Locally Repairable
Fractional Repetition Codes

Mi-Young Nam, Jung-Hyun Kim, and Hong-Yeop Song
my.nam, jh.kim06, hysong@yonsei.ac.kr

i 2
— 1 g~ —
= -
I 2 7
28/ y \

2015 International Workshop on Signal
Design and Its Applications (IWSDA 2015)



2007 AAECC
at the campus of IISc,

Am | going to
be 6O years old

8 year ago very soon?
., (8 years later??)
| WM&’Z -
w - yes, of course....
o, _




Fractional Repetition Codes

[S. E. Rouayheb-2010]
B This is the key process that makes the code
to achieve the MBR point

Distribute




The maximum file size of FR Codes

e M-(K) of FR codes C

» The maximum file size that can be stored by the FR code given K

> For FR codes, this is the same as the maximum number of distinct symbols
(or packets) that can be obtained by contacting any K nodes

e A Fractional Repetition Code whose maximum file size achieves
the MBR capacity can be regarded as an MBR code

» Mer(K) = Cypr for some FR codes C’
» Mer(K) > Cypr is possible due to the table-based repair

= Strictly, FR codes are not the same as the MBR codes (random repair)

FR codes C with

Me(K) < Cypr
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FR Codes and MBR Codes

e There are many explicit constructions for FR codes ¢ with the
maximum file size that satisfies the following:
Mer(K) = Cypr

[S. E. Rouayheb-2010]: Graphs, Steiner systems
[J. C. Koo-2011]: Finite geometries, Bipartite cage graphs

[0. Olmez-2013] : Resolvable Designs, Mutually Orthogonal Latin Squares

>
>
> [S. Pawar-2013]: Balls-in-bins for Randomized construction
>
> [Z.Bing-2014]: Group Divisible Designs



Constraints for achieving MBR capacit,,,

e Traditional FR Codes

> Every pair of nodes can store at most 1 symbol in common.
> From this construction, the FR code can achieve the MBR capacity.

> This is an explicit construction for MBR codes

e s "



Locality of FR Codes

This construction guarantees that the resulting code to be an MBR code

/ N Locality of the FR codes

.. from this construction is always «a
Distribute

OR C3|C3

Block designs
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Locality of FR Codes

o Proposed
0 1 FR Cod
rigina 0des Locally Repairable FR Codes

The same amount of data should be communicated

to repair the failed node for both cases.
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Multi-Node Failure

e |ocally unrepairable 2-node failure patterns

Original FR Codes Reduce locality ) Proposed
L

3 locally unrepairable 2-node failure patterns
including node V;

ocally Repairable FR Codes

2 locally unrepairable 2-node failure patterns
including node V;
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Locally Repairable FR Codes

e Definition 1. [S. E. Rouayheb-2010]
A Fractional Repetition (FR) code € with repetition degree p, for
an (n,K,d) DSS, is a collection € of n subsets V, ...,V,,_; of a set
Q ={0,...,0 — 1} and of cardinality d each, satisfying the condition

that each element of Q belongs to exactly p sets in the collection.

Note that d = « in this case

e Definition 2. An (n,K,d, a) /ocally repairable FR code
is the (n, K, d, a) FR code with the repair degree d
which is smaller than the storage size a.
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Locally Repairable FR Codes

® Theorem 1. The maximum file size M; ;r(K) ofan (n,K,d = 2,a > 2)

"7 This is the maximum number of
distinct symbols that can be obtained
by contacting any K nodes

Locally repairable FR code satisfies:

Mipr(K) < a+{(a—fo) + (a — ﬁ}) + (@ —fo) + -}
(K—1)—terms

where a = f, + B1 and Sy = B;.

proof
K M(K)
1 3
2 3+1
3 3+1+2
4 3+1+2+1
5 3+1+2+1+2




Proposed Constructions

® Construction 1 (attains the bound of Theorem 1)
> Repetition degree p = 2

e Construction 2 (attains the bound of Theorem 1)
> Repetition degree p = 3
> Large number of storage nodes are required

e Construction 3
> Repetition degree p = 3
> Reduces the number of storage nodes

> But does not attain the capacity bound



o Goal:
Construction 1 SR

2. achieves the capacity

e Only forp=2 Amount of symbols
/ stored in two incident nodes

B Bo

> Meoni (K, @) = a+ (a = Bo) + (a — B1) + (a — Bo) + -~

if there is no cycle of size < K

Sn>K+1
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Some Possible Parameters
for Construction 1

pl = na : Condition for all FR codes
> Only p = 2 is possible for construction 1

Varying n, 6 for fixed a

20 = na foreach o = 3,4,5, ...
MDS code
a | e n:ﬁ K<n-1 M(K):“+{ﬁl+30i"ﬁ1+"'l parameter
a (K-1)—-times (9 M(K))
20
3 3 ? =2 1 3 (3,3)
1 3 (6,3)
3 6 4 2 3+1 (6,4)
3 3+1+2 (6,6)
1 3 (9,3)
2 3+1 (9,4)
3 9 6 3 3+1+4+2 (9,6)
4 3+1+2+1 (9,7)
5 3+1+24+1+4+2 (9,9)
3 12 8 cation Signal Design Lab . 14




Some Possible Parameters
for Construction 1

pl = na
> Only p = 2 is possible for construction 1

20 = na Varying a
MDS code
a | 0 n=E K<n—1 |ME) =a+iBi+Botpi+-} parameter
a (K-1)—times (0 M(K))
1 4 (12,4)
2 44+ 2 (12,6)
20
4 (12 T=6 3 4 +2+4+2 (12,8)
4 4+2+24+2 (12,10)
5 4 +24+24+2+2 (12,12)
1 5 (15,5)
2 7 15,7
” (15,7)
5 |15 = =6 3 10 (15,10)
4 12 (15,12)
5 15 (15,15)




o Goal:
Construction 1 SR

2. achieves the capacity

e Example: a =3, =9,n=6

> M.yn1(K) = 3+[(1+2+1+--- ) + J K-1 terms here
only for the valueof K = 1,2,...,5<n

Vo
. o8 ),
]
Uz 456 017 Uy
4‘ 5 7
v, 458 237 Vi
QU
“( 238
U,
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Goal:

CO n Stl‘u CtIO n 2 1. locality d = 2 for single failure
2. local repair for double-failure
e Onlyforp=3and a=3 3. achieves the capacity

Last tier

// ~ - ~ - ~ - ~
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Goal:

C on St ru Ct i on 2 1.locality d = 2 for single failure

2. local repair for double-failure
3. achieves the capacity

Construction for K < 4 :> £ Vi v, v,

012 123 456 567
IfK =5, |
then the code of the figure cannot Sy Bt
achieve the capacity Mg (K) of e oo I .
Theorem 1
A Vs A v,
Vy Ve Vs V;
To achieve the capacity Mg (K), LAB SAB 2¢p scD
the number of tiers [ should satisfy
that 2nd tier
K
lzmaX{B,([_“_l_l)} A04 B3 co4 D37
2 Vs 2 Vio Vas
Then the number of nodes £ Vo v, Vs
n =4l AQ4 coa B37 D37
3'd tier
01 456 16203 SEGI

Vo V3 14} Va Nodes from 1 tier



Goal:

C on St ru Ct i on 2 1.locality d = 2 for single failure

2. local repair for double-failure
3. achieves the capacity

e Example: 0 =n=12
® M.,,,(K)= 3+[(1+2+ 1+ ) < } K-1 terms here
only for the value of K = 1, 2, 3, 4 satisfying n = 4 - max {3, ([E] + 1)}
A 2

V11 012 1
D37 AN 123
Vo B37 456 )V,
v, ( co4 NS
3
Vg AO4 1AB V,
v,( 6CD S AB
V,
2CD 6
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Some Possible Parameters
for Construction 2

pl = na : Condition for all FR codes
> Only p = 3 and a = 3 is possible for construction 2

30 = 3n Varying n, 0
) — MDS code
a | 0 m:I':cizleff4 K ( )_a+{ﬁ1+ﬁ°il__ﬁ1+'"l parameter
P (K-1)—-times (G,M(K))
1 3 (12,3)
2 3+1 (12,4)
3 |12 12
3 3+1+2 (12,6)
_ 1 4 3+1+2+1 (12,7)
1 3 (16,3)
2 3+1 (16,4)
3 3+1+2 (16,6)
3 |16 16
4 3+1+2+1 (16,7)
5 3+1+2+1+2 (16,9)
6 3+1+2+1+2+1 (16,10)
. 20




. Goal:
CO n St ru Ctl on 3 1. locality d = 2 for single failure

2. local repair for double-failure
3.reduce n

e Onlyforp=3and a=3
» allows smaller number of nodes than construction 2.

» This cannot achieve the capacity of Theorem 1.

Visa Vi
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Some Possible Parameters
for Construction 3

pl = na : Condition for all FR codes
> Only p = 3 and a = 3 is possible for construction 3

Varying n, 6 for fixed a

360 = 3n
MDS code
a |0 |[5n=0| K<n-2 MK)=a+ (K—-1) parameter
(6, M(K))
1 3 (5,3)
3|5 5 2 341 (5,4)
3 3+1+1 (5,5)
1 3 (6,3)
2 341 (6,4)
3 6 6
3 3+1+1 (6,5)
4 3+1+4+1+1 (6,6)
1
3 |7 7 : 3+(1+1+-) (7, M(K))
(K—1)—times
1l _ ] 5
. 22




. Goal:
CO n St ru Ctl on 3 1. locality d = 2 for single failure
2. local repair for double-failure
3.reduce n

e Example: 6 =7,n=7

> Megns(K)=3+1+1+1+ -
=3+ (K—1) <Mpr(K)
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Comparison with (other) FR codes

Il
w

FR codes [2010] Construction 1
from regular graph
max. file size K K-1
e ka— () Ka— (k- 1) - [
# nodes (n) n n= r:lla;;({g/;—nl, 4}
Locality (1-failure) 3 2
Locality (2-failure) MDS dec. MDS dec.
iR codgs [2010] Construction 2 Construction 3
rom Steiner system
max. file size K K-1
o ka—(3) |Ke--v-[—] | e+&-D
K
# node (n) n n=4-max{3,[ﬂ+1} n=K+2
Locality (1-failure) 3 2 2
Locality (2-failure) 3 3 2
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Comparison (¢ = 3) with other LRC

2x Repetition Code | Construction 1 [pagimlaoLst%l A
Locality (1-failure) 1 2 2
Repair bandwidth 3 3 6
Unrecoverability 3.33x 107 5.94 x 1078 1.47 x 1077
Minimum distance 2 4 4
Vean Tilr\n/IeTT'I(')I]))IE;ta Lo 66.25 days 32.69 years 7.17 years
Zef‘;mgl‘;tarteig;‘isr NONE NONE 3 adds/node
Storage overhead 1% 2 X 2 X

For the MTTDL calculation,
we used a standard Markov
model.

Simple LRC [ D. S. Papailiopoulos-2014 ]
e Simple but more reliable than the repetition
* Some additions are required for node repair
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Comparison Summary

e New LRCs are proposed based on Fractional Repetition codes

» Better locality
Compared to the

original FR Codes * Less capacity

e Restricted «a

« Computations are NOT required for a node repair
¢  Minimum repair bandwidth

Compared to the . .
other LRCs » Larger MTTDL can be achieved (More reliable)

* Not d,;i,-optimal




e Construction 1 gives a code that attains the bound of
Theorem 1

> for p = 2 only, but with @ = 3,4,5, ...

e Construction 2 gives a code that attains the bound of
Theorem 1

> forp =3 and a = 3 only

Selected Open Problems

What happens if we allow p > 3 and/or a > 3?
> Is there any construction that attains the bound of Theorem 17
> We do not have any known constructions in this case.

> If one can prove that none exists, then it implies
= the bound of Theorem 1 is not tight, and

= A new bound should be derived
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