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Cyclic difference sets and characteristic sequences

o A (v, k, \) cyclic difference set D is a k-subset of Z, = Z./vZ such that for all
non-zero d € 7Z, the equation x — y = d (mod v) has exactly A solution pairs

(z,y) with z,y € D.
e Theset {1,3,4,5,9} C Zy;is a (11,5, 2)-CDS, since

-1 3 4 5 9
1 o 9 8 7 3
3 2 0 10 9 5
4 13 1 0 10 6
D 4 2 1 0 7
9 s 6 5 4 0

e A binary sequence s = {s(t)[t > 0} (or “the characteristic sequence”) of a
(v, k, \)-CDS of period v is defined by s(t) = 0 iff t € D.
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e An e-th power residue cyclic difference set mod p=ef +1isa (v = p, k, )
CDS which are some union of cosets of the subgroup H, of e-th powers in I,
with or without {0}.

e (Storer '67, Baumert '71, Berndt-Evans-Williams '98) The ONLY e-th power
residue cyclic difference sets for e < 12 are the following:

e | D (v, k, N when

2 | Hy (p, 7%1, 7%3) p =4z + 3 [hadamard]

6 |HsUu HgUu'Hg|(p, 555, 22) |p =42 +27 (3 € uHg) [hadamard]

4 |Hy (p, B, B2) | p = 1 + 422
H,UA{0} (p, B2, B5) | p = 9 + 427

8 | Hy (p, 4, B20) p =14 822 = 9+ 64y® (odd z, y)
Hg U {0} (p, 5 BED) p = 49 + 822 = 441 + 64y® (odd z, y)

10| H1o U uHyg (31,6,1) |p =31 (use uw=11) [single case]
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e A cyclic Hadamard difference set is a (v, (v —1)/2, (v — 3)/4)-cyclic difference

set and are equivalent to balanced binary sequences with the ideal autocorrela-
tion.

e KNOWN three types of v for which a cyclic Hadamard difference set exists:

1.v=p=3 (mod 4) is a prime:

(a) Quadratic residue construction works for all such p.

(b) Hall's sextic residue construction works for p = 42% + 27.
2. v = p(p+ 2) is a product of twin primes:

(a) Generalization of “Quadratic residue construction” works.
3.v=2—1fort=1,2,3,....

a) m-sequence (or maximal LFSR sequence) for all such t.

b) GMW construction for all “composite” ¢.

d) hyperoval type (Segre Type, and Glyn Type | and Type II)

e) what else 77 (conjecture: no more for odd ¢. Checked partially for ¢ < 17 by Gong-
Golomb '02, and completely for ¢ < 10 by many others.)

(a)
(b)
(c) 3-term trace sequences, 5-term trace sequences
(d)
(e)

e conjecture: no more v for CHDS. Checked for v < 10000 by Song-Golomb '94,
Kim-Song '99.
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e Cyclic Hadamard difference sets which are some union of cosets of sextic residues
in F3;. (Example for e = 6)

Cosets Legendre | Hall's sextic
C, = {0}
Co= {1,2,4,8,16} X
Cy = {3,6,12,24, 17} X
Cy = {9,18,5,10,20} X
C3 = {27,23,15,30,29} X
Cy= {19,7,14,28, 25} X
Cs5 = {26,21,11,22,13}

e T heir characteristic sequences are:

1: 0 3 5 6 7 9 10 11 12 13 14 15 17 18 19 20 21 22 23 24 25 26 27 28 29 30

ai): 10010010000 1 1 1 0 1 01 0001 1 1 1 01 1 0 1 1
b(i): 1 coo1o0o1o0o1 1 1 0 1 1 0 c 1 1 1 1 1 0 O 1 1 0 1 0 O

The Hall's sextic residue sequence b(7) turns out to be equivalent to the m-
sequence of period 31 = 2° — 1.
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e-th residue sequences and their trace representations

Definition 1 (e-th residue sequences) Let s = {s(t)|t > 0} be a binary se-
quence of period p = ef + 1. Then, we say s is an e-th residue sequence if s(t)
is constant on each of the cosets kH, = { kx | v € H. } of H. in I}, that is, if
s(t1) = s(t2) whenever tiH, = t2H..

o1 ={b(t)=1|t >0}
1, t=0 (mod p)
0, otherwise

1, tekH,

0, otherwise "

o b, = {b(t)|t > 0}, where b(t) = {

e by, = by = {b(t)[t > 0}, where b(t) = {

e Legendre sequence: s = 1 + b;.
e Hall's sextic residue sequence: s =1+ b; + b, + b, 3.

e In general, we have 1 = b, + > (_,_.b,.
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Theorem 0

e [he set of all the e-th residue sequences of period p is a vector space over I
of dimension 1 + e.

e {b,|0 < i < e} U{L} is a basis over F,, where u is any given generator of
F7; i.e., any e-th residue sequence of period p can be expressed in the form of

Sar = Qyl + E aibui,
0<i<e

for some unique binary (1 + e)-tuple a* = (ay, ag, a1, ..., Ay ..., Qe_1).
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(g(x), B) form a defining pair of s if s(t) = g(8") fort =0, 1,2, ..., where

e g(x) is a polynomial modulo ¥ — 1 over F, and

Definition 2 Given a binary sequence s = {s(t)[t > 0} of period p, we say

o Je< a>".

We call g(x) the defining polynomial of s, and (3 the corresponding defining element.

Let the generating polynomial of a coset w/ H, be given as

Coip,(T) = i(w) = Z T = Z 2 (mod x¥ — 1)

icu) H, 0<i<f
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Theorem 1 Let p =ef + 1 be a prime for some € and f.

1. sar = a, 1+ ;.. by, for some unique a* = (a., ag, a1, ..., aj, ..., Ge_1).

2. Su+ has the defining pair (g(x), 3) where

where p, = @y + [ D oo i and pj =Y . aic_i+i(B).

3. LC(sar) =6(ps) +wu(p)f, where 6(-) = 1 or 0; wy(...) is the Hamming

weight; and B
p=(p0s P15 s Pis " 5 Pee1).

4. Finally, using ¢ = (p — 1)/n where n is the order of 2 mod p,

( )

s(t) = px + Z T | ps Z gt vt

0<i<e 0<j<e,
K j=1 (mod e) )
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Two Examples

o Case e =2 Let p=2f+1 be an odd prime and u be a generator of F and
H, be the set of quadratic residues mod p. Then any quadratic residue sequence
s = {s(t)[t > 0} of period p can be written uniquely as

s = asl + apb, + a;b,1.

It has the defining polynomial g(x) = p. + poc,o(x) + pic,a(x), where

B PO = CL()C_UO<B) T aic_ <ﬁ)
ps = Gx+ (a9 +a1)f and { p1 = agc_,1(B) + arc_o0(0).

The linear complexity is given as LC'(sa<) = 0(p«) + wr(po, p1)f, and, for all ¢,

p—1 p—1
ST Tn
2 25+1
s(t) = pe + Tr} | po Z B+ oy Z g
=0 =0

10
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o Case ¢ = 6 Let p = 6f + 1 be an odd prime and u be a generator of F
and Hy be the set of sextic residues mod p. Then any sextic residue sequence
s = {s(t)|t > 0} of period p can be written uniquely as

S = @yl + aobuo -+ albul + agbuQ + Cbgbu3 -+ a4bu4 -+ CL5bu5.
It has the defining polynomial
g([lﬁ) = Px T IOOCU()(:C) + p16u1<$> + /02Cu2<x> + 103Cu3(x> + /04Cu4(x> + /05Cu5(x)7

where p; = > ;. aic_i+i(B), ie.,

[ pe = a,+ (ag+a; +as+as+as+as)f
po = aoC_,o(B) + arc_1(B) + asc_2(8) + asc_3(8) + agc_a(B) + asc_5(8
p1 = aopc_,1(B) + aic_p2(8) + asc_,3(8) + asc_ () + asc_5(8) + asc_o0(B
QP2 = apc_p2(0) + arc_3(08) + asc_a(B) + ase_,5(6) + asc_o0(B) + asc_ (B
P3 = Qo€ u3<6> + CL1€_U4<5) T axC_yp (ﬂ) + a3c—u0(6> T a4c_1 (6) + CL5C_U2<5
py = apC_4(B) + arc_,5(B) + asc_o(B) + asc_ 1 (B) + ase_2(B) + asc_3(0
L5 = agc_5(8) + arc_o(B) + axc_ 1 (B) + asc_2(8) + asc_3(8) + asc_4(6

11
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The linear complexity is given as

LC(Sa*> — 5<p*) + UJH(PO; P15 P25 P35 P4, p5>f7
and, for all ¢,

p—1 p—1 p—1

i Tn T
6J 6j+1 6j+2
sity=pt TH oo Y B +p > BT T Hp Y B
=0 =0 =0
bl g (| |
6743 67+4 6745
tps Yy BT s Y B s Y B
7=0 7=0 7=0

Now, we only need to determine the values of

(Cu()(ma Cul(ﬁ% Cu2<5)7 Cu3<ﬁ)7 Cu4(5>, Cu5(5>> = (007 C1, C2, C3, C4, 05)-

12
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e-tuples

Based on Theorem 1, it is enough to focus on the e-tuple of the form

Cu(ﬁ) — (CuO(ﬁ)v C@ﬂ(ﬁ)? REL Cu@_1(6>>

in order to determine the trace representation of the sequence s,+.

We were able to find some necessary conditions for c,(4), and
thus, able to calculate these values for all the characteristic se-
quences of e-th power cyclic difference sets.

13
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Applications

We use the following notations.
ep=cf+1isa given prime for some e and f,
e 1 is the order of 2 mod p,

oc2 1%1’ d = gcd(c,e), ¢1 2 ¢/d, and e; = ¢/d so that

ef =p—1=cn, e f=(p—1)/d=cmn, andhence, e|n.

14
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¢ e = 2. Legendre sequence picks up all the terms except for t € Ho, therefore,
Slegendre = 1+ bu07

and hence, a* = (a.,ap,a;) = (1,1,0) in this case. Now, we may choose 3 €<
« >" such that for any given generator u of [}, we have

[ (1,0) if p=1 (mod 8)
) (0,1) if p=7 (mod38)
(Cu0<ﬁ)7 Cu(ﬁ)) — < (U}Q,’lU) if D= 3 (mod 8)
| (w,w?) if p=5 (mod 8),

where w € Fj is a primitive 3-rd root of unity. With 3 and w chosen as in the
above, (g(x), ) is a defining pair of s, where

- p+1 N c,o(x) if p=+1 (mod 8)
2 weyo(z) +w?ep(z) if p=243 (mod 8).
The linear complexity of s is given as
bt Ll if p=+1 (mod 8)
LC(s) = of >+{p—1ifp:i3 (mod 8).

g(z)

2

15
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o e=06. Letp=-ef+1beaprimewithe =06 and f odd. Let d be the
d-parameter corresponding to the chosen (p,6). Then

1. (Sextic residue sequences in general) There exist a generator u of F; and
0 €< « > such that

(0

_ ) a
cu(B) = 4 (v,

(6

where

e wisarootof 2+ x+1,

® 7 is a root of 2° + x + 1, and

e =porf=p+1where pisa root of 2%+ 2° + 1 (and hence, p+1 is a
root of 2% + 2° + 2* + x + 1).

2. (Hall’s sextic residue sequences) In the case when p = 6f + 1 = 42° + 27 for
some integer z, let s be the Hall's sextic residue sequence of period p which is

16
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defined as the characteristic sequence of the Hall's sextic residue different set
D = Hs Uuw?Hg U u'Hg, where u'Hjp is the coset containing 3. Then

(a) There exists a generator u of F) and 3 €< a > such that

(8) = (0,1,1,0,1,0) if p=7 (mod 8)
“lPT=(1,0,w,1,0,w?) if p=3 (mod 8)

(b) With the choice of u and 3 as in the above item, (g(z), ) is a defining
pair of s, where

[ cpl(z) if p=7 (mod 8)
g<x> B { ’LUCu()<JZ> + w26u3<$> + Zi:1,2,4,5 CUZ(:C) it pP= 3 <m0d 8>

(c) The trace representation and linear complexity of s is given as follows:

c/6—1
s(t) = > T E) = Y m(0), 0=/
0<m<ec m=0
m=0 (mod 6)

sty=" > THW+ Y. W)+ > TR(™), LC=p-1L
0<m<e 0<m<ec 0<m<e
=0 (mod 6) m=3 (mod 6) mZ0 (mod 3)

17
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Linear complexity of sextic residue sequences of period p = 6f + 1 with f odd

and with a, = 0 and a = (ag, ay, ..., as):

Linear Complexity

wy(a) a= (apa...as) d="6 d=3 d=2 d=

1 (100000) 3f+1 4f +1 6f +1 6f+1
(110000) Af 6f 6f 6f
(101000) 4f 6f 6f 6f
(100100) 2f 2f 6f 6f

3 (111000) 3f+1 6f +1 6f +1 6f +1
(110100) S5f +1 2f +1 6f +1 6f+1
(110010) f+1 6f +11 |4f+1 |6f+1
(101010) 3f+18 |6f+1F [3f+1 |6f+1

4 (111100) 2f 4f 3f 6f
(111010) 2f 4f 6f 6f
(110010) Af Af 6f 6f

5 (111110) 3f+1  |4f+1 |5f+1 |6f+1

6 (111111) 6f 6f 6f 6f

T corresponds to Hall's sextic residue sequences, and I to Legendre sequences.

18
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o e=4. Letp=-ef+1withe=4and f odd. Then

1. There exists a generator u of F) with 2 € uH, and 8 €< a >*, such that c,(3) =
(0,62%,0%,0%), where @ = p or p+ 1, and p is a root of the polynomial 2! + 23 + 1 and is a
primitive 15-th root of unity, and hence, p + 1 is a root of the polynomial Zogzgzl 2’ and is a
primitive 5-th root of unity.

2. In case when p = 4f + 1 = 1 + 42 for some integer z (for this case, it is known that H, is a
(p, (p — 1)/4, (p — 5)/16)-cyclic difference set mod p), let s be the characteristic sequence of
Hy. Thens =1+ b, and it has a defining pair (g(x), 3), where

gla) =Y 0% e lx),
0<i<4

and 0 is described as in the item 1 above. As a consequence, LC(s) = p — 1.

3. In case when p = 9 + 42° for some integer z (for this case, it is known that H, U {0} is a
(p, (p+3)/4, (p+ 3)/16)- cyclic difference set mod p), let s be the characteristic sequence of
the difference set H4U{0}. Then s =1+ b, +b,0, and it has a defining pair (g(x), 3), where

gl@) =1+ 3 (6% + Dela),
0<i<4

and 6 is described as in the item 1 above. As a consequence, LC'(s) = p. _

19
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o e=28. Let p=-ef+1withe=2_8and f odd, and assume d = &, where d is the d-parameter
corresponding to (p,e). Then

1. There exist u and § €< a >* such that c,(8) = (co, c1,- -+, ¢7), where

(co,c1,- -+ ,c7) =(1,1,0,1,0,0,0,0), or its complement (0,0,1,0,1,1,1,1).

2. In the case when p = 1+82% = 9+ 6412 for some odd integers z and y (for this case, it is known
that Hg is a (p, (p — 1)/8, (p — 7)/64)-cyclic difference set mod p), let s be the characteristic
sequence of Hg. Then s =1+ b,o, and it has a defining pair (g(x), 3), where

g(CE) - Z C4+icui(aj)7
0<i<8

the indexes 4 + 7 is modulo 8, and ¢; is described as in the item 1 above.

3. In the case when p = 49 + 82% = 441 + 64y for some odd integers z and y (for this case, it is
known that D = Hs U {0} isa (p,(p+7)/8, (p+ 7)/64)-cyclic difference set mod p), let s be
the characteristic sequence of D = Hg U {0} . Then s = 1 + b, + b,o, and it has a defining
pair (g(x), 3), where

g@) =1+ 3 (coni + Dey(a),

0<<8

the subscript 4 + 7 is computed mod 8, and ¢; is described as in the item 1 above. |

20
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o e=10. Let p= 31, e =10, and let s be the characteristic sequence of the
cyclic difference set D = Hyg U 11Hyy = {7 (mod 31) | ¢ = 1,5,11,24, 25 27}.
Let 3 be a root of the polynomial 2° + 2> 4+ 1. Then

1. c11(B) = (co,c1,- -+ ,cg) , where ¢y = 5_7'24j, C2j+1 = 5_24j, 0<y <o
2.8 :l—l—bl—l—bn.
3. Let

glx) =1+ Z (511'24j0112j(x) + ﬁ18'24j0112j+1(x)) .

0<;j<5
Then (g(x), 3) is a defining pair of s. n

21
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Concluding remarks

e Binary sequences (of period p) of all the cyclic difference sets D which are some
union of cosets of e-th powers in F7 for ¢ < 12 are studied in terms of
— their defining pairs,
— trace representations,
— linear complexities.

e In particular, linear complexities of all the e-th residue sequences are determined
whenever d = ged(e, (p — 1)/n) = 1, where n is the order of 2 mod p.

e How to evaluate the e-tuple (c,0(3), ..., ce—1(3)) for some u and 3 whenever
aprimep=-cef+1isgiven ?

e Open Problem: Which one among the two values p and p + 1 the element
6 in the cases ¢ = 4 and e = 6 takes has not been determined yet, and we
do not know whether both values will be taken when p changes; and the same
problem for the tuple (cg,c1,- -+, ¢7) in the case e = 8.

22



