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Previous Works

Legendre sequences: (classical) cyclotomic sequences of period p
Ding and Helleseth (1998): period N = pfl pgz e pl

Ding, Helleseth, Shan (1998): linear complexity of length p
Ding (1998): linear complexity of length p? (some mistake)
Kim and Song (1999): linear complexity of length pg

Kim and Song (2001): trace representation of length p

Dai, Gong, Song (2002): trace representation of length pg

Park, Hong, Chun (2004): linear complexity of length p? (corrected)
Bai, Liu, Xiao (2005): linear complexity of length pqg

Yan, Sun, Xiao (2007): LC and Autocor. of length p? and pg

Kim, Jin, Song (2007): LC and Autocor. of length p*

Kim, Song (2008): LC and Autocor. of length p"
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Prime Square Sequence (REVIEW)

@ p=5
@ g=2:aprimitive root of p? = 25
@ Partitions of Z; and Z;

25
DY = (2% (mod 5) ={1,4}
D(5) 2D (mod 5) ={2,3}
D(25) (22) (mod 25)  =1{1,4,6,9,11,14,16,19,21,24}

Dgw 2DF” (mod 25) =1{2,3,7,8,12,13,17,18,22,23}

e Cy=D{u5D) G =D us5DY
@ Linear Complexity : 25
@ Autocorrelation

25, 7=0 (mod 25)

-7, TE D(()25)
Ci(1)={ -3, 1eD?®

1
17, 7€5D

21, 7e5DY
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Prime Square Sequence (REVIEW, Yan et.al)

@ Linear Complexity

ﬂ =
CL:{ pzz , p:il (mod 8)
, p=+3 (mod 8)

@ Autocorrelation
Q p=1 (mod 4)
, 7=0 (mod p?)
-p-2, TED(()’”Z)
Gm=4 -p+2, reD?
p?—p-3, tepDy
pz—p+1, TEngp)
Q p=3 (mod 4
, 7=0 (mod p?)
G(r)=4 -1, TED(()”Z)UDE”Z)
p*—p-1, tepD? upDy
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Prime Cube Sequence (REVIEW)

@ p=3
@ g=2:aprimitive root of p* =9
@ Partitions of Z3, Zg, and Z7,

DY =(2?) (mod 3) ={1}

D(3) 2D (mod3)  ={2}

D“” (22) (mod 9) =1{1,4,7}

D“’) 2DY (mod9)  =1{2,5,8)

D(‘f” =2%) (mod27)  ={1,4,7,10,13,16,19,22,25}

D¥? =2DF?  (mod 27) =1{2,5,8,11,14,17,20,23,26}

Co= D" u3D 9D
G = D7 U3DY LD
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Prime Cube Sequences (REVIEW, Kim et. al)

Linear Complexity

[ B+1

2 )

%,

ifp=1mod8

p’—1, if p=3mod 8
CL:<
P, if p=5mod 8

”3_1, if p=7 mod 8.
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Prime Cube Seq. (REVIEW, Kim et. al)

Autocorrelation

@ p=1 (mod 4)
p3, 7=0 (modpg)
P-p-3, TepzDép)
(p)
pP-p+l, TGPZDI;
Cy =4 r-r*-p-2, tepn)’
pg—pz—p+2, repD’:%pz)
(p”)
-p*-2, reD?pS)
- +2, 7€ D
Q p=3 (mod 4)
r, 7=0 (mod p?)
PP-p-1, TepzD((]p)UpzDYJ)
@) P
-, teDy "uD .

v
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What about prime n-Square Sequence?
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Construction of Prime n-Square Sequences

@ Construction (Ding, Helleseth '98)
> p:aprime
> g:aprimitive root of p?

> Define
DY = (g% (mod p), DI = gd? (mod p),
D = (&%) (mod p), D) = gD (mod pA),
D(()” " = (g% (mod p"), D(lp W= gD(()"J " (mod P,

o _{ 0, if (imodp"e G
~ | 1, if (imod p") € C, U{0}.

k- k-
where (= ( ;clzl pn—kD(()P )) and C; = (U]rcz:1 pn—kDip ))

v
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Main Result - Linear Complexity

When nis even,

”n2+1, if p=+1mod 8
Cb=1 2 ..° _

p", ifp=+3modS8.

When nis odd,

pn2+1, if p=1mod 8
c p'—1, if p=3mod8
L7 pr, if p=5mod 8

pn2—1’ if p=7 mod 8.
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Linear Complexity and Minimal Polynomial

@ {s(n)}: asequence of period L over a field F.
@ Linear complexity of {s(n)} : the least positive integer [ such that there
are constants ¢p = 1,¢;,- -+, ¢; € F satisfying
—s(=cs(i-1)+cs(i—2)+---+¢s(i—1) forall Isi<L
@ Minimal polynomial of {s(n)} : c(x) =cp+c1x+---+ clxl
@ S(x) £ 5(0) + s(1)x+---+s(L—1)xL!
Well known facts

@ Mimimal polynomial of {s(7)}

c(x) = (x" = 1)/ ged(xF - 1, S(x))

@ Linear complexity of {s(n)}

Cp = L—deg(ged(x" -1, S(x)))

v
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Proof of Main Result - Linear Complexity

n n
' -1=@-D[[d" @ 4" .
k=1 k=1

where, fori=0,1,and k=1,2,---,n

Ik
d;p '@m= J] @-69 ofdegree
aep"‘kDg.pk)

(m: order of 2 mod p", 6 : aprimitive p"th root of unity in GF(2™))

(Well Known Fact) : d;pi ) (x)isover GF(2) <— p=+1 (mod 8)
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Proof of Main Result - Linear Complexity

Key Lemma
SO =1+Y e, X'

p+1

>— (mod 2), if a=0

n—k k
Then, SOY=3 25 +10), if acp"*DY andk=1.2,...,n
n—k__ k-
kal+t(6), if aep"‘kD(lp)andeI,Z,...,n
where (0) = Ziep"‘l Y o'

0 : aprimitive p"th root of unity in GF(2"™)
m : order of 2 mod p"
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Proof of Theorem :

From Lemma, w}r}ether the equation S(x) = 0 has a solution depends on the
values #(0) and pTH.

o 1(0)€{0,1} < 2eDY’ < p=+1(mod 8) [Ding 1998]
o pPk=(2z+ 1) =32k ()22 +4kz+1=1 (mod 4)

o PPkl = (2z+ 2R = 3261 (2K 0)1 4 4kz+ 22+ 1= p (mod 4)
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@ p=1mod8, () €{0,1}and ka = ka“ =1 (mod 4)

1, if a=0
SOY =4 1+1©), if acp"* D’ andk=1,2,,n
10), if ae p”‘kD(lpk) andk=1,2,---,n.
Therefore,
¥ -1
e = ged(x”" — 1, S(x))
{ (x= DT} 1d"”(x), it (6) =
=D, d” 0, if 1o)=1.
It follows that
L(s°°)=deg(m(x)):1+kzz“1pk_zpk : = pn2+1_
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LC : n even (continued)

@ p=3mod8, 1) ¢{0,1}, p**=1 (mod 4), and p?**! =3 (mod 4)

1, if a=0
- o _
1), if ae p" "D, ’and k=odd
k-

SOH =<4 1+t0), if ae p"‘kDép ) and k= even
k-

1+10), if aep" D’ and k= odd
k-

£(0), if ae p" D"’ and k= even.

Therefore,
-1 P
=X —
ged(x?” —1,S(x))

It follows that L(s>) = deg (m(x)) = p".

m(x) =
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Minimal Polynomial : n even

@ p=1mod3,
-1
ged(x”" — 1, S(x))

{ (- DT 1d"”(x), if #0) =
=D, dP @, if 1O)=1.

m(x) =

@ p=+3mod3§,
m(x) = xP" —1.

@ p=7modS8,
n k n k-1
=D, d W, d7 VW, if 16) =

m(x) =
n k-1 n k
G-I, d7 D@, d7 @, if 1@)=1.
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Minimal Polynomial : » odd

@ p=1modS§,

m(x)_{ o “Zzldé”k)(x), if 1(0)=0
- K
- DI, d” W, it 16)=1.

@ p=3modS8,

P _q
m(x) = 1

@ p=5modS§,
m(x)=xP -1

@ p=7modS8,
n+l k-1 n-1 k

M2, dy "Wz, dP @, if 10)=0
m(x) =

n-1 k n+l k-1
MZ, dY Wz, d” w, if 10)=1.
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Key Lemma
S(X) =1+ ZieCl xi

74l (mod 2), if a=0

Then, SO9={ 21 +10), if aep" DY) andk=1,2,...,n

n—k_ k-
P 7 1+t(9), if aEpn_kDgp)and k=1,2,...,n

where t(0) £ Ziep"*
0 : aprimitive p"th root of unity in GF(2")
m : order of 2 mod p"

i
g 0
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Proof of Key Lemma

@ Whena=0,

l’l
5(0“)_5(1)_1+Z|p" Pl = 222 : ! (mod 2)
k=1
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Proof of Key Lemma

'3 k-
@ Whenace p”‘kDg’)up”‘kD(l” ) for k= 1,2,---,n,

» For any positive integer i satisfyingn—k+i<n-1

. k . k—i
i n—-knpP) ny _ o n—k+in@H n
p-p "Dy (mod p")=p D, (mod p™) and
. 3 . . k—i
i n—knP) ml — i | p—k+tipnP ) n
p-p "Dy (modp")=p-ip D, (mod p™)]|.
1)
DF”  ={1,4,7,10,13,16,19,22,25, D¥”  =12,5,8,11,14,17,20,23,26}
3DP?  =13,12,21,3,12,21,3,12,21}  3DP7 = 1(6,15,24,6,15,24,6,15,24)
={3,12,21} =30}, ={6,15,24} = 3D
9D"  =19,9,9,9,9,9,9,9,9) 9p®”  ={18,18,18,18,18,18,18,18,18}
={9r=90f", =18 =9DY

» For any positive integer i such that n—k+i= n,
. k-
p-p"* Dy (mod p") = {0} (mod p").  (2)
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Proof of Key Lemma

'3 k-
@ Whenace p”_kDg’ ) Up"‘kD(lp ) for k= 1,2,---,n,
k 3
Leta= p" *bforsome be z*, =DV u D",
pk 0 1

SOHY=1+(Y + Y o+t Y Ho”

. vl —1 . — —
lEp”’kD(lp ) iepn—kﬂD(lﬂ" ) jepn-kn lD(lﬁ)

:1+p”‘k-( Z + Z +e0et Z)Hbi

. ko n—k-1 P
lEp”_kD;p ) lEp”_k”D(lp ) iep"™ 1D}

J

_—

k summations (."eq. (1))

+(Y 4+ Y b

. n—k . —k+n-1 P
ZEP"D(IP ) l€p" k+n: lD1

J

—_—

n—k summations) 3)

Kim,Song (Yonsei Univ) Prime n-Square Sequences ISIT 2008 23/30



Proof of Key Lemma

pn—k_

1
. Therefore,

@ From equation (2), latter n— k summations become

the equation (3) can be simplified as follows.
n—k 1 i
soy=2—"=2 5 +pE Y Y e Y e
iep- kD(ll’) pn—k+1D;Pn_k_1) i€p”_1D(1p)
k
@ When be D(()p ),
Since bDE.p]) (mod p/) = Dgp’) (mod p/) forj=1,2,---,k,
bp"_ngp/) = p"_ng.p/) for i=0,1.
k
@ When be Dgp ),
—in®P) _  n—jnP) .
bp" D = prip®) imod 2 for i=0,1.
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Proof of Key Lemma

pn k+1 I’l k i . (pk)
2 ZIE n— kD(l'7 ”+Zl’€pn—lD§m)0 ’ if be DO
NCESER
pn k+1 I’l k i . (pk)
2 ZIE 71— kD(P “+Zl’€p”’1D(()p))0 ) lf bE Dl
n—k K
r v ue), if beD)
=9 , wheret@= ) 6 )
n—k_ X P ) —~
L), if be DY p——
Sub Lemma
Fork=2,---,n,
Y o= ) 6'=o.
iepnk D(()” g ieprk D;”k)
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EXTRA - What about autocorrelation of prime
n-Square Sequence?
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EXTRA - IT submitted

Theorem (Autocorrelation of prime n-square seq. of period p")
©Q p=1 (mod4)

p" 7=0 (mog P
CGm={ p-pt-p* -2, 1ep DY for k=12,
pi-pF-pFle2, Tept kD(p)fork 1,2,-

©Q p=3 (mod 4)

“y 7=0 (mod p")
Cs(1) = P k P k
S pn_pk_pk—l’ TEP"_kDép)Up”_kDip)fork:l,z,---,n
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Hardware Implementation

@ Cyclic Counter of period p”

k
o Ifac D", amod pe DY fori=0,1,ke(1,2,...,n)
@ Foreach 0 < a< p", consider

A a %1
VE1le W mod p mod p| mod 2.
Q a=0 V=1
e ae Pn_kDE-p ) . ng(ﬂ, pn—l) — pn—k
el k 1 -1 )
S0 { iy modp} © =(D) mod p}'z = (DP"}T = (-1)
(mod p) L‘l
2
s(a) = IGB{L_ rnodp}
ged(a, p™1)

— V=s(a
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Hardware Implementation

CLOCK

CYCLIC COUNTER

{01,---,P"-1}

e— KEY

l A

MODULAR EXPONETIATION
P-1

A 2
———— mod P
GCD(A,P™)

mod P

)

’ MOD 2

OUTPUT

Kim,Song (Yonsei Univ) Prime n-Square Sequences

ISIT 2008 29/30



Concluding Remarks

@ In this paper, we determine the linear complexity C; of prime n-square
sequences of period p” by computing of degree of the minimal
polynomial.

@ The minimal polynomial of these sequences can be changed
depending on the value of #(8). Nevertheless, we compute the linear
complexity completely.

When 7 is even,

p'+1 e
CL={ —nz , ifp=+1mod8

p if p= +3 mod 8.
When nis odd,
p”2+1’ if p=1mod 8
C = p*-1, ifp=3mod8
L " if p=5mod 8
an_l, if p=7mod 8.

v
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