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This	code	achieves	the	MBR	point	with	ࢻ ൌ 

ሾS.	E.	Rouayheb‐2010ሿ

ܭ ൌ 3

This	is	the	key	process	that	makes	the	code
to	achieve	the	MBR	point



The maximum file size of FR Codes

 ࣝܯ ܭ of FR codes ࣝ
 The	maximum	file	size	that	can	be	stored	by	the	FR	code	given	ܭ
 For	FR	codes,	this	is	the	same	as	the	maximum	number	of	distinct	symbols	

ሺor	packetsሻ that	can	be	obtained	by	contacting	any	ܭ nodes

 A Fractional Repetition Code whose maximum file size achieves 
the MBR capacity can be regarded as an MBR code
 ᇲࣝܯ ܭ  ெோܥ for	some	FR	codes	ࣝᇱ

 ᇲࣝܯ ܭ  ெோܥ is possible	due	to	the	table‐based	repair
 Strictly,	FR	codes	are	not	the	same	as	the	MBR	codes	ሺrandom	repairሻ
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table‐based	MBR	codesFR	codes

FR	codes	ࣝ		with
ࣝܯ ܭ ൏ ெோܥ

Some	FR	codes ऍ’	
such	that	
ऍᇲࡹ ࡷ  ࡾࡹ



FR Codes and MBR Codes

 There are many explicit constructions for FR codes ࣝᇱ with the 
maximum file size that satisfies the following:

ᇲࣝܯ ܭ  ெோܥ

 ሾS.	E.	Rouayheb‐2010ሿ:	Graphs,	Steiner	systems
 ሾJ.	C.	Koo‐2011ሿ:	Finite	geometries,	Bipartite	cage	graphs
 ሾS.	Pawar‐2013ሿ:	Balls‐in‐bins	for	Randomized	construction
 ሾO.	Olmez‐2013ሿ	:	Resolvable	Designs,	Mutually	Orthogonal	Latin	Squares
 ሾZ.	Bing‐2014ሿ:	Group	Divisible	Designs
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Constraints for achieving MBR capacity

 Traditional FR Codes
 Every	pair	of	nodes	can	store	at	most	1	symbol in	common.
 From	this	construction,	the	FR	code	can	achieve	the	MBR	capacity.
 This	is	an	explicit	construction	for	MBR	codes
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Locality of FR Codes
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Locality	of	the	FR	codes	
from	this	construction is	always	ߙ

This	construction	guarantees	that	the	resulting	code	to	be	an	MBR	code



Locality of FR Codes
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Original	FR	Codes Proposed
Locally	Repairable	FR	Codes

The	same	amount	of	data	should	be	communicated
to	repair	the	failed	node	for	both	cases.

Then,	what	is	the	benefit	to	decrease	the	number	of	nodes
contacted	for	the	repair?



Multi-Node Failure

 Locally unrepairable 2-node failure patterns
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2	locally	unrepairable	2‐node	failure	patterns
including	node	 ଵܸ

Original	FR	Codes Proposed
Locally	Repairable	FR	Codes

Reduce locality



Locally Repairable FR Codes

 Definition 1. [S. E. Rouayheb-2010]

A Fractional Repetition (FR) code ࣝ with repetition degree ߩ, for 

an ݊, ,ܭ ݀ DSS, is a collection ࣝ of ݊ subsets ܸ, … , ܸିଵ of a set 

Ω ൌ 0,… , ߠ െ 1 and of cardinality ݀ each, satisfying the condition 

that each element of Ω belongs to exactly ߩ sets in the collection.

 Definition 2. An ݊, ,ܭ ݀, ߙ locally repairable FR code 
is the ݊, ,ܭ ݀, ߙ FR code with the repair degree ݀
which is smaller than the storage size ߙ.
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Note that	݀ ൌ ߙ in	this	case



Locally Repairable FR Codes

 Theorem	1. The	maximum	file	size	ܯிோ ܭ of	an		 ݊, ,ܭ ݀ ൌ 2, ߙ  2

Locally	repairable	FR	code	satisfies:

ிோܯ ܭ  ߙ  ߙ െ ߚ  ߙ െ ଵߚ  ߙ െ ߚ  ⋯
ିଵ ି୲ୣ୰୫ୱ

where	ߙ ൌ ߚ  ߚ	and	ଵߚ  .ଵߚ
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A B CC
A B DD
EE FF CC
EE FF GG
HH II GG

ܸ

ଵܸ

ଶܸ

ଷܸ

ସܸ

ܭ ሻܭሺܯ

1 3

2 3  1

3 3  1  2

4 3  1  2  1

5 3  1  2  1  2

Locality 2Locality 2

ߚ ଵߚ

proof

This	is	the	maximum	number	of	
distinct	symbols	that	can	be	obtained	
by	contacting	any	ࡷ nodes



Proposed Constructions

 Construction	1	ሺattains	the	bound	of	Theorem	1ሻ
 Repetition	degree	ߩ ൌ 2

 Construction	2	ሺattains	the	bound	of	Theorem	1ሻ
 Repetition	degree	ߩ ൌ 3
 Large	number	of	storage	nodes	are	required

 Construction	3
 Repetition	degree	ߩ ൌ 3
 Reduces	the	number	of	storage	nodes	
 But	does	not	attain	the	capacity	bound
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Construction 1

 Only for ࣋ ൌ 

 ଵܯ ,ܭ ߙ ൌ ߙ  ߙ െ ߚ  ߙ െ ଵߚ  ߙ െ ߚ  ⋯

if	there	is	no	cycle	of	size	 ܭ
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Amount	of	symbols
stored	in	two	incident	nodes

Goal:
1.	locality ࢊ ൌ 
2.	achieves the capacity

ߚ

ଵߚ

ଵߚߚ

ߚ

ଵߚ

ߙ ൌ ߚ  ଵߚ

⇔ ݊  ܭ  1	



Some Possible Parameters
for Construction 1
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ࢻ ࣂ  ൌ
ࣂ
ࢻ

ࡷ   െ  ࡹ ࡷ ൌ ࢻ  ࢼ  ࢼ  ࢼ  ⋯
ିࡷ ࢙ࢋ࢚ି

MDS code
parameter
ࡹ,ࣂ ࡷ

3 3
ߠ2
3 ൌ 2 1 3 ሺ3,3ሻ

3 6 4
1 3 ሺ6,3ሻ
2 3  1 ሺ6,4ሻ
3 3  1  2 ሺ6,6ሻ

3 9 6

1 3 ሺ9,3ሻ
2 3  1 ሺ9,4ሻ
3 3  1  2 ሺ9,6ሻ
4 3  1  2  1 ሺ9,7ሻ
5 3  1  2  1  2 ሺ9,9ሻ

3 12 8 ⋮ ⋮ ⋮

Varying	݊, ߠ for	fixed	ߙ

ߠߩ ൌ ߙ݊

ߠ2 ൌ ߙ݊
Only ߩ ൌ 2 is	possible	for	construction	1
for	each	ߙ ൌ 3,4,5,…

:	Condition	for	all	FR	codes



Some Possible Parameters
for Construction 1
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ߠߩ ൌ ߙ݊

ߠ2 ൌ ߙ݊
Only ߩ ൌ 2 is	possible	for	construction	1

ࢻ ࣂ  ൌ
ࣂ
ࢻ

ࡷ   െ  ࡹ ࡷ ൌ ࢻ  ࢼ  ࢼ  ࢼ  ⋯
ିࡷ ࢙ࢋ࢚ି

MDS code
parameter
ࡹ,ࣂ ࡷ

4 12
ߠ2
4 ൌ 6

1 4 12, 4
2 4  2 12, 6
3 4  2  2 12, 8
4 4  2  2  2 12, 10
5 4  2  2  2  2 12, 12

5 15
ߠ2
5 ൌ 6

1 5 ሺ15, 5ሻ
2 7 ሺ15, 7ሻ
3 10 ሺ15, 10ሻ
4 12 ሺ15, 12ሻ
5 15 ሺ15, 15ሻ

⋮ ⋮ ⋮ ⋮ ⋮ ⋮

Varying	ߙ



Construction 1

 Example: ߙ ൌ 3, ߠ ൌ 9, ݊ ൌ 6
 ଵܯ ܭ ൌ 3  1  2  1 ⋯						

only	for	the	value	of	ܭ ൌ 1,2, … , 5 ൏ ݊
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0 1 6

4 5 6

4 5 8

2 3 8

2 3 7

0 1 7

74 5

V

U

Vଵ

Uଵ

Vଶ

Uଶ

Goal:
1.	locality ࢊ ൌ 
2.	achieves the capacity

K‐1	terms	here



Construction 2

 Only for ࣋ ൌ  and ࢻ ൌ 
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Goal:
1.	locality	ࢊ ൌ  for	single	failure
2.	local	repair	for	double‐failure	
3.	achieves	the	capacity

1 2 3 2 3 4 5 6 7 6 7 8

2 A B 3 C D 6 A B 7 C D

ଵܸ ଶܸ ଷܸ ସܸ

ହܸ ܸ ܸ ଼ܸ

1st tier

2 A B2 A B 6 A B6 A B

ହܸ ܸ

3 C D3 C D

ܸ

7 C D7 C D

଼ܸ

A 1 5 B 4 8 C 1 5 D 4 8

ଽܸ ଵܸ ଵܸଵ ଵܸଶ

2nd tier

★ 1 5★ 1 5 ■ 1 5■ 1 5 ● 4 8● 4 8 ▲ 4 8▲ 4 8

1 2 31 2 3 5 6 75 6 7 2 3 42 3 4 6 7 86 7 8

ଵܸ ଷܸ ଶܸ ସܸ

Last	tier
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• Construction	for	ܭ  4

• If	ܭ  5,	
then	the	code	of	the	figure	cannot	
achieve	the	capacity	ܯிோ ܭ of	
Theorem	1

• To	achieve	the	capacity	ܯிோ ܭ ,	
the	number	of	tiers	݈ should	satisfy	
that	

݈ ൌ max 3,
ܭ
2  1

• Then	the	number	of	nodes	
݊ ൌ 4݈

Construction 2
Goal:
1.	locality	ࢊ ൌ  for	single	failure
2.	local	repair	for	double‐failure	
3.	achieves	the	capacity



 Example ߠ : ൌ ݊ ൌ 12
 ଶܯ ܭ ൌ 3  1  2  1 ⋯						

only	for	the	value	of	ܭ ൌ 1, 2, 3, 4 satisfying	݊ ൌ 4 · max 3, 
ଶ
 1
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0 1 2

1 2 3D 3 7

B 3 7

C 0 4

4 5 6

5 6 7

1 A B

5 A B

2 C D

6 C D

A 0 4

ܸ

ଵܸ

ଶܸ

ଷܸ

ସܸ

ܸ

ହܸ

ܸ

଼ܸ

ଵܸ

ଽܸ

ଵܸଵ

K‐1	terms	here

Construction 2
Goal:
1.	locality	ࢊ ൌ  for	single	failure
2.	local	repair	for	double‐failure	
3.	achieves	the	capacity



Some Possible Parameters
for Construction 2
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ࢻ ࣂ  ൌ ߠ
multiple of 4

ࡷ ࡹ ࡷ ൌ ࢻ  ࢼ  ࢼ  ࢼ  ⋯
ିࡷ ࢙ࢋ࢚ି

MDS code
parameter 
ࡹ,ࣂ ࡷ

3 12 12

1 3 12, 3
2 3  1 12, 4
3 3  1  2 12, 6
4 3  1  2  1 12, 7

3 16 16

1 3 16, 3
2 3  1 16, 4
3 3  1  2 16, 6
4 3  1  2  1 16, 7
5 3  1  2  1  2 16, 9
6 3  1  2  1  2  1 16, 10

⋮ ⋮ ⋮ ⋮ ⋮ ⋮

Varying	݊, ߠ

ߠߩ ൌ ߙ݊

ߠ3 ൌ 3݊
Only ߩ ൌ ߙ	݀݊ܽ	3 ൌ 3 is	possible	for	construction	2

:	Condition	for	all	FR	codes



Construction 3

 Only for ࣋ ൌ  and ࢻ ൌ 
 allows	smaller	number	of	nodes	than	construction	2.
 This	cannot	achieve	the	capacity	of	Theorem	1.
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0	1	20	1	2

݊	0	1݊	0	1 1	2	31	2	3

V

Vଵ

V୧V୧ାଵ

V୬

݅, ݅  1, ݅  2݅  1, ݅  2, ݅  3

… …

Goal:
1.	locality	ࢊ ൌ  for	single	failure
2.	local	repair	for	double‐failure	
3.	reduce 



Some Possible Parameters 
for Construction 3
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ࢻ ࣂ    ൌ ࣂ ࡷ   െ  ࡹ ࡷ ൌ ࢻ  െࡷ 
MDS code
parameter
ࡹ,ࣂ ࡷ

3 5 5
1 3 5, 3
2 3  1 5, 4
3 3  1  1 5, 5

3 6 6

1 3 6, 3
2 3  1 6, 4
3 3  1  1 6, 5
4 3  1  1  1 6, 6

3 7 7
1
⋮
5

3  ሺ1  1 ⋯
ିଵ ି௧௦

ሻ ܯ,7 ܭ

⋮ ⋮ ⋮ ⋮ ⋮ ⋮

Varying	݊, ߠ for	fixed	ߙ

ߠߩ ൌ ߙ݊

ߠ3 ൌ 3݊
Only ߩ ൌ ߙ	݀݊ܽ	3 ൌ 3 is	possible	for	construction	3

:	Condition	for	all	FR	codes



 Example: ߠ ൌ 7, ݊ ൌ 7
 ଷܯ ܭ ൌ 3  1  1  1 ⋯

														ൌ 3  ܭ െ 1 ൏ ிோܯ ܭ
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0 1 2

6 0 1

5 6 0

4 5 6 3 4 5

2 3 4

1 2 3

V

Vଵ

Vଶ

VଷVସ

Vହ

V

Construction 3
Goal:
1.	locality	ࢊ ൌ  for	single	failure
2.	local	repair	for	double‐failure	
3.	reduce 



Comparison with (other) FR codes
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 ߙ ൌ 3

FR codes [2010]
from regular graph

Construction 1

max. file size
ܯ ܭ ߙܭ െ ܭ

2 ߙܭ െ ܭ െ 1 െ
ܭ െ 1
2

# nodes (n) ݊ ݊ ൌ max ܭ  1, 4 ,
݊ is even

Locality (1-failure) 3 2

Locality (2-failure) MDS dec. MDS dec.

FR codes [2010]
from Steiner system

Construction 2 Construction 3

max. file size
ܯ ܭ ߙܭ െ ܭ

2 ߙܭ െ ܭ െ 1 െ
ܭ െ 1
2

ߙ  ܭ െ 1

# node (n) ݊ ݊ ൌ 4 · max 3,
ܭ
2  1 ݊ ൌ ܭ  2

Locality (1-failure) 3 2 2

Locality (2-failure) 3 3 2

ߩ ൌ 2

ߩ ൌ 3



Comparison ( ) with other LRC
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2x Repetition Code Construction 1 Simple LRC 
[Papailiopoulos 2014]

Locality (1-failure) 1 2 2

Repair bandwidth 3 3 6

Unrecoverability 3.33 ൈ 10ିସ . ૢ ൈ ିૡ 1.47 ൈ 10ି

Minimum distance 2 4 4

MTTDL 66.25 days . ૢ years 7.17 years

# Computations
per single repair

NONE NONE 3 adds/node

Storage overhead 1 ൈ 2 ൈ 2 ൈ

For	the	MTTDL	calculation,	
we	used	a	standard	Markov	
model.

Mean	Time	To	Data	Loss

Simple	LRC	ሾ	D.	S.	Papailiopoulos‐2014	ሿ
• Simple	but	more	reliable	than	the	repetition
• Some	additions	are	required	for	node	repair



Comparison Summary

 New LRCs are proposed based on Fractional Repetition codes
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• Better locality

ߙ
• Less capacity
• Restricted ߙ

Compared to the 
original FR Codes

• Computations are NOT required for a node repair

• Minimum repair bandwidth

• Larger MTTDL can be achieved (More reliable)

݀• Not ݀-optimal

Compared to the 
other LRCs



 Construction 1 gives a code that attains the bound of 
Theorem 1
 for	ߩ ൌ 2 only,	but	with	ߙ ൌ 3,4,5, …

 Construction 2 gives a code that attains the bound of 
Theorem 1
 for	ߩ ൌ 3 and	ߙ ൌ 3 only

Selected Open Problems

What happens if we allow ࣋   and/or ࢻ  ?
 Is	there	any	construction	that	attains	the	bound	of	Theorem	1?
 We	do	not	have	any	known	constructions	in	this	case.
 If	one	can	prove	that	none	exists,	then	it	implies

 the	bound	of	Theorem	1	is	not	tight,	and
 A	new	bound	should	be	derived
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