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Historical Remarks

ALL
EVERY KNowN,

< Periods of balanced binary sequences with ideal autocorrelation

- , Ay - {_Eg.ﬁmﬂh"i- “‘E"‘-‘""i"-‘ e af] Such Fr-'m-t-
() N=23(mod4)isa prime; <_ it i e i p Py,
() N =plp+2)is a product of twin primes; or  fwin “prima “g

(N N=2-11fort=234,.... _-W“j pomgl WEVE e

< Conjecture
No other period N would be possible for the existence of balanced binary sequences with
ideal autocorrelation.

e N23439 is He swmallest umsettled caae
 Only 13 wnsettled caase v N < 10000,
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Introduction [

o Linear Complexity of binary sequences

¢ the least positive integer L such that there exists an [-stage linear feedback shift
register (LFSR, in short) that generates the sequence with a suitable initial loading

o Characteristic polynomial

e Let L be the linear complexity of {s;} of period p. Then there exist constants ¢y =
lLey,... e € GF(2) such that

8 = CL-18i-1 +E'Ir_-25|'_j-+ "'+E{IH|—L: fl:ﬂ'i“ ‘L E i {F'

The polynomial ¢(z) = ¥ +ep 1221 + - - + ¢y is called the characteristic polynomial
of the sequence.
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Introduction (cont.)

e c(x) can be obtained from ¢*(x) given by

) =qrl+ozt 1+ -+ 1z +1
= (2 — 1)/ ged(2® - 1, 5(x))
where

S(z)=sp+ sz + -+ 8zt

® The linear complexity of {s(t}} is given by
L = p —deglged(z® ~ 1, 5(2)]
=p—{i:8(#)=0,0<<p-1}

where 7 € GF(2") is a primitive pth root of unity and G F(2") is the splitting field of
of = 1.
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Introduction

o Hall's sextic residue sequences
Let p = 4u®+ 27 = 6f + 1 be a prime and g be a primitive root mod p such that 3 € C
where six oyhesswin. classes O, [ = 0,1,--- , 5 are given by

restdue .
G ={g*"|i=0,1,...,f -1} (1)
Hall's sextic residue sequence of period p is defined as
? ift € CoUCLUCS
s(t) =

*

0 otherwise @

wheret =0,1,... .p— 1
o Example : p=4+27T=6(5)+1=231, (g=13)

Cy = {1,2,4,8, 16} C, = {3,6,12,17, 24}
Cy = {5,9,10,18, 20} Cs = {15, 23,27, 29, 30}
Cy = {7,14,19,25,28,14} C; = {11,13,21, 22, 26}

6 T4 10 11 12 13 14 15 16 17
1 1 1

{
o0 0 @ o1 1 1

19 X 3 23 M 235 %37 H N0
¢ 0 9 # 11 001011

5 6T
D10
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Main Results

Hall's sextic residue sequence of period p = 4u® + 27 has the following reciprocal char-
acteristic polynomial ¢*(x}:

Dl (xr—1) Hic—ﬂ'n[I -8 ifp=T (mod8)
o — 1 fp=23 (mod38)
where 3 is a primitive pth root of unity such that 5(3) = 1. The linear complexity L is

given by

| > 1—|'-%l ifp=7 (mod 8)
p ifp=3 (mod 8)
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For  Hall's Sexhe Kesidue Qﬂtﬂnu of P#:‘no’ P-‘

S(x)= Co (%) * C, (%) + C3(x)

‘F o ﬁi‘i"p-

CCH)Z.F Z:ox

I 4=0

whete

Nﬂf. u}e,mliﬂ.r,ﬂﬂ;w'ﬁ M
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(2]

(4]

P-
[C.L[-' _Gj =f"’:* (.!ﬁl.!.l,"-j) sime 3= U3

i ael, them d.-CL-'- C’L

£-1 i’ﬁ‘rf; g Eh
C(*‘J-Zm ix A
k=0 k=0

b+l

P: 3¢C, - 3°* 8 some 5
Lls+l bR c(estk)+L

3‘:3“’
+h
Lt ﬁ be o rrm.Lu. t;; naok "&f. TL"'-'

4

3.3
C ((3 _) (3 ¥ - C,h{qg)
mod G
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e F”‘!’c»ﬂﬂ" we_m
C(‘s )- C(p ) = Co(P).
-.’i’;( {5“) = C.j_f:p k38 ¢ '}3. h[oa £ the same lesidue oﬁnﬂ_

F'F? L= ;ﬂﬂ:ﬂﬂ * j-.: 35‘\*! _ T‘.ﬁn
chel#Gbtm

. ] £-1 }‘ﬁfl"'ﬁ&rm £ g }
CL{F’)'E'(S ’E,p T C;(P )_
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c_&f_&___: ‘Pﬁﬂ-ﬂ*ﬂ'fr"{"ﬂ 3 (--J?J > SfP)'S(P.')='. [‘]

CASE : ‘P:

] (med8) » S(P}_“P'fj-_-.ﬂ_

Pf . S(»)= Co(x) + C,(x) + Cafﬂ)

= Z' K.‘
€D

whate I):C,UC‘Uf, 5
e (1.5, 53 - Liferema set

56)-S(X') 2 (ko) + AR 2 @)+ () T (i)

.’{'_f!'. b= qur2] ;!

3(1"'-[?) —> U=ern &« usT=0dd
usedd &> usT= &ven,

7 (m]f) —
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what ve have doe for te case o P23 (med€)

o =| 1
67 saps:  S(E)-S(E')=1 fr sy proiee Prant!

=7 S(Fw)kﬂ frr any such F. ‘
=7 .S'fei)-!ta {‘rr 3-:-1,1,“-,1»11
Pl"dﬁﬂ fii = ;u‘.l-HE =1

'5{1) RO LI AIENOL

o[ s, et < P



[T] Itis vell-known fhat 2 is a wdbic (esidut mdr

= J€ GUC3.
Thesefove
pz3(edd) & 2is a ONR med p & 2€ G
pef (»d?) 6> 2 i o QR »d p & 26(,

[8] -1€Cs 0 -t is o awhic leside
—_— %, W‘c. nom-pesidut  meod r

(43 Gt} = Clo) P 220G
e L e(ith)+L

%:ﬂ@ - ;“(53 = C!{',G) , (tl.f-aﬁ sn-li)

.
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Assume =1 (med8) in tha lemisining .

[6] sads S(P)-s((j"):u s cane .

—

uﬂ_,-‘_.:if.'. , &@_

f"upl"’,

(11 2¢G
c(g)=C(@8)
(11 = L{G') () ¢ ‘ i # leﬁ)“st.’*’*} - [{e]
Sinaa CL{(E.) = CI-{F') -
Obsevvt that

v P 3
" C Z@=1 A
C"{#) e C‘(P) T C,f(i) i iiiﬂ..l:l-"l.lfr LA
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[12] GR+tGIIE) = 1y 0 2
GBI+ Ce(B) = }.r B | %.,. o
Gupr+Celp) = gugr- o .k

cﬂm that wr‘s fm.ﬂ“ ible -
P£ :

(413 € (f)=Cp (B). snm 36C, .

LI+ Pz GIE )+ C(B°)
Gm+Ce(p) = G f'f-?o,t) + Ca(ﬁ!‘)
e I‘F {;fp]'!' {,{P) F__C_.{]”“l‘ C*f.ﬁ) = C‘fﬁ}* (B 1,

S LE+6(E)= CIE)+ ((B)= afrs")*- C;fp’l) =1,

FMMM, I‘:,:,(P!T)fcafp"’): {!(P}+ Cﬁ(ﬁ]”lf ete .
> (O +G(K41=0 hae reots B, 8 l@,’t
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! e
= ﬁtf#] + C‘_fﬂ}-ﬂ' =0 has aeets P, P’J Fa; — L_..

e, (51 Elfpaj=¢:‘fpi) Lo i,}‘eC*

T'Lue.fnc :
L.+ C )¢t =o hae p- aoets ﬂ)
[ (i.é LUV “'C.r)

Bur is has Jcru- <?-—f

sinee ?(F"g _:a’.-"I [ e .‘-"1*'-4')1r wmd -1 € C; E‘H EEJ

G,t. *rfﬂ.UCq.) @2
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themom  fut = bfe1 2 T (med)
= qu'rel

T‘W‘h there erists a Prim:-{flﬂ! rf-ﬁmt («3 ,-6_ 1
Such Hat 5(rg)= 1.

va suth (3, we  howe Sfﬁ*):p f.v- J"Q”ﬁ”ﬁ”ﬁ"ﬁ-

—_—

ﬁmﬂ* T’M.. He masw nasull (omts as O &nﬂﬂd,
Sin ‘ iil 5([5 ) L p&é:‘:r-lj' l: -f{-r-,)

L G)= GG G0= T Pol . 32 1.
..F:de)
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.G.f "i be o Fr-'m.‘“l'ﬂ FE oot 'ﬁ L.

(owsidew Z::SY‘U Z.C.(fl)'*z.ﬂf"' }+Z,C,t"fJ

by (5], and

7| » =
5 £-1

28 A cl ) y

‘\"" f fummnﬂuh are all the same '5-'![#_?
5 % %, £=odd,

2 )+

-
fmi}ahl#aﬁ\%ji‘ a(d) ZC(d)ZiC(FI)

e Saet Jaaa d"' ¢« _ —
K. ) -
c -lhqfﬂl'ﬂ-liﬁll-
=7 C(«)
)=°

=1, o 5(;‘1‘):| F#{Mﬂir
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-“jm"', we will shag that | for such B,
S(gl)=0 fr jeCUGUGUGUC

& S(p’i) zo fr i=l234.5

[ ,5‘(:)1‘ Colx) + € (x> + C5(x)

Sawne

\"'\ 3"5 C';_ for L= 012,345

@ We wil Hh-Funﬂ’d Letermane fa vt ’6‘
C (p) fr f=0,,2,.5.

O Byt deoiv 4,
[=5S(p) = Glg)+Cila)+ (i) —* ff#iiw frr1eC,

%
C(ﬁ) C(p) ) 3;3{@

Jaca
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¥ ! [ = s(rSJ = d;f;_) + €, (fs}-r- C_J_ag ->» _.'.‘(ﬁ"_}:aiiﬁ
&=Sf,6J=5FfSJ =Gp)t Culp) T G(B)
= [= 5rﬁ}+5f,s )= )+ € (F_]
Gt t Cel(p)=e
EKP!F Clp) + Gulp) + Culp)= Galp) foi* f:m:ﬂ
?szp"J-'-St'(s’) Colpdt (lp)+ Cl@) = Celp)ti #:: :.

= o= ifpj 5((5) ({' fp)*l @rfﬁi" > rp-c_,.{(s} 1

(@) = s (@) =0=5(6)

St’ﬁ) = Calp)+ IR+ Celp) = G(p)
st(f_n, )= ”F’ ) Celp)r € fﬁ_]-r Gep)= Col/B)
= o= 5(‘6'.1 5({.%) = Cp)-Cotp) >  Cotp)= Gilpo=e
> S8 508"y =0

—
o
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ﬁeuutfyj we wete ahle G prove fhat e p;?(m.fg)

Sk)= [+ %! -}r:'(p'ft) . osRep-

e =0

Bur, uﬂﬂﬂtj!ﬂ'ﬁfnt exprtas
[5{{:}} b a aum of Frace fr pP=3 ('HJP)—

‘q.{wﬂ- "Hfrt‘l»hffﬂﬂ" Fha&‘mﬁt-g mstances 1—
Mernainne 'Mﬂ"'-h-' for whick Hall's sexfic lesiclee G‘S“"‘H o

A Jﬂas:g —-- Enlfiﬁr des " No, cHul&, 'ﬂ#&,fﬂﬂﬁ_(‘ﬂ):
e B o

ﬁfn‘m
lrocy % Hu Above tepresentation
M#ﬁlﬂ'& %"‘d"‘ ced ,

that for ¥ M BT kim & soNGr (2000

F L bisenaes Baces rasse. ---. Ao PHUNS YAMNA CONE )

is ey mucl, Similar &

(Bad [ N9TX0ZEZXPZ9T ) Bd [TZR18S



