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In this note, we consider a set of sonar arrays of the same
size with an additional constraint that the non-periodic two-
dimensional cross-correlation value for any two distinct arrays
is limited to either 1 or 0. These find applications in various
multiuser communication systems such as multiuser radar and
sonar systems [1] and/or fiberoptic CDMA networks. [2]

We define an optimal pair of sonar arrays to be a pair of
sonar arrays having an ideal cross-correlation function and
having the maximum possible number of columns for a fixed
number of rows, We first prove that an optimal pair having n
rows can have at most n columns. It took only about 8 min.
of CPU time in a Sun Sparc Station to find the following pair
of 8 x 8 sonar arrays, but it spent more than 100 hours for
the size 9 x 9 without finding any example. Here, fa(j) =
implies the array A has a dot in row i and column j.
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More generally, a set S of k sonar arrays of size kn x n hav-
ing ideal cross-correlation functions can be constructed from
“(n, k)-sequences of length kn.” [3] Whenever kn + 1 =p is
an odd prime, the construction can best be described as fol-
lows: Let o be a primitive root mod p. Then, each 4; € S
for j = 0,1,2,...,k — 1 has a dot in row a*'*7 for every
column i = 1,2,...,n. When k = 1, this produces the Welch-
Costas array of order p — 1 [4, 5], which has an ideal two-
dimensional non-periodic autocorrelation function. Note that
no two Costas arrays of the same size can have an ideal cross-
correlation function. [6, 7)

When k = 2, the above construction produces a pair
of sonar arrays of size 2n x n having an ideal non-periodic
two-dimensional cross-correlation function, by taking even-
numbered columns for one array and taking odd-numbered
columns for the other from the Welch-Costas array. Note that
adjoining one empty row at the bottom of the Welch-Costas
array results in a “doubly-periodic” sonar array. Therefore,
a similar decomposition of this array gives a pair of “doubly-
periodic® p x (p — 1)/2 sonar arrays having an ideal cross-
correlation function. On the other hand, we will show that an
optimal pair of “doubly-periodic” sonar arrays having 2n + 1
rows can have at most n columns. Therefore, the above con-
struction produces an optimal pair of doubly-periodic sonar
arrays.

A similar technique as in [8] can be applied to find a better
pair of known sonar arrays having an ideal cross-correlation
function. Let a be a primitive root mod p = 2n + 1 (an odd
prime), and let f(i) = o' where { = 1,2,...,p — 1 denote a
px(p—1) “modular sonar array.” For any integers a, b, and c,
g(i) = af(i)+bi+c (mod p) is also a p x (p—1) modular sonar
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array. [8] We finally show that for any integers a,b,ca,ca,
two arrays given by ga(i) = af(2i) + b(2i) + c4 and gB(i) =
af(2i—1)+b(2i—1)4cp (mod p) fori =1,2,...,(p—1)/2 are
sonar arrays having an ideal cross-correlation function. For an
appropriate choice of parameters (a,b,ca,cr), the resulting
arrays will have longer successive empty rows at the bottom
to be deleted. The following table shows the computer results
for p up to 97.

[P size [ p] size ]

7 3x3 47 [ 35 x 23
11| 6x35 53 | 40 x 26
13| 7x6 [ 59|48 x29
17 | 10x 8 [{ 61 | 49 x 30
19] 11x9 |[67]54x33
23 [14x11 |71 [59x35
29 21 x14 || 73| 60 x 36
31[22x15 | 79 { 65 x 39
37 |27 x18 || 83 | 69 x 41
41 |30 x20 || 89 | 76 x 44
43 131 x21 [[97 | 83 x 48
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