12 23 0



Example: (8,3,7,2) Cyclic Relative Difference Sets

o9
D={0,2,6,7,9,20,21}: (u=8,v=3,k=7,A=2)-RDS
Loyy = Zgg

0 1.2 3 4 5167
8 9,10 11 12 13 14 15

16 10 18 1920/ 21 22 23

Ap(d) = A= 2ford € Zy,\uZ,,
Ap(d)=k=7ford =0

Ap(d) = 0ford € uz,,\{0}



il Example: (8,3,7,2) Cyclic Relative Difference Sets

D=1{0,2,6,7,92021}: (u=8v=23k="71=2)-RDS

Zu17=ZZ4
0V 1 2)Y3" 4 5 6@
=1 8910 11 12 13 14 15

16 10 18 19 20@22 23

Cyclic Shift !

[ @) =2 =2f0rd € 2,,\uzy,

Ap(d)=k=7ford =0

Ap(d) = 0ford € uz,,\{0}



il Example: (8,3,7,2) Cyclic Relative Difference Sets

D=1{0,2,6,7,92021}: (u=8v=23k="71=2)-RDS

Loyyy = Zip4

1@3 67

T=2 8@10 11 12 13 14 15

16 10 18 1920/ 21 22" 23

Cyclic Shift !

[ @) =2 =2f0rd € 2,,\uzy,

Ap(d)=k=7ford =0

Ap(d) = 0ford € uz,,\{0}



Example: (8,3,7,2) Cyclic Relative Difference Sets

oo
D={0,2,6,7,9,20,21}: (u=8,v=3,k=7,l=2)-RDS
Zu17=ZZ4
@ 1 (273" 41567
=3 8@10 11/12' 13 14 15
16 10 18 19 (20)(21) 22 /23

Cyclic Shift !

[ @) =2 =2f0rd € 2,,\uzy,

Ap(d)=k=7ford =0

Ap(d) = 0ford € uz,,\{0}



Example: (8,3,7,2) Cyclic Relative Difference Sets

co
D=1{0,267092021): (u=8v=3k=7A4=2)-RDS
Zu17=ZZ4
@ 1(2) 3 /4" 5 @ 7
T =4 8 (9)10Y11' 12 /13" 14 15

16 10 18 1920/ 21 22 23

Cyclic Shift !

[ @) =2 =2f0rd € 2,,\uzy,

Ap(d)=k=7ford =0

Ap(d) = 0ford € uz,,\{0}



il Example: (8,3,7,2) Cyclic Relative Difference Sets

D=1{0,2,6,7,92021}: (u=8v=23k="71=2)-RDS

v = Loy

1@; 5 (6)(7)

T=5 8 19101112 1314 15

16 10 18 1920/ 21 22 23

Cyclic Shift !

[ @) =2 =2f0rd € 2,,\uzy,

Ap(d)=k=7ford =0

Ap(d) = 0ford € uz,,\{0}



Example: (8,3,7,2) Cyclic Relative Difference Sets

ks
D ={0,2,6,7,9,20,21}: (u=8v=3k="721=2)-RDS
Zu17=ZZ4
0) 1 @ 3V 4 5 @ 7
T=6 879 10 11'12"13 14'15

16 10 18 1920/ 21 22 23

Cyclic Shift !

[ @) =2 =2f0rd € 2,,\uzy,

Ap(d)=k=7ford =0

Ap(d) = 0ford € uz,,\{0}



il Example: (8,3,7,2) Cyclic Relative Difference Sets

D={0,2,6,7,9,20,21}: (u=8,v=3,k=7,A=2)-RDS
Loyy = Zgg

0123456@

T=17 8@10 11 121314 15

16" 10 18 1920/ 21 22 23

Cyclic Shift !

[ @) =2 =2f0rd € 2,,\uzy,

Ap(d)=k=7ford =0

Ap(d) = 0ford € uz,,\{0}



&
.1. Example: (8,3,7,2) Cyclic Relative Difference Sets

D={0,2,6,7,9,20,21}: (u=8,v=3,k=7,A=2)-RDS
Loyy = Zgg

0 1.2 3/4Y5Y617
T=28 89 1011 12 13 '14"15

16 '10 18 1920/ 21 22 23

Cyclic Shift !

Ap(d) = A= 2ford € Zy,\uZ,,

Ap(d)=k=7ford =0

[ Ap(d) = 0 for d € uZ,,\{0} ]

23
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UL Example: (8,3,7,2) Cyclic Relative Difference Sets

o9
D={0,26,7,9,20,21}: (u=8v=3,k=7,A=2)-RDS
Logy = Ly
T=0 0,123 14,/5 6.7
T=28 8 .9 110 11 12 13 14 15

16 110, 18 1920/ 21 22 23

Cyclic Shift !

Ap(d) = A= 2ford € Zy,\uZ,,

Ap(d)=k=7ford =0

[ Ap(d) = 0 for d € uZ,,\{0} ]

24
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UL Example: (8,3,7,2) Cyclic Relative Difference Sets

o9
D={0,26,7,9,20,21}: (u=8v=3,k=7,A=2)-RDS
Logy = Ly
T=0 0/1/(2) 3 14,/5 6.7
T =8 8 19 110 11 1211314 15
T =16 1611018 1920 2122 23

Cyclic Shift !

Ap(d) = A= 2ford € Zy,\uZ,,

Ap(d)=k=7ford =0

[ Ap(d) = 0 for d € uZ,,\{0} ]

25
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.' 'l. Example: (8,3,7,2) Cyclic Relative Difference Sets

D=1{0,2,6,7,92021}: (u=8v=23k="71=2)-RDS

Loyy = Ly
y, y—
T=0 0/ 102|134,/ 5 6.7
T=28 8 9 110 |11}y 12131415
T=16 1611018 |19} 20 2122 23

Zoa =DU(8+D)U (16 + D) UX

26



@
.Hl. Partition property of cyclic RDS

Let D be a (u, v, k, A)-RDS in Z,,,, relative to its subgroup uzZ,,,.

Then, we observe the following:

1) The RDS D and all its shiftsiu + D fori =1,2,...,v — 1 are
pairwise disjoint.

2) Let X 2 Z,,\U?=g(iu + D) then, X and iu+ D for i =

1,2,...,v — 1 partition the group Z,,,,. i.e.

Loy = (U::(iu + D)) UXx

27



®
.HI.. Characteristic sequence

Proposition 2

Let D be a (u, v, k, 1)-RDS in Z,,, relative to its subgroup uzZ,,,.

Then, we observe the following:

1) The RDS D and all its shiftsiu + D fori = 1,2, ..,v — 1 are
pairwise disjoint.

2) Let X 2 Z,,\UYZ3(iw + D) then, X and iu+ D for i =
1,2,...,v —1 partition the group Z,,,,. i.e.

Loy = (U:(iu + D)) ux

Given sequence a = {a;|l € Z,} of length v, we define a

sequence s of D associated witha as, fort = 0,1, ...,uv — 1,
P 1ftElu+DforO_l<v,
T lo ifteX

We also call it associated with (a, D).

(4¢)



.lll. Characteristic sequence

D =1{0,2,6,7,9,20,21}: (u=8v=3k=721=2)-RDS
a = {ay, a,a,}: Sequence of length v =3

O 1/ 2 |3114. .5 6.7

8 9 110/|11) 121314 15

16/110 18 |19} 20112122 23

Zoa =DU(8+D)U (16 + D) UX

29



.lll. Characteristic sequence

D =1{0,2,6,7,9,20,21}: (u=8v=3k=721=2)-RDS
a = {ay, a,a,}: Sequence of length v =3

O 1/ 2 |3114. .5 6.7

8 9 110/|11) 121314 15

16/110 18 |19} 20112122 23

Substitute! Qo a; ar

0
| ! ] | ! |
Zoa =DU(8+D)U (16 + D) UX

30



el Characteristic sequence

D =1{0,2,6,7,9,20,21}: (u=8v=3k=721=2)-RDS
a = {ay, a,a,}: Sequence of length v =3

St
t=0t=1t=2ut4t5t6t7

iy iaq Qo Qg

O

= t=12 t=13 t=14 t =15
a ) ag ' aq O a, la, \a; \aq

0

t=16 t=17 t=18 =19 t=20 t=21 t=22 t=23
a,)la; \a, I a,

Substitute! Qo a; ar

0
! | ! |

S is a sequence associated with (a, D)

31




.HI. Characteristic sequence

D =1{0,2,6,7,9,20,21}: (u=8v=3k=721=2)-RDS
a = {ay, a,a,}: Sequence of length v =3

S

pr—

Ag ' ay lag 10 ) aqllay agll ag

a)lag)las )10 |las )la, Nag Kaq

a,)las ha, 110 agllaglla, la,

We now want to know the values of
autocorrelation of the sequence s

32



Autocorrelation of characteristic sequence

Ao a, Ag 0 aq aq (20 Ag
aq ag aq 0 a, a, aq aq
a, aq a, 0 ag ag a, a,

G = ) sesioy

t€Z4

T=0

T E 8224

S k

t—7

' |
I @ - a . ag 0 a; a; *. ag . ag I
' |
b a0 af o o 0 ay o ay % aj woaj i
' |
! as oy ai % oa; 0 “ay« ay s a3 oay
' |

22
ole]



Autocorrelation

Ao a, Ag 0 aq aq (20 Ag
aq ag aq 0 a, a, aq aq
a, aq a, 0 ag ag a, a,

G = ) sesioy

t€Z4

of characteristic sequence
T=0 Si_z

I * * * I

I % a, ag 0 aj aj ay ag I

' |

b a0 af o o 0 ay o ay % aj woaj i

T E 822 4 : I
: as oy ai % oa; 0 “ay« ay s a3 oay

I




Autocorrelation

Ao a, Ag 0 aq aq (20 Ag
aq ag aq 0 a, a, aq aq
a, aq a, 0 ag ag a, a,

G = ) sesioy

t€Z4

of characteristic sequence

; : : I

I % a, ag 0 aj aj ay ag I

' |

b a0 af o o 0 ay o ay % aj woaj i

T E 822 4 : I
: as oy ai % oa; 0 “ay« ay s a3 oay

I




Autocorrelation
o0 s,
ag a, ay 0 aq a4 ag ag
aq ag aq 0 a, a, aq aq
a, aq a, 0 ag ag a, a,

G = ) sesioy

t€Z4

of characteristic sequence

— O *
T = S t—71
' |
|- % o a; . ag 0 a; aj . ag t. ag I
' |
b a0 af o o 0 ay o ay % aj woaj i
' |
T E 8224 :

: as oy ai % oa; 0 “ay« ay s a3 oay

I

0 0 0

Cs(0) = 7(apag + a,a; + ayay) = 7C4(0)



Autocorrelation

Ao a, Ag 0 aq aq (20 Ag
aq ag aq 0 a, a, aq aq
a, aq a, 0 ag ag a, a,

G = ) sesioy

t€Z4

of characteristic sequence

T=28

T E 8224

S*
t—7
* * I
a, aj a, 0 ay ay a, a, I
|
ap .r a5 = ag 0 ap Looap oag voag -
I
a; v oay s oal 0 faye a3 aj % a;
I



Autocorrelation
o0 s,
ag a, ay 0 aq a4 ag ag
aq ag aq 0 a, a, aq aq
a, aq a, 0 ag ag a, a,

G = ) sesioy

t€Z4

of characteristic sequence

T=28 S{
t—7
' |
I @ ai *, a, 0 ao g ° a, . a; I
' |
b a) o a0 af 0 aj ooap voag soag
T E 8224 : I
: a; v oay s oal 0 faye a3 aj % a;
|

0 0 0

Cs(8) = 7(aga, + ayag + azay) = 7C4(1)



Autocorrelation

St
Ao a, Ag 0 aq aq (20 Ag
aq ag aq 0 a, a, aq aq
a, aq a, 0 ag ag a, a,
_ *
Cs (T) - § StSt—t

of characteristic sequence
T=16 Si_1

: : * o

I @1 ay ai 0 a, a, aj ai I

' |

L' i a; o ab 0 ag o ag oa; »oa; L

T E 8224 : I
: ay . oay cay s 0 foaiesai s oay v oap il

|




Autocorrelation
o0 s,
ag a, ay 0 aq a4 ag ag
aq ag aq 0 a, a, aq aq
a, aq a, 0 ag ag a, a,

of characteristic sequence
T=16 Si_1

I
I @1 o Q@ 0 a; a; ai a; :
' |
L' i a; o ab 0 ag o ag oa; »oa; L
T E 822 4 , I
: ay . oay cay s 0 foaiesai s oay v oap il
|

7 7 7

Cs(16) = 7(aga; + a,a5 + a,ag) = 7C4(2)



Autocorrelation of characteristic sequence

t€Z4

St
Ao a, Ag 0 aq aq (20 Ag
aq ag aq 0 a, a, aq aq
a, aq a, 0 ag ag a, a,
— *
Cs (T) - § StSt—t

T =

T € 224\8224

S*
t—7
; Lo
a, ay a, ag 0 aj aj ag I
|
* *
ag aj ag aj 0 a, a, a; 1|
I
a; s oay i oal e a; 0 " ay-r ay e a;l
I



Autocorrelation of characteristic sequence

k

Cs(T) = S¢Si_g
2. o 2 2 2

t€Z4

S t T = S t—71

| |

ag = a, [ ag 0 a, a; '\ ag [ ag I @ . ao i a; w ag 0 a; . ai; % ag I
T € 224\822 4 | I

a, M ap M a4 0 a VM a, ¥ o ¥V a4 I a) v a0 ay i a; 0 a; . a; % aj i
' |

a; i a1 ) az 0 fap)f ao )| a2 || a | a; »oay e oar ke a; 0 " ay-r ay e a;l
| |



Autocorrelation of characteristic sequence

Cs(T) = S¢Si_g
2. o 2 2 2

t€Z4

T=2 S;
S t - t—71
| |
apg |\ a, [ ag 0 a, a4 ag [ ag I @ ayi. agoa; o ag 0 ai a; I
T € 224\822 4 | I
aq ao aq 0 a; a, aq aq I aO ao aq ao aq 0 a, a; I
| |
a VW a, ¥ a, 0 ag VM ao M a; ¥ a, I a; B oaly oa; e al v oa 0 ay . ag -1
| |



Autocorrelation of characteristic sequence

Cs(T) = S¢Si_g
2. o 2 2 2

t€Z4

T=3 S{
S t - t—71
| |
ag = a, [ ag 0 a, a; '\ ag [ ag I G -« a; . a; . ag & a; o ag 0 a; I
T € 224\822 4 | I
a, M ap M a4 0 a VM a, ¥ o ¥V a4 I'a; 0 al oay v oal oag v oa) 0 a; |
| |
a; i a1 ) az 0 fap)f ao )| a2 || a | ay wai woalwoaiea wa 0 = ap-l
| |



Autocorrelation of characteristic sequence

k

o9 _

Let D be a (u,v,k,1)-RDS
Let a be a sequence of length v
Let s be a sequence associated with (a, D)

Then,
( kC,(D, for some lu,0 < [ < v,
(s (1) =1, (2 al-) (2 al-) , otherwise,
L \i€Z, i€Z,,

l_l_l —x Cs(1) = 2 (Z ai) (Z a§>

€75



Autocorrelation of characteristic sequence
e — 3
St T = St—T
I I i T T T T T T T T

Similarly;
Let s be a sequence associated with (a, D)
Let r be a sequence associated with (b, D)

Then,
( kCqp(l), forsome lu,0 <[l < v,
Csir () =1 A (2 al-) (2 bl-) , otherwise,
\ i€Z,, €7,

l_l_l —x Cs(1) = 2 (Z ai) (Z a§>

(€75 (€75



Lemma 1

Let D be a (u,v,k,A)-RDS in Z,, and assume that we are
given a family of sequence A = {al®,a),...,a"=b} all of
length v. For each i =0,1,...,T — 1, we define a sequence
s® as a sequence associated with (a'’,D). Then, the
correlation of s and sU) for any 0 < i,j < T becomes the
following:

kCa(i)’a(j)(l), for some lu,0 < [ < v,

S(l)’S(J)( ) /UliAj, otherwise,

where 4; 2 Y7214




Lemma 1

Let D be a (u,v,k,A)-RDS in Z,, and assume that we are

)} all of
We hope that C4w 40(1) =0 for i #j and all | jequence
en, the

correlation of s' and sVY7 for any U <({,j < T becomes the
following:

kKCaw a0 (D), forsomelu,0 <I<w,

S(l)’S(J)( ) AA; Aj» otherwise,

where 4. 2 Yv-1 b

We hope that 4; 2 Y723 a,(f) = 0 for all i




Lemma 1

Let D be a (u,v,k,A)-RDS in
Uncorrelatea

We hope that C4w qi»() =0 fori#jand all [

» and assume that we are

D1 all of
equence

hen, the

correlation of s' and sVY7 for any U < {,j < T becomes the

following:

kKCaw a0 (D), forsomelu,0 <I<w,

S(l)’S(J)( ) AA; Aj» otherwise,

where 4. 2 Yv-1 b
Sum-zero

We hope that 4; 2 3721 a” = 0 for all i




0L Lemma 1
o0

Uncorrelated |
We h

We want to find an uncorrelated and sum-
zero sequence family A = {a®,a®, ...}

Sum-zero
We hope that 4; 2 ¥7_3 a,(f) =0 for all i
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0L Lemma 1
o0

We want to find an uncorrelated and sum-
zero sequence family A = {a®,a®, ...}

Observe the DFT matrix !

51



&
0L DFT matrix

. sum-zero

Ol w0 wl w2 o W1

f(v—lk CUO wv—l wv—z e wl / z::w(v—l)t =0_

v X v DFT matrix 52



DFT matrix

v—2 o o
| [10) |
\\ ’

i WO wi wZi w(v—l)i \cf(i)’f(j)(r)=o\/

E Cross-correlation value is equal to zero
for any shift 7.
f(]) (1)0 w] a)zj w(v_l)]
. {f(l)’f(Z)’ ___’f(v—l)}
is uncorrelated sequence family
f(v—lk a)O wv—l wv—Z 0)1 /
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Main construction

Theorem (Main construction)

Let D be a (uvk, A1) -RDS in Z,, Let F =
{f(l),f(z), ...,f(”‘l)} be the set of v — 1 vectors of length v
except for the all-one vector f(% from the v X v DFT matrix,
let s® be the characteristic sequence associated with
(f®,D). Then § = {sW,s@ s Dl is an almost-
polyphase uncorrelated (uv, v — 1,u)-ZCZ sequences family,

where the autocorrelation of s for any 1 <i < v becomes
following:

0, otherwise,
where w is a complex primitive v-root of unity.

C.0(2) = {kvw”, 7 = lu for some I
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&
(0L Main construction

o8
D=1{0,2,6,7,92021}: (u=8v=23k="71=2)-RDS
ey <@

pr—

1 V2?10l w)w) 1)1

I I

I I

I I

I I

w1 ) )0 Hw?)w?)w )l w :wzlewwwwl
|

I I

I I

I I

2 2% 2
W) Nw?)10o 1) 1 )w?)w? wrwltw 0110w
— —

72 =DU(8+D)U (16 + D) UX

R

N L e o e o o e o o o o o o o o o o e e e o e e e e o e e o e e e e e e 0
55

3 x 3 DFT matrix




OCl Main construction

o9
D=1{0,2,6,7,92021}: (u=8v=23k="71=2)-RDS
ey <@

1 ) w?)(1)|0{w)w 1)1

W10 w22 w )l w

C.v 2 (7)

o 0o 0 0 0 O O O

0 0 00 0 0 0 O » Uncorrelated

O 0o 0 0 0 O O0 O
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OCl Main construction
o0

D=1{0,2,6,7,92021}: (u=8v=23k="71=2)-RDS
ey <@

pr—

1 ) w?)(1)|0{w)w 1)1

I I

I I

I I

I I
wlewwww:wlewwwwl
I

I I

I I

I I

2 2 2 2 2 2
wZ)(w Nw?)0 (1) 1 ) w?)Nw? wrEwlte 0l 1Y 1w
Autocorelation T 7 Ku;o_cc;léFel_aFic;n ______
C. (1) Zone Size: u = 8 ; C. (7)
| | b |
24. 0 0 O O 0 0 O :21 0 0 0O O O 0 o
|

210* 0 0 0 0 0 0 0 I 210 0 0 0 0 0 0 0

|
|
|
|
21w0000000|21w20000000:
|
|
|




OCl Main construction

o9
D=1{0,2,6,7,92021}: (u=8v=23k="71=2)-RDS
ey <@

1 ) w?)(1)|0{w)w 1)1

w2 w Vw20 1) 1) w?)w?

—

I I

I I

I I

I I
wlewzwww:wlewwwwl
I

I I

I I

I I

AutOCOTelation Autocorrelation

C. (1) Zone Size: u = 8 C. (7)

__________ Ve e e e e e e - = -

21 0 ( 0 0

(24,2,8)-ZCZ sequences family.
210> 0 ( 0 0

|
I
|
1o o ¢ Therefore, {s(,sM} is an uncorrelated | o 4 |
|
|
I
|




Specification of our construction.

Let g be a prime power, v be a divisor of g — 1 or 2(q — 1) for
any prime power g or (even g = p™ and odd n), respectively.
Then Theorem 1 construct some uncorrelated ZCZ sequences
family with the following parameters:

q"-1 q"-1

qg—1 qg—1"
2) Alphabet size is v + 1. That is, every symbol in the sequences
is expressed as 0 or a)f}" fork=0,1,..,v—1.
qn—l_l

q"-1

3) The number of 0’s in each sequence is L

This sequence is almost-optimal because
K==-1 (Note that K < L)
w w



Sy Comparison with other well known
] uncorrelated ZCZ sequences family

Construction Famlly Zone

Suehiro [44] KZ or 2KZ (>VKL)
Brodzik [5] p3 p p? p?(= VKL)
Brodzik [6] KZ K Z KZ or 2KZ (>VKL)
Popovic [33] KZ K Z KZ or 2KZ (>VKL)
Zhang [53]©) KZ K Z KZ or 2KZ (>VKL)
Fang and Wang [12] KZ? K 72 KZ (= VKL)
AlmostOtimal Tirkel et al. [47] -1 g-2 qqn__ - g (< VKI)
and
Construction 1 q"—1 I q"—1 41 (< VED)

—7V
Almost-Polyphase (Theorem 1) q-1 q-1
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