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ZCZ Sequences Family

Definition. (ZCZ Sequences Family)
A set of 𝐾𝐾 sequences of period 𝐿𝐿:

𝒮𝒮 = 𝒔𝒔(𝑖𝑖) = 𝑠𝑠𝑡𝑡
(𝑖𝑖) | 𝑡𝑡 ∈ ℤ𝐿𝐿 | 𝑖𝑖 = 0, 1, … ,𝐾𝐾 − 1

is an 𝐿𝐿,𝐾𝐾,𝑍𝑍𝑐𝑐𝑐𝑐 -ZCZ sequences family, if
for any 𝑖𝑖 and 𝑗𝑗,        𝐶𝐶𝒔𝒔 𝑖𝑖 ,𝒔𝒔 𝑗𝑗 𝜏𝜏 = 0 for 𝜏𝜏 < 𝑍𝑍𝐶𝐶𝐶𝐶,

except for the case of 𝜏𝜏 = 0 and 𝑖𝑖 = 𝑗𝑗.

Here, 𝑍𝑍𝐶𝐶𝐶𝐶 is called the zero-correlation zone.
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Definition.  (ZCZ Sequences Family)
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Known Fact 1 (Upper bound [45])
For an (𝐿𝐿,𝐾𝐾,𝑍𝑍𝑐𝑐𝑐𝑐)-ZCZ sequences family, the size 𝐾𝐾 of the family
is upper bounded by

𝐾𝐾 ≤ 𝐿𝐿/𝑍𝑍𝑐𝑐𝑐𝑐
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Cyclic Relative Difference Sets

Definition 2 (Cyclic Relative Difference Sets)
Let 𝑢𝑢, 𝑣𝑣,𝑘𝑘, 𝜆𝜆 be positive integers.
A (𝑢𝑢, 𝑣𝑣,𝑘𝑘, 𝜆𝜆) relative difference set (RDS) 𝐷𝐷 is

a 𝑘𝑘-subset 𝑑𝑑1,𝑑𝑑2, … ,𝑑𝑑𝑘𝑘 of the integers mod 𝑢𝑢𝑣𝑣
relative to its subgroup (𝑢𝑢) ≜ 𝑢𝑢ℤ𝑢𝑢𝑢𝑢
satisfying the following condition:

Δ𝐷𝐷 𝑑𝑑 = �
𝜆𝜆, 𝑓𝑓𝑓𝑓𝑓𝑓 𝑑𝑑 ∈ ℤ𝑢𝑢𝑢𝑢\𝑢𝑢ℤ𝑢𝑢𝑢𝑢
𝑘𝑘, 𝑓𝑓𝑓𝑓𝑓𝑓 𝑑𝑑 = 0
0, 𝑓𝑓𝑡𝑡𝑜𝑜𝑜𝑓𝑓𝑜𝑜𝑖𝑖𝑠𝑠𝑜𝑜.

It is called a cyclic RDS since ℤ𝑢𝑢𝑢𝑢 is a cyclic (additive) group.
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** Δ𝐷𝐷 𝑑𝑑 ≜ (𝐷𝐷 + 𝑑𝑑) ∩ 𝐷𝐷
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𝟎𝟎 𝟐𝟐 𝟔𝟔 𝟕𝟕 𝟗𝟗 𝟐𝟐𝟎𝟎 𝟐𝟐𝟐𝟐
𝟎𝟎 𝟎𝟎 2 6 7 9 20 21

𝟐𝟐 22 𝟎𝟎 4 5 7 18 19

𝟔𝟔 18 20 𝟎𝟎 1 3 14 15

𝟕𝟕 17 19 23 𝟎𝟎 2 13 14

𝟗𝟗 15 17 21 22 𝟎𝟎 11 12

𝟐𝟐𝟎𝟎 4 6 10 11 13 𝟎𝟎 1

𝟐𝟐𝟐𝟐 3 5 9 10 12 23 𝟎𝟎

ℤ𝒖𝒖𝒖𝒖 = ℤ𝟐𝟐𝟐𝟐

1 2 3 4 5 6 7

9 10 11 12 13 14 15

17 18 19 20 21 22 23

ℤ𝑢𝑢𝑢𝑢\𝑢𝑢ℤ𝑢𝑢𝑢𝑢 = ℤ24\8ℤ24

0
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16

𝑢𝑢ℤ𝑢𝑢𝑢𝑢 = 8ℤ24

𝑫𝑫 = 𝟎𝟎,𝟐𝟐,𝟔𝟔,𝟕𝟕,𝟗𝟗,𝟐𝟐𝟎𝟎,𝟐𝟐𝟐𝟐 : (𝒖𝒖 = 𝟖𝟖,𝒖𝒖 = 𝟑𝟑,𝒌𝒌 = 𝟕𝟕,𝝀𝝀 = 𝟐𝟐)-RDS

Difference matrix

Δ𝐷𝐷 𝑑𝑑 = 𝜆𝜆 = 2 for 𝑑𝑑 ∈ ℤ𝑢𝑢𝑢𝑢\𝑢𝑢ℤ𝑢𝑢𝑢𝑢

Δ𝐷𝐷 𝑑𝑑 = 𝑘𝑘 = 7 for 𝑑𝑑 = 0

Δ𝐷𝐷 𝑑𝑑 = 0 for 𝑑𝑑 ∈ 𝑢𝑢ℤ𝒖𝒖𝒖𝒖\ 𝟎𝟎
** Δ𝐷𝐷 𝑑𝑑 ≜ (𝑑𝑑 + 𝐷𝐷) ∩ 𝐷𝐷
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No 16
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𝟎𝟎 𝟎𝟎 2 6 7 9 20 21

𝟐𝟐 22 𝟎𝟎 4 5 7 18 19

𝟔𝟔 18 20 𝟎𝟎 1 3 14 15

𝟕𝟕 17 19 23 𝟎𝟎 2 13 14

𝟗𝟗 15 17 21 22 𝟎𝟎 11 12

𝟐𝟐𝟎𝟎 4 6 10 11 13 𝟎𝟎 1

𝟐𝟐𝟐𝟐 3 5 9 10 12 23 𝟎𝟎
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𝑫𝑫 = 𝟎𝟎,𝟐𝟐,𝟔𝟔,𝟕𝟕,𝟗𝟗,𝟐𝟐𝟎𝟎,𝟐𝟐𝟐𝟐 : (𝒖𝒖 = 𝟖𝟖,𝒖𝒖 = 𝟑𝟑,𝒌𝒌 = 𝟕𝟕,𝝀𝝀 = 𝟐𝟐)-RDS

Difference matrix
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𝝉𝝉 = 𝟐𝟐
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ℤ𝒖𝒖𝒖𝒖 = ℤ𝟐𝟐𝟐𝟐
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𝑿𝑿



Proposition 2
Let 𝐷𝐷 be a (𝑢𝑢, 𝑣𝑣,𝑘𝑘, 𝜆𝜆)-RDS in ℤ𝑢𝑢𝑢𝑢 relative to its subgroup 𝑢𝑢ℤ𝑢𝑢𝑢𝑢.
Then, we observe the following:
1) The RDS 𝐷𝐷 and all its shifts 𝑖𝑖𝑢𝑢 + 𝐷𝐷 for 𝑖𝑖 = 1, 2, … , 𝑣𝑣 − 1 are

pairwise disjoint.
2) Let 𝑋𝑋 ≜ ℤ𝑢𝑢𝑢𝑢\⋃𝑖𝑖=0

𝑢𝑢−1(𝑖𝑖𝑢𝑢 + 𝐷𝐷) then, 𝑋𝑋 and 𝑖𝑖𝑢𝑢 + 𝐷𝐷 for 𝑖𝑖 =
1, 2, … , 𝑣𝑣 − 1 partition the group ℤ𝒖𝒖𝒖𝒖. i.e.

ℤ𝑢𝑢𝑢𝑢 = �
𝑖𝑖=0

𝑢𝑢−1
(𝑖𝑖𝑢𝑢 + 𝐷𝐷) ⋃𝑋𝑋

Partition property of cyclic RDS
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Characteristic sequence

28

Definition 3 (Characteristic sequences)

Given sequence 𝒂𝒂 = 𝑎𝑎𝑙𝑙| 𝑙𝑙 ∈ ℤ𝑢𝑢 of length 𝑣𝑣, we define a
sequence 𝒔𝒔 of 𝐷𝐷 associated with 𝒂𝒂 as, for 𝑡𝑡 = 0, 1, … ,𝑢𝑢𝑣𝑣 − 1,

𝑠𝑠𝑡𝑡 = �𝑎𝑎𝑖𝑖 if 𝑡𝑡 ∈ 𝑖𝑖𝑢𝑢 + 𝐷𝐷 for 0 ≤ 𝑖𝑖 < 𝑣𝑣,
0 if 𝑡𝑡 ∈ 𝑋𝑋

We also call it associated with 𝒂𝒂,𝐷𝐷 .
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ℤ𝟐𝟐𝟐𝟐 = 𝑫𝑫 ∪ (𝟖𝟖 + 𝑫𝑫) ∪ (𝟐𝟐𝟔𝟔 + 𝑫𝑫) ∪ 𝑿𝑿

𝑿𝑿
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ℤ𝟐𝟐𝟐𝟐 = 𝑫𝑫 ∪ (𝟖𝟖 + 𝑫𝑫) ∪ (𝟐𝟐𝟔𝟔 + 𝑫𝑫) ∪ 𝑿𝑿

𝑿𝑿

𝑎𝑎0 𝑎𝑎1 𝑎𝑎2 0Substitute!



𝑎𝑎0 𝑎𝑎2 𝑎𝑎0 0 𝑎𝑎1 𝑎𝑎1 𝑎𝑎0 𝑎𝑎0

𝑎𝑎1 𝑎𝑎0 𝑎𝑎1 0 𝑎𝑎2 𝑎𝑎2 𝑎𝑎1 𝑎𝑎1

𝑎𝑎2 𝑎𝑎1 𝑎𝑎2 0 𝑎𝑎0 𝑎𝑎0 𝑎𝑎2 𝑎𝑎2

Characteristic sequence

31

𝑫𝑫 = 𝟎𝟎,𝟐𝟐,𝟔𝟔,𝟕𝟕,𝟗𝟗,𝟐𝟐𝟎𝟎,𝟐𝟐𝟐𝟐 : (𝒖𝒖 = 𝟖𝟖,𝒖𝒖 = 𝟑𝟑,𝒌𝒌 = 𝟕𝟕,𝝀𝝀 = 𝟐𝟐)-RDS
𝒂𝒂 = {𝑎𝑎0,𝑎𝑎1, 𝑎𝑎2}: Sequence of length 𝒖𝒖 = 𝟑𝟑

ℤ𝟐𝟐𝟐𝟐 = 𝑫𝑫 ∪ (𝟖𝟖 + 𝑫𝑫) ∪ (𝟐𝟐𝟔𝟔 + 𝑫𝑫) ∪ 𝑿𝑿

𝑎𝑎0 𝑎𝑎1 𝑎𝑎2 0Substitute!

𝒕𝒕 = 𝟎𝟎 𝒕𝒕 = 𝟐𝟐 𝒕𝒕 = 𝟐𝟐 𝒕𝒕 = 𝟑𝟑 𝒕𝒕 = 𝟐𝟐 𝒕𝒕 = 𝟓𝟓 𝒕𝒕 = 𝟔𝟔 𝒕𝒕 = 𝟕𝟕

𝒕𝒕 = 𝟖𝟖 𝒕𝒕 = 𝟗𝟗 𝒕𝒕 = 𝟐𝟐𝟎𝟎 𝒕𝒕 = 𝟐𝟐𝟐𝟐 𝒕𝒕 = 𝟐𝟐𝟐𝟐 𝒕𝒕 = 𝟐𝟐𝟑𝟑 𝒕𝒕 = 𝟐𝟐𝟐𝟐 𝒕𝒕 = 𝟐𝟐𝟓𝟓

𝒕𝒕 = 𝟐𝟐𝟔𝟔 𝒕𝒕 = 𝟐𝟐𝟕𝟕 𝒕𝒕 = 𝟐𝟐𝟖𝟖 𝒕𝒕 = 𝟐𝟐𝟗𝟗 𝒕𝒕 = 𝟐𝟐𝟎𝟎 𝒕𝒕 = 𝟐𝟐𝟐𝟐 𝒕𝒕 = 𝟐𝟐𝟐𝟐 𝒕𝒕 = 𝟐𝟐𝟑𝟑

𝑠𝑠𝑡𝑡

𝒔𝒔 is a sequence associated with (𝒂𝒂,𝐷𝐷)



𝑎𝑎0 𝑎𝑎2 𝑎𝑎0 0 𝑎𝑎1 𝑎𝑎1 𝑎𝑎0 𝑎𝑎0

𝑎𝑎1 𝑎𝑎0 𝑎𝑎1 0 𝑎𝑎2 𝑎𝑎2 𝑎𝑎1 𝑎𝑎1

𝑎𝑎2 𝑎𝑎1 𝑎𝑎2 0 𝑎𝑎0 𝑎𝑎0 𝑎𝑎2 𝑎𝑎2

Characteristic sequence

32

𝑫𝑫 = 𝟎𝟎,𝟐𝟐,𝟔𝟔,𝟕𝟕,𝟗𝟗,𝟐𝟐𝟎𝟎,𝟐𝟐𝟐𝟐 : (𝒖𝒖 = 𝟖𝟖,𝒖𝒖 = 𝟑𝟑,𝒌𝒌 = 𝟕𝟕,𝝀𝝀 = 𝟐𝟐)-RDS
𝒂𝒂 = {𝑎𝑎0,𝑎𝑎1, 𝑎𝑎2}: Sequence of length 𝒖𝒖 = 𝟑𝟑

ℤ𝟐𝟐𝟐𝟐 = 𝑫𝑫 ∪ (𝟖𝟖 + 𝑫𝑫) ∪ (𝟐𝟐𝟔𝟔 + 𝑫𝑫) ∪ 𝑿𝑿

𝒔𝒔

We now  want to know the values of 
autocorrelation of the sequence 𝒔𝒔



𝑎𝑎0 𝑎𝑎2 𝑎𝑎0 0 𝑎𝑎1 𝑎𝑎1 𝑎𝑎0 𝑎𝑎0

𝑎𝑎1 𝑎𝑎0 𝑎𝑎1 0 𝑎𝑎2 𝑎𝑎2 𝑎𝑎1 𝑎𝑎1

𝑎𝑎2 𝑎𝑎1 𝑎𝑎2 0 𝑎𝑎0 𝑎𝑎0 𝑎𝑎2 𝑎𝑎2

Autocorrelation of characteristic sequence

33

𝑠𝑠𝑡𝑡
𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎0∗ 0 𝑎𝑎1∗ 𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎0∗

𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎1∗ 0 𝑎𝑎2∗ 𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎1∗

𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎2∗ 0 𝑎𝑎0∗ 𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎2∗

𝑠𝑠𝑡𝑡−𝜏𝜏∗𝝉𝝉 = 𝟎𝟎

𝜏𝜏 ∈ ℤ24\8ℤ24
𝝉𝝉 ∈ 𝟖𝟖ℤ𝟐𝟐𝟐𝟐

𝐶𝐶𝒔𝒔(𝜏𝜏) = �
𝑡𝑡∈ℤ24

𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡−𝜏𝜏∗



𝑎𝑎0 𝑎𝑎2 𝑎𝑎0 0 𝑎𝑎1 𝑎𝑎1 𝑎𝑎0 𝑎𝑎0

𝑎𝑎1 𝑎𝑎0 𝑎𝑎1 0 𝑎𝑎2 𝑎𝑎2 𝑎𝑎1 𝑎𝑎1

𝑎𝑎2 𝑎𝑎1 𝑎𝑎2 0 𝑎𝑎0 𝑎𝑎0 𝑎𝑎2 𝑎𝑎2

Autocorrelation of characteristic sequence

34

𝑠𝑠𝑡𝑡
𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎0∗ 0 𝑎𝑎1∗ 𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎0∗

𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎1∗ 0 𝑎𝑎2∗ 𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎1∗

𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎2∗ 0 𝑎𝑎0∗ 𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎2∗

𝑠𝑠𝑡𝑡−𝜏𝜏∗𝝉𝝉 = 𝟎𝟎

𝜏𝜏 ∈ ℤ24\8ℤ24
𝝉𝝉 ∈ 𝟖𝟖ℤ𝟐𝟐𝟐𝟐

𝐶𝐶𝒔𝒔(𝜏𝜏) = �
𝑡𝑡∈ℤ24

𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡−𝜏𝜏∗

𝟕𝟕

𝟎𝟎

𝟎𝟎



𝑎𝑎0 𝑎𝑎2 𝑎𝑎0 0 𝑎𝑎1 𝑎𝑎1 𝑎𝑎0 𝑎𝑎0

𝑎𝑎1 𝑎𝑎0 𝑎𝑎1 0 𝑎𝑎2 𝑎𝑎2 𝑎𝑎1 𝑎𝑎1

𝑎𝑎2 𝑎𝑎1 𝑎𝑎2 0 𝑎𝑎0 𝑎𝑎0 𝑎𝑎2 𝑎𝑎2

Autocorrelation of characteristic sequence

35

𝑠𝑠𝑡𝑡
𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎0∗ 0 𝑎𝑎1∗ 𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎0∗

𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎1∗ 0 𝑎𝑎2∗ 𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎1∗

𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎2∗ 0 𝑎𝑎0∗ 𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎2∗

𝑠𝑠𝑡𝑡−𝜏𝜏∗𝝉𝝉 = 𝟎𝟎

𝜏𝜏 ∈ ℤ24\8ℤ24
𝝉𝝉 ∈ 𝟖𝟖ℤ𝟐𝟐𝟐𝟐

𝐶𝐶𝒔𝒔(𝜏𝜏) = �
𝑡𝑡∈ℤ24

𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡−𝜏𝜏∗

𝟕𝟕 𝟕𝟕 𝟕𝟕

𝟎𝟎 𝟎𝟎 𝟎𝟎

𝟎𝟎 𝟎𝟎 𝟎𝟎



𝑎𝑎0 𝑎𝑎2 𝑎𝑎0 0 𝑎𝑎1 𝑎𝑎1 𝑎𝑎0 𝑎𝑎0

𝑎𝑎1 𝑎𝑎0 𝑎𝑎1 0 𝑎𝑎2 𝑎𝑎2 𝑎𝑎1 𝑎𝑎1

𝑎𝑎2 𝑎𝑎1 𝑎𝑎2 0 𝑎𝑎0 𝑎𝑎0 𝑎𝑎2 𝑎𝑎2

Autocorrelation of characteristic sequence

36

𝑠𝑠𝑡𝑡
𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎0∗ 0 𝑎𝑎1∗ 𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎0∗

𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎1∗ 0 𝑎𝑎2∗ 𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎1∗

𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎2∗ 0 𝑎𝑎0∗ 𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎2∗

𝑠𝑠𝑡𝑡−𝜏𝜏∗𝝉𝝉 = 𝟎𝟎

𝜏𝜏 ∈ ℤ24\8ℤ24
𝝉𝝉 ∈ 𝟖𝟖ℤ𝟐𝟐𝟐𝟐

𝐶𝐶𝒔𝒔(𝜏𝜏) = �
𝑡𝑡∈ℤ24

𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡−𝜏𝜏∗

𝟕𝟕 𝟕𝟕 𝟕𝟕

𝟎𝟎 𝟎𝟎 𝟎𝟎

𝟎𝟎 𝟎𝟎 𝟎𝟎

𝐶𝐶𝒔𝒔 0 = 7(𝑎𝑎0𝑎𝑎0∗ + 𝑎𝑎1𝑎𝑎1∗ + 𝑎𝑎2𝑎𝑎2∗) = 7𝐶𝐶𝒂𝒂(0)



𝑎𝑎0 𝑎𝑎2 𝑎𝑎0 0 𝑎𝑎1 𝑎𝑎1 𝑎𝑎0 𝑎𝑎0

𝑎𝑎1 𝑎𝑎0 𝑎𝑎1 0 𝑎𝑎2 𝑎𝑎2 𝑎𝑎1 𝑎𝑎1

𝑎𝑎2 𝑎𝑎1 𝑎𝑎2 0 𝑎𝑎0 𝑎𝑎0 𝑎𝑎2 𝑎𝑎2

Autocorrelation of characteristic sequence

37

𝑠𝑠𝑡𝑡
𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎2∗ 0 𝑎𝑎0∗ 𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎2∗

𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎0∗ 0 𝑎𝑎1∗ 𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎0∗

𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎1∗ 0 𝑎𝑎2∗ 𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎1∗

𝑠𝑠𝑡𝑡−𝜏𝜏∗𝝉𝝉 = 𝟖𝟖

𝜏𝜏 ∈ ℤ24\8ℤ24
𝝉𝝉 ∈ 𝟖𝟖ℤ𝟐𝟐𝟐𝟐

𝐶𝐶𝒔𝒔(𝜏𝜏) = �
𝑡𝑡∈ℤ24

𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡−𝜏𝜏∗

𝟕𝟕

𝟎𝟎

𝟎𝟎



𝑎𝑎0 𝑎𝑎2 𝑎𝑎0 0 𝑎𝑎1 𝑎𝑎1 𝑎𝑎0 𝑎𝑎0

𝑎𝑎1 𝑎𝑎0 𝑎𝑎1 0 𝑎𝑎2 𝑎𝑎2 𝑎𝑎1 𝑎𝑎1

𝑎𝑎2 𝑎𝑎1 𝑎𝑎2 0 𝑎𝑎0 𝑎𝑎0 𝑎𝑎2 𝑎𝑎2

Autocorrelation of characteristic sequence

38

𝑠𝑠𝑡𝑡
𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎2∗ 0 𝑎𝑎0∗ 𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎2∗

𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎0∗ 0 𝑎𝑎1∗ 𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎0∗

𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎1∗ 0 𝑎𝑎2∗ 𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎1∗

𝑠𝑠𝑡𝑡−𝜏𝜏∗𝝉𝝉 = 𝟖𝟖

𝜏𝜏 ∈ ℤ24\8ℤ24
𝝉𝝉 ∈ 𝟖𝟖ℤ𝟐𝟐𝟐𝟐

𝐶𝐶𝒔𝒔(𝜏𝜏) = �
𝑡𝑡∈ℤ24

𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡−𝜏𝜏∗

𝟕𝟕

𝟎𝟎 𝟎𝟎 𝟎𝟎

𝟕𝟕 𝟕𝟕

𝟎𝟎 𝟎𝟎 𝟎𝟎

𝐶𝐶𝒔𝒔 8 = 7(𝑎𝑎0𝑎𝑎2∗ + 𝑎𝑎1𝑎𝑎0∗ + 𝑎𝑎2𝑎𝑎1∗) = 7𝐶𝐶𝒂𝒂(1)



𝑎𝑎0 𝑎𝑎2 𝑎𝑎0 0 𝑎𝑎1 𝑎𝑎1 𝑎𝑎0 𝑎𝑎0

𝑎𝑎1 𝑎𝑎0 𝑎𝑎1 0 𝑎𝑎2 𝑎𝑎2 𝑎𝑎1 𝑎𝑎1

𝑎𝑎2 𝑎𝑎1 𝑎𝑎2 0 𝑎𝑎0 𝑎𝑎0 𝑎𝑎2 𝑎𝑎2

Autocorrelation of characteristic sequence

39

𝑠𝑠𝑡𝑡
𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎1∗ 0 𝑎𝑎2∗ 𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎1∗

𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎2∗ 0 𝑎𝑎0∗ 𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎2∗

𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎0∗ 0 𝑎𝑎1∗ 𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎0∗

𝑠𝑠𝑡𝑡−𝜏𝜏∗𝝉𝝉 = 𝟐𝟐𝟔𝟔

𝜏𝜏 ∈ ℤ24\8ℤ24
𝝉𝝉 ∈ 𝟖𝟖ℤ𝟐𝟐𝟐𝟐

𝐶𝐶𝒔𝒔(𝜏𝜏) = �
𝑡𝑡∈ℤ24

𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡−𝜏𝜏∗

𝟎𝟎

𝟎𝟎

𝟕𝟕



𝑎𝑎0 𝑎𝑎2 𝑎𝑎0 0 𝑎𝑎1 𝑎𝑎1 𝑎𝑎0 𝑎𝑎0

𝑎𝑎1 𝑎𝑎0 𝑎𝑎1 0 𝑎𝑎2 𝑎𝑎2 𝑎𝑎1 𝑎𝑎1

𝑎𝑎2 𝑎𝑎1 𝑎𝑎2 0 𝑎𝑎0 𝑎𝑎0 𝑎𝑎2 𝑎𝑎2

Autocorrelation of characteristic sequence

40

𝑠𝑠𝑡𝑡
𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎1∗ 0 𝑎𝑎2∗ 𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎1∗

𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎2∗ 0 𝑎𝑎0∗ 𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎2∗

𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎0∗ 0 𝑎𝑎1∗ 𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎0∗

𝑠𝑠𝑡𝑡−𝜏𝜏∗𝝉𝝉 = 𝟐𝟐𝟔𝟔

𝜏𝜏 ∈ ℤ24\8ℤ24
𝝉𝝉 ∈ 𝟖𝟖ℤ𝟐𝟐𝟐𝟐

𝐶𝐶𝒔𝒔(𝜏𝜏) = �
𝑡𝑡∈ℤ24

𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡−𝜏𝜏∗

𝟎𝟎

𝟎𝟎

𝟕𝟕

𝟎𝟎 𝟎𝟎

𝟎𝟎 𝟎𝟎

𝟕𝟕 𝟕𝟕

𝐶𝐶𝒔𝒔 16 = 7(𝑎𝑎0𝑎𝑎1∗ + 𝑎𝑎1𝑎𝑎2∗ + 𝑎𝑎2𝑎𝑎0∗) = 7𝐶𝐶𝒂𝒂(2)



𝑎𝑎0 𝑎𝑎2 𝑎𝑎0 0 𝑎𝑎1 𝑎𝑎1 𝑎𝑎0 𝑎𝑎0

𝑎𝑎1 𝑎𝑎0 𝑎𝑎1 0 𝑎𝑎2 𝑎𝑎2 𝑎𝑎1 𝑎𝑎1

𝑎𝑎2 𝑎𝑎1 𝑎𝑎2 0 𝑎𝑎0 𝑎𝑎0 𝑎𝑎2 𝑎𝑎2

Autocorrelation of characteristic sequence

41

𝑠𝑠𝑡𝑡
𝑎𝑎2∗ 𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎0∗ 0 𝑎𝑎1∗ 𝑎𝑎1∗ 𝑎𝑎0∗

𝑎𝑎0∗ 𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎1∗ 0 𝑎𝑎2∗ 𝑎𝑎2∗ 𝑎𝑎1∗

𝑎𝑎1∗ 𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎2∗ 0 𝑎𝑎0∗ 𝑎𝑎0∗ 𝑎𝑎2∗

𝑠𝑠𝑡𝑡−𝜏𝜏∗𝝉𝝉 = 𝟐𝟐

𝝉𝝉 ∈ ℤ𝟐𝟐𝟐𝟐\𝟖𝟖ℤ𝟐𝟐𝟐𝟐
𝜏𝜏 ∈ 8ℤ24

𝐶𝐶𝒔𝒔(𝜏𝜏) = �
𝑡𝑡∈ℤ24

𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡−𝜏𝜏∗

𝟐𝟐

𝟐𝟐

𝟐𝟐



𝑎𝑎0 𝑎𝑎2 𝑎𝑎0 0 𝑎𝑎1 𝑎𝑎1 𝑎𝑎0 𝑎𝑎0

𝑎𝑎1 𝑎𝑎0 𝑎𝑎1 0 𝑎𝑎2 𝑎𝑎2 𝑎𝑎1 𝑎𝑎1

𝑎𝑎2 𝑎𝑎1 𝑎𝑎2 0 𝑎𝑎0 𝑎𝑎0 𝑎𝑎2 𝑎𝑎2

Autocorrelation of characteristic sequence

42

𝑠𝑠𝑡𝑡
𝑎𝑎2∗ 𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎0∗ 0 𝑎𝑎1∗ 𝑎𝑎1∗ 𝑎𝑎0∗

𝑎𝑎0∗ 𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎1∗ 0 𝑎𝑎2∗ 𝑎𝑎2∗ 𝑎𝑎1∗

𝑎𝑎1∗ 𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎2∗ 0 𝑎𝑎0∗ 𝑎𝑎0∗ 𝑎𝑎2∗

𝑠𝑠𝑡𝑡−𝜏𝜏∗𝝉𝝉 = 𝟐𝟐

𝝉𝝉 ∈ ℤ𝟐𝟐𝟐𝟐\𝟖𝟖ℤ𝟐𝟐𝟐𝟐
𝜏𝜏 ∈ 8ℤ24

𝐶𝐶𝒔𝒔(𝜏𝜏) = �
𝑡𝑡∈ℤ24

𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡−𝜏𝜏∗

𝟐𝟐

𝟐𝟐

𝟐𝟐

𝟐𝟐 𝟐𝟐

𝟐𝟐 𝟐𝟐

𝟐𝟐 𝟐𝟐

𝐶𝐶𝒔𝒔 1 = 2 �
𝑖𝑖∈ℤ3

𝑎𝑎𝑖𝑖 �
𝑖𝑖∈ℤ3

𝑎𝑎𝑖𝑖∗



𝑎𝑎0 𝑎𝑎2 𝑎𝑎0 0 𝑎𝑎1 𝑎𝑎1 𝑎𝑎0 𝑎𝑎0

𝑎𝑎1 𝑎𝑎0 𝑎𝑎1 0 𝑎𝑎2 𝑎𝑎2 𝑎𝑎1 𝑎𝑎1

𝑎𝑎2 𝑎𝑎1 𝑎𝑎2 0 𝑎𝑎0 𝑎𝑎0 𝑎𝑎2 𝑎𝑎2

Autocorrelation of characteristic sequence

43

𝑠𝑠𝑡𝑡
𝑎𝑎2∗ 𝑎𝑎2∗ 𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎0∗ 0 𝑎𝑎1∗ 𝑎𝑎1∗

𝑎𝑎0∗ 𝑎𝑎0∗ 𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎1∗ 0 𝑎𝑎2∗ 𝑎𝑎2∗

𝑎𝑎1∗ 𝑎𝑎1∗ 𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎2∗ 0 𝑎𝑎0∗ 𝑎𝑎0∗

𝑠𝑠𝑡𝑡−𝜏𝜏∗𝝉𝝉 = 𝟐𝟐

𝝉𝝉 ∈ ℤ𝟐𝟐𝟐𝟐\𝟖𝟖ℤ𝟐𝟐𝟐𝟐
𝜏𝜏 ∈ 8ℤ24

𝐶𝐶𝒔𝒔(𝜏𝜏) = �
𝑡𝑡∈ℤ24

𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡−𝜏𝜏∗

𝟐𝟐

𝟐𝟐

𝟐𝟐

𝟐𝟐 𝟐𝟐

𝟐𝟐 𝟐𝟐

𝟐𝟐 𝟐𝟐

𝐶𝐶𝒔𝒔 1 = 2 �
𝑖𝑖∈ℤ3

𝑎𝑎𝑖𝑖 �
𝑖𝑖∈ℤ3

𝑎𝑎𝑖𝑖∗



𝑎𝑎0 𝑎𝑎2 𝑎𝑎0 0 𝑎𝑎1 𝑎𝑎1 𝑎𝑎0 𝑎𝑎0

𝑎𝑎1 𝑎𝑎0 𝑎𝑎1 0 𝑎𝑎2 𝑎𝑎2 𝑎𝑎1 𝑎𝑎1

𝑎𝑎2 𝑎𝑎1 𝑎𝑎2 0 𝑎𝑎0 𝑎𝑎0 𝑎𝑎2 𝑎𝑎2

Autocorrelation of characteristic sequence

44

𝑠𝑠𝑡𝑡
𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎2∗ 𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎0∗ 0 𝑎𝑎1∗

𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎0∗ 𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎1∗ 0 𝑎𝑎2∗

𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎1∗ 𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎2∗ 0 𝑎𝑎0∗

𝑠𝑠𝑡𝑡−𝜏𝜏∗𝝉𝝉 = 𝟑𝟑

𝝉𝝉 ∈ ℤ𝟐𝟐𝟐𝟐\𝟖𝟖ℤ𝟐𝟐𝟐𝟐
𝜏𝜏 ∈ 8ℤ24

𝐶𝐶𝒔𝒔(𝜏𝜏) = �
𝑡𝑡∈ℤ24

𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡−𝜏𝜏∗

𝟐𝟐

𝟐𝟐

𝟐𝟐

𝟐𝟐 𝟐𝟐

𝟐𝟐 𝟐𝟐

𝟐𝟐 𝟐𝟐

𝐶𝐶𝒔𝒔 1 = 2 �
𝑖𝑖∈ℤ3

𝑎𝑎𝑖𝑖 �
𝑖𝑖∈ℤ3

𝑎𝑎𝑖𝑖∗



𝑎𝑎0 𝑎𝑎2 𝑎𝑎0 0 𝑎𝑎1 𝑎𝑎1 𝑎𝑎0 𝑎𝑎0

𝑎𝑎1 𝑎𝑎0 𝑎𝑎1 0 𝑎𝑎2 𝑎𝑎2 𝑎𝑎1 𝑎𝑎1

𝑎𝑎2 𝑎𝑎1 𝑎𝑎2 0 𝑎𝑎0 𝑎𝑎0 𝑎𝑎2 𝑎𝑎2

Autocorrelation of characteristic sequence

45

𝑠𝑠𝑡𝑡
𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎2∗ 𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎0∗ 0 𝑎𝑎1∗

𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎0∗ 𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎1∗ 0 𝑎𝑎2∗

𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎1∗ 𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎2∗ 0 𝑎𝑎0∗

𝑠𝑠𝑡𝑡−𝜏𝜏∗𝝉𝝉 = 𝟑𝟑

𝝉𝝉 ∈ ℤ𝟐𝟐𝟐𝟐\𝟖𝟖ℤ𝟐𝟐𝟐𝟐
𝜏𝜏 ∈ 8ℤ24

𝐶𝐶𝒔𝒔(𝜏𝜏) = �
𝑡𝑡∈ℤ24

𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡−𝜏𝜏∗

𝟐𝟐

𝟐𝟐

𝟐𝟐

𝟐𝟐 𝟐𝟐

𝟐𝟐 𝟐𝟐

𝟐𝟐 𝟐𝟐

𝐶𝐶𝒔𝒔 1 = 2 �
𝑖𝑖∈ℤ3

𝑎𝑎𝑖𝑖 �
𝑖𝑖∈ℤ3

𝑎𝑎𝑖𝑖∗

Let 𝐷𝐷 be a (𝑢𝑢, 𝑣𝑣,𝑘𝑘, 𝜆𝜆)-RDS
Let 𝒂𝒂 be a sequence of length 𝑣𝑣

Let 𝒔𝒔 be a sequence associated with (𝑎𝑎, 𝐷𝐷) 

Then, 

𝐶𝐶𝒔𝒔 𝜏𝜏 =

𝑘𝑘𝐶𝐶𝒂𝒂 𝑙𝑙 , for some 𝑙𝑙𝑢𝑢, 0 ≤ 𝑙𝑙 < 𝑣𝑣,

𝜆𝜆 �
i∈ℤ𝑣𝑣

𝑎𝑎𝑖𝑖 �
i∈ℤ𝑣𝑣

𝑎𝑎𝑖𝑖
∗

, otherwise,



𝑎𝑎0 𝑎𝑎2 𝑎𝑎0 0 𝑎𝑎1 𝑎𝑎1 𝑎𝑎0 𝑎𝑎0

𝑎𝑎1 𝑎𝑎0 𝑎𝑎1 0 𝑎𝑎2 𝑎𝑎2 𝑎𝑎1 𝑎𝑎1

𝑎𝑎2 𝑎𝑎1 𝑎𝑎2 0 𝑎𝑎0 𝑎𝑎0 𝑎𝑎2 𝑎𝑎2

Autocorrelation of characteristic sequence

46

𝑠𝑠𝑡𝑡
𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎2∗ 𝑎𝑎0∗ 𝑎𝑎2∗ 𝑎𝑎0∗ 0 𝑎𝑎1∗

𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎0∗ 𝑎𝑎1∗ 𝑎𝑎0∗ 𝑎𝑎1∗ 0 𝑎𝑎2∗

𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎1∗ 𝑎𝑎2∗ 𝑎𝑎1∗ 𝑎𝑎2∗ 0 𝑎𝑎0∗

𝑠𝑠𝑡𝑡−𝜏𝜏∗𝝉𝝉 = 𝟑𝟑

𝝉𝝉 ∈ ℤ𝟐𝟐𝟐𝟐\𝟖𝟖ℤ𝟐𝟐𝟐𝟐
𝜏𝜏 ∈ 8ℤ24

𝐶𝐶𝒔𝒔(𝜏𝜏) = �
𝑡𝑡∈ℤ24

𝑠𝑠𝑡𝑡𝑠𝑠𝑡𝑡−𝜏𝜏∗

𝟐𝟐

𝟐𝟐

𝟐𝟐

𝟐𝟐 𝟐𝟐

𝟐𝟐 𝟐𝟐

𝟐𝟐 𝟐𝟐

𝐶𝐶𝒔𝒔 1 = 2 �
𝑖𝑖∈ℤ3

𝑎𝑎𝑖𝑖 �
𝑖𝑖∈ℤ3

𝑎𝑎𝑖𝑖∗

Similarly, 
Let 𝒔𝒔 be a sequence associated with (𝒂𝒂, 𝐷𝐷) 
Let 𝒓𝒓 be a sequence associated with (𝒃𝒃, 𝐷𝐷) 

Then, 

𝐶𝐶𝒔𝒔,𝒓𝒓 𝜏𝜏 =

𝑘𝑘𝐶𝐶𝒂𝒂,𝒃𝒃 𝑙𝑙 , for some 𝑙𝑙𝑢𝑢, 0 ≤ 𝑙𝑙 < 𝑣𝑣,

𝜆𝜆 �
i∈ℤ𝑣𝑣

𝑎𝑎𝑖𝑖 �
i∈ℤ𝑣𝑣

𝑏𝑏𝑖𝑖
∗

, otherwise,



Lemma 1 
Let 𝐷𝐷 be a 𝑢𝑢, 𝑣𝑣,𝑘𝑘, 𝜆𝜆 -RDS in ℤ𝑢𝑢𝑢𝑢 and assume that we are
given a family of sequence 𝒜𝒜 = a(0), a(1), … , a(𝑇𝑇−1) all of
length 𝑣𝑣. For each 𝑖𝑖 = 0, 1, … ,𝑇𝑇 − 1, we define a sequence
𝒔𝒔(𝑖𝑖) as a sequence associated with (a 𝑖𝑖 ,𝐷𝐷) . Then, the
correlation of 𝒔𝒔(𝑖𝑖) and 𝒔𝒔(𝑗𝑗) for any 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑇𝑇 becomes the
following:

𝐶𝐶𝒔𝒔 𝑖𝑖 ,𝒔𝒔 𝑗𝑗 𝜏𝜏 = �
𝑘𝑘𝐶𝐶a 𝑖𝑖 ,a 𝑗𝑗 𝑙𝑙 , for some 𝑙𝑙𝑢𝑢, 0 ≤ 𝑙𝑙 < 𝑣𝑣,

𝜆𝜆𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗∗, otherwise,

where 𝐴𝐴𝑖𝑖 ≜ ∑ℎ=0𝑢𝑢−1 𝑎𝑎ℎ
𝑖𝑖 .

Lemma 1

47



Lemma 1 
Let 𝐷𝐷 be a 𝑢𝑢, 𝑣𝑣,𝑘𝑘, 𝜆𝜆 -RDS in ℤ𝑢𝑢𝑢𝑢 and assume that we are
given a family of sequence 𝒜𝒜 = a(0), a(1), … , a(𝑇𝑇−1) all of
length 𝑣𝑣. For each 𝑖𝑖 = 0, 1, … ,𝑇𝑇 − 1, we define a sequence
𝒔𝒔(𝑖𝑖) as a sequence associated with (a 𝑖𝑖 ,𝐷𝐷) . Then, the
correlation of 𝒔𝒔(𝑖𝑖) and 𝒔𝒔(𝑗𝑗) for any 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑇𝑇 becomes the
following:

𝐶𝐶𝒔𝒔 𝑖𝑖 ,𝒔𝒔 𝑗𝑗 𝜏𝜏 = �
𝑘𝑘𝐶𝐶a 𝑖𝑖 ,a 𝑗𝑗 𝑙𝑙 , for some 𝑙𝑙𝑢𝑢, 0 ≤ 𝑙𝑙 < 𝑣𝑣,

𝜆𝜆𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗∗, otherwise,

where 𝐴𝐴𝑖𝑖 ≜ ∑ℎ=0𝑢𝑢−1 𝑎𝑎ℎ
𝑖𝑖 .

Lemma 1

48

We hope that 𝐴𝐴𝑖𝑖 ≜ ∑ℎ=0𝑢𝑢−1 𝑎𝑎ℎ
𝑖𝑖 = 0 for all 𝑖𝑖

We hope that 𝐶𝐶a 𝑖𝑖 ,a 𝑗𝑗 𝑙𝑙 = 0 for 𝑖𝑖 ≠ 𝑗𝑗 and all 𝑙𝑙



Let 𝐷𝐷 be a 𝑢𝑢, 𝑣𝑣,𝑘𝑘, 𝜆𝜆 -RDS in ℤ𝑢𝑢𝑢𝑢 and assume that we are
given a family of sequence 𝒜𝒜 = a(0), a(1), … , a(𝑇𝑇−1) all of
length 𝑣𝑣. For each 𝑖𝑖 = 0, 1, … ,𝑇𝑇 − 1, we define a sequence
𝒔𝒔(𝑖𝑖) as a sequence associated with (a 𝑖𝑖 ,𝐷𝐷) . Then, the
correlation of 𝒔𝒔(𝑖𝑖) and 𝒔𝒔(𝑗𝑗) for any 0 ≤ 𝑖𝑖, 𝑗𝑗 < 𝑇𝑇 becomes the
following:

𝐶𝐶𝒔𝒔 𝑖𝑖 ,𝒔𝒔 𝑗𝑗 𝜏𝜏 = �
𝑘𝑘𝐶𝐶a 𝑖𝑖 ,a 𝑗𝑗 𝑙𝑙 , for some 𝑙𝑙𝑢𝑢, 0 ≤ 𝑙𝑙 < 𝑣𝑣,

𝜆𝜆𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗∗, otherwise,

where 𝐴𝐴𝑖𝑖 ≜ ∑ℎ=0𝑢𝑢−1 𝑎𝑎ℎ
𝑖𝑖 .

We hope that 𝐴𝐴𝑖𝑖 ≜ ∑ℎ=0𝑢𝑢−1 𝑎𝑎ℎ
𝑖𝑖 = 0 for all 𝑖𝑖

We hope that 𝐶𝐶a 𝑖𝑖 ,a 𝑗𝑗 𝑙𝑙 = 0 for 𝑖𝑖 ≠ 𝑗𝑗 and all 𝑙𝑙

Lemma 1 

Lemma 1

49

Sum-zero

Uncorrelated



We hope that 𝐴𝐴𝑖𝑖 ≜ ∑ℎ=0𝑢𝑢−1 𝑎𝑎ℎ
𝑖𝑖 = 0 for all 𝑖𝑖

We hope that 𝐶𝐶a 𝑖𝑖 ,a 𝑗𝑗 𝑙𝑙 = 0 for 𝑖𝑖 ≠ 𝑗𝑗 and all 𝑙𝑙

Lemma 1

50

Sum-zero

Uncorrelated

We want to find an uncorrelated and sum-
zero sequence family 𝒜𝒜 = 𝒂𝒂(0),𝒂𝒂(1), …



Lemma 1
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We want to find an uncorrelated and sum-
zero sequence family 𝒜𝒜 = 𝒂𝒂(0),𝒂𝒂(1), …

Observe the DFT matrix !



DFT matrix
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𝜔𝜔0 𝜔𝜔0 𝜔𝜔0

𝜔𝜔0 𝜔𝜔1 𝜔𝜔2

𝜔𝜔0 𝜔𝜔2 𝜔𝜔4

𝜔𝜔0 𝜔𝜔𝑖𝑖 𝜔𝜔2𝑖𝑖

𝜔𝜔0

𝜔𝜔𝑢𝑢−1

𝜔𝜔𝑢𝑢−2

𝜔𝜔 𝑢𝑢−1 𝑖𝑖

…
…
…… … …

…

…

𝜔𝜔0 𝜔𝜔𝑢𝑢−1𝜔𝜔𝑢𝑢−2 𝜔𝜔1

𝜔𝜔0 𝜔𝜔𝑗𝑗 𝜔𝜔2𝑗𝑗 𝜔𝜔 𝑢𝑢−1 𝑗𝑗…

… … … …

… … … …

…

�
𝑡𝑡=0

𝑢𝑢−1
𝜔𝜔0 = 𝑣𝑣

�
𝑡𝑡=0

𝑢𝑢−1
𝜔𝜔𝑡𝑡 = 0

�
𝑡𝑡=0

𝑢𝑢−1
𝜔𝜔2𝑡𝑡 = 0

�
𝑡𝑡=0

𝑢𝑢−1
𝜔𝜔𝑖𝑖𝑡𝑡 = 0

�
𝑡𝑡=0

𝑢𝑢−1
𝜔𝜔𝑗𝑗𝑡𝑡 = 0

�
𝑡𝑡=0

𝑢𝑢−1
𝜔𝜔(𝑢𝑢−1)𝑡𝑡 = 0

…
…

…

𝒇𝒇(0)

𝒇𝒇(1)

𝒇𝒇(2)

𝒇𝒇(𝑖𝑖)

𝒇𝒇(𝑗𝑗)

𝒇𝒇(𝑢𝑢−1)

…
…

…

sum-zero

Not sum-zero

Proposition  (DFT matrix)
1) sum-zero

𝒖𝒖 × 𝒖𝒖 DFT matrix



DFT matrix
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𝜔𝜔0 𝜔𝜔0 𝜔𝜔0

𝜔𝜔0 𝜔𝜔1 𝜔𝜔2

𝜔𝜔0 𝜔𝜔2 𝜔𝜔4

𝜔𝜔0 𝜔𝜔𝑖𝑖 𝜔𝜔2𝑖𝑖

𝜔𝜔0

𝜔𝜔𝑢𝑢−1

𝜔𝜔𝑢𝑢−2

𝜔𝜔 𝑢𝑢−1 𝑖𝑖

…
…
…… … …

…

…

𝜔𝜔0 𝜔𝜔𝑢𝑢−1𝜔𝜔𝑢𝑢−2 𝜔𝜔1

𝜔𝜔0 𝜔𝜔𝑗𝑗 𝜔𝜔2𝑗𝑗 𝜔𝜔 𝑢𝑢−1 𝑗𝑗…

… … … …

… … … …

…

𝒇𝒇(0)

𝒇𝒇(1)

𝒇𝒇(2)

𝒇𝒇(𝑖𝑖)

𝒇𝒇(𝑗𝑗)

𝒇𝒇(𝑢𝑢−1)

…
…

…

Proposition  (DFT matrix)
2) Uncorrelated property

𝒇𝒇(𝑖𝑖) 𝒇𝒇(𝑖𝑖)

𝒇𝒇(𝑗𝑗)

𝐶𝐶𝒇𝒇 𝑖𝑖 ,𝒇𝒇 𝑗𝑗 𝜏𝜏 = 0

𝟎𝟎𝝉𝝉

Cross-correlation value is equal to zero
for any shift 𝜏𝜏.

𝒇𝒇(1),𝒇𝒇(2), … ,𝒇𝒇(𝑢𝑢−1)

is uncorrelated sequence family



Theorem  (Main construction)
Let 𝐷𝐷 be a 𝑢𝑢, 𝑣𝑣,𝑘𝑘, 𝜆𝜆 -RDS in ℤ𝑢𝑢𝑢𝑢 Let ℱ =
𝒇𝒇(1),𝒇𝒇(2), … ,𝒇𝒇(𝑢𝑢−1) be the set of 𝑣𝑣 − 1 vectors of length 𝑣𝑣

except for the all-one vector 𝒇𝒇(0) from the 𝑣𝑣 × 𝑣𝑣 DFT matrix,
let 𝒔𝒔(i) be the characteristic sequence associated with
(𝒇𝒇 𝑖𝑖 ,𝐷𝐷) . Then 𝒮𝒮 = 𝒔𝒔(1), 𝒔𝒔(2), … , 𝒔𝒔(𝑢𝑢−1) is an almost-
polyphase uncorrelated 𝑢𝑢𝑣𝑣, 𝑣𝑣 − 1,𝑢𝑢 -ZCZ sequences family,
where the autocorrelation of 𝒔𝒔(𝑖𝑖) for any 1 ≤ 𝑖𝑖 < 𝑣𝑣 becomes
following:

𝐶𝐶𝒔𝒔 𝑖𝑖 𝜏𝜏 = �𝑘𝑘𝑣𝑣𝜔𝜔
𝑖𝑖𝑙𝑙 , 𝜏𝜏 = 𝑙𝑙𝑢𝑢 for some 𝑙𝑙

0, otherwise,
where 𝜔𝜔 is a complex primitive 𝑣𝑣-root of unity.

Main construction

54
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𝑫𝑫 = 𝟎𝟎,𝟐𝟐,𝟔𝟔,𝟕𝟕,𝟗𝟗,𝟐𝟐𝟎𝟎,𝟐𝟐𝟐𝟐 : (𝒖𝒖 = 𝟖𝟖,𝒖𝒖 = 𝟑𝟑,𝒌𝒌 = 𝟕𝟕,𝝀𝝀 = 𝟐𝟐)-RDS

ℤ𝟐𝟐𝟐𝟐 = 𝑫𝑫 ∪ (𝟖𝟖 + 𝑫𝑫) ∪ (𝟐𝟐𝟔𝟔 + 𝑫𝑫) ∪ 𝑿𝑿

1 𝜔𝜔2 1 0 𝜔𝜔 𝜔𝜔 1 1

𝜔𝜔 1 𝜔𝜔 0 𝜔𝜔2 𝜔𝜔2 𝜔𝜔 𝜔𝜔

𝜔𝜔2 𝜔𝜔 𝜔𝜔2 0 1 1 𝜔𝜔2 𝜔𝜔2

𝒔𝒔(𝟐𝟐)

1 𝜔𝜔 1 0 𝜔𝜔2 𝜔𝜔2 1 1

𝜔𝜔2 1 𝜔𝜔2 0 𝜔𝜔 𝜔𝜔 𝜔𝜔2 𝜔𝜔2

𝜔𝜔 𝜔𝜔2 𝜔𝜔 0 1 1 𝜔𝜔 𝜔𝜔

𝒔𝒔(𝟐𝟐)

𝟐𝟐 𝟐𝟐 𝟐𝟐

𝟐𝟐 𝝎𝝎 𝝎𝝎𝟐𝟐

𝟐𝟐 𝝎𝝎𝟐𝟐 𝝎𝝎

Input1: 𝒇𝒇(1)

Input2: 𝒇𝒇(2)

3 × 3 DFT matrix

𝒇𝒇(0)
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𝑫𝑫 = 𝟎𝟎,𝟐𝟐,𝟔𝟔,𝟕𝟕,𝟗𝟗,𝟐𝟐𝟎𝟎,𝟐𝟐𝟐𝟐 : (𝒖𝒖 = 𝟖𝟖,𝒖𝒖 = 𝟑𝟑,𝒌𝒌 = 𝟕𝟕,𝝀𝝀 = 𝟐𝟐)-RDS

𝟐𝟐 𝜔𝜔𝟐𝟐 1 0 𝜔𝜔 𝜔𝜔 𝟐𝟐 𝟐𝟐

𝜔𝜔 1 𝜔𝜔 0 𝜔𝜔𝟐𝟐 𝜔𝜔𝟐𝟐 𝜔𝜔 𝜔𝜔

𝜔𝜔𝟐𝟐 𝜔𝜔 𝜔𝜔𝟐𝟐 0 1 1 𝜔𝜔𝟐𝟐 𝜔𝜔𝟐𝟐

𝒔𝒔(𝟐𝟐)

𝟐𝟐 𝜔𝜔 1 0 𝜔𝜔2 𝜔𝜔2 𝟐𝟐 𝟐𝟐

𝜔𝜔2 1 𝜔𝜔2 0 𝜔𝜔 𝜔𝜔 𝜔𝜔2 𝜔𝜔2

𝜔𝜔 𝜔𝜔2 𝜔𝜔 0 1 1 𝜔𝜔 𝜔𝜔

𝒔𝒔(𝟐𝟐)

𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎

𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎

𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎

𝐶𝐶𝒔𝒔 𝟐𝟐 ,𝒔𝒔 𝟐𝟐 (𝜏𝜏)

Cross-correlation

Uncorrelated



Main construction
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𝑫𝑫 = 𝟎𝟎,𝟐𝟐,𝟔𝟔,𝟕𝟕,𝟗𝟗,𝟐𝟐𝟎𝟎,𝟐𝟐𝟐𝟐 : (𝒖𝒖 = 𝟖𝟖,𝒖𝒖 = 𝟑𝟑,𝒌𝒌 = 𝟕𝟕,𝝀𝝀 = 𝟐𝟐)-RDS

𝟐𝟐 𝜔𝜔𝟐𝟐 1 0 𝜔𝜔 𝜔𝜔 𝟐𝟐 𝟐𝟐

𝜔𝜔 1 𝜔𝜔 0 𝜔𝜔𝟐𝟐 𝜔𝜔𝟐𝟐 𝜔𝜔 𝜔𝜔

𝜔𝜔𝟐𝟐 𝜔𝜔 𝜔𝜔𝟐𝟐 0 1 1 𝜔𝜔𝟐𝟐 𝜔𝜔𝟐𝟐

𝒔𝒔(𝟐𝟐)

𝟐𝟐 𝜔𝜔 1 0 𝜔𝜔2 𝜔𝜔2 𝟐𝟐 𝟐𝟐

𝜔𝜔2 1 𝜔𝜔2 0 𝜔𝜔 𝜔𝜔 𝜔𝜔2 𝜔𝜔2

𝜔𝜔 𝜔𝜔2 𝜔𝜔 0 1 1 𝜔𝜔 𝜔𝜔

𝒔𝒔(𝟐𝟐)

𝟐𝟐𝟐𝟐 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎

𝟐𝟐𝟐𝟐𝝎𝝎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎

𝟐𝟐𝟐𝟐𝝎𝝎𝟐𝟐 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎

𝐶𝐶𝒔𝒔 𝟐𝟐 (𝜏𝜏)
Autocorrelation

𝟐𝟐𝟐𝟐 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎

𝟐𝟐𝟐𝟐𝝎𝝎𝟐𝟐 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎

𝟐𝟐𝟐𝟐𝝎𝝎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎

Autocorrelation
𝐶𝐶𝒔𝒔 𝟐𝟐 (𝜏𝜏)Zone Size: 𝐮𝐮 = 𝟖𝟖
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𝑫𝑫 = 𝟎𝟎,𝟐𝟐,𝟔𝟔,𝟕𝟕,𝟗𝟗,𝟐𝟐𝟎𝟎,𝟐𝟐𝟐𝟐 : (𝒖𝒖 = 𝟖𝟖,𝒖𝒖 = 𝟑𝟑,𝒌𝒌 = 𝟕𝟕,𝝀𝝀 = 𝟐𝟐)-RDS

𝟐𝟐 𝜔𝜔𝟐𝟐 1 0 𝜔𝜔 𝜔𝜔 𝟐𝟐 𝟐𝟐

𝜔𝜔 1 𝜔𝜔 0 𝜔𝜔𝟐𝟐 𝜔𝜔𝟐𝟐 𝜔𝜔 𝜔𝜔

𝜔𝜔𝟐𝟐 𝜔𝜔 𝜔𝜔𝟐𝟐 0 1 1 𝜔𝜔𝟐𝟐 𝜔𝜔𝟐𝟐

𝒔𝒔(𝟐𝟐)

𝟐𝟐 𝜔𝜔 1 0 𝜔𝜔2 𝜔𝜔2 𝟐𝟐 𝟐𝟐

𝜔𝜔2 1 𝜔𝜔2 0 𝜔𝜔 𝜔𝜔 𝜔𝜔2 𝜔𝜔2

𝜔𝜔 𝜔𝜔2 𝜔𝜔 0 1 1 𝜔𝜔 𝜔𝜔

𝒔𝒔(𝟐𝟐)

𝟐𝟐𝟐𝟐 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎

𝟐𝟐𝟐𝟐𝝎𝝎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎

𝟐𝟐𝟐𝟐𝝎𝝎𝟐𝟐 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎

𝐶𝐶𝒔𝒔 𝟐𝟐 (𝜏𝜏)
Autocorrelation

𝟐𝟐𝟐𝟐 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎

𝟐𝟐𝟐𝟐𝝎𝝎𝟐𝟐 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎

𝟐𝟐𝟐𝟐𝝎𝝎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎 𝟎𝟎

Autocorrelation
𝐶𝐶𝒔𝒔 𝟐𝟐 (𝜏𝜏)Zone Size: 𝐮𝐮 = 𝟖𝟖

Therefore, 𝒔𝒔(0), 𝒔𝒔(1) is an uncorrelated 
(24,2,8)-ZCZ sequences family.



Specification of our construction.
Let 𝑞𝑞 be a prime power, 𝑣𝑣 be a divisor of 𝑞𝑞 − 1 or 2(𝑞𝑞 − 1) for
any prime power 𝑞𝑞 or (even 𝑞𝑞 = 𝑝𝑝𝑛𝑛 and odd 𝑛𝑛), respectively.
Then Theorem 1 construct some uncorrelated ZCZ sequences
family with the following parameters:
1) 𝐿𝐿 = 𝑞𝑞𝑛𝑛−1

𝑞𝑞−1
𝑣𝑣, 𝐾𝐾 = 𝑣𝑣 − 1, 𝑊𝑊 = 𝑞𝑞𝑛𝑛−1

𝑞𝑞−1
.

2) Alphabet size is 𝑣𝑣 + 1. That is, every symbol in the sequences
is expressed as 0 or 𝜔𝜔𝑢𝑢𝑘𝑘 for 𝑘𝑘 = 0, 1, … , 𝑣𝑣 − 1.

3) The number of 0’s in each sequence is 𝐿𝐿 𝑞𝑞
𝑛𝑛−1−1
𝑞𝑞𝑛𝑛−1

.
This sequence is almost-optimal because

𝐾𝐾 = 𝐿𝐿
𝑊𝑊
− 1. (Note that 𝐾𝐾 ≤ 𝐿𝐿

𝑊𝑊
)

Specification of our construction.
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Comparison with other well known 
uncorrelated ZCZ sequences family

60

Construction Construction Length(𝐿𝐿) Family 
size(𝐾𝐾)

Zone 
size(𝑊𝑊) Alphabet size

Optimal Polyphase

Suehiro [44] 𝐾𝐾𝑍𝑍 𝐾𝐾 𝑍𝑍 𝐾𝐾𝑍𝑍 or 2𝐾𝐾𝑍𝑍 (> 𝐾𝐾𝐿𝐿)

Brodzik [5] 𝑝𝑝3 𝑝𝑝 𝑝𝑝2 𝑝𝑝2(= 𝐾𝐾𝐿𝐿)

Brodzik [6] 𝐾𝐾𝑍𝑍 𝐾𝐾 𝑍𝑍 𝐾𝐾𝑍𝑍 or 2𝐾𝐾𝑍𝑍 (> 𝐾𝐾𝐿𝐿)

Popovic [33] 𝐾𝐾𝑍𝑍 𝐾𝐾 𝑍𝑍 𝐾𝐾𝑍𝑍 or 2𝐾𝐾𝑍𝑍 (> 𝐾𝐾𝐿𝐿)

Zhang [53](𝑐𝑐) 𝐾𝐾𝑍𝑍 𝐾𝐾 𝑍𝑍 𝐾𝐾𝑍𝑍 or 2𝐾𝐾𝑍𝑍 (> 𝐾𝐾𝐿𝐿)

Fang and Wang [12] 𝐾𝐾𝑍𝑍2 𝐾𝐾 𝑍𝑍2 𝐾𝐾𝑍𝑍 (= 𝐾𝐾𝐿𝐿)

Almost-Otimal 

and 

Almost-Polyphase

Tirkel et al. [47] 𝑞𝑞𝑛𝑛 − 1 𝑞𝑞 − 2
𝑞𝑞𝑛𝑛 − 1 
𝑞𝑞 − 1 

𝑞𝑞 (< 𝐾𝐾𝐿𝐿)

Construction 1 
(Theorem 1)

𝑞𝑞𝑛𝑛 − 1
𝑞𝑞 − 1

𝑣𝑣 𝑣𝑣 − 1
𝑞𝑞𝑛𝑛 − 1
𝑞𝑞 − 1 𝑣𝑣+1 (< 𝐾𝐾𝐿𝐿)
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