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Correlation among sequences

Let {a(t)}:zd and {b(£)}iZ5 be two M-ary sequences of period L.
A complex (periodic) correlation between {a(t)} and {b(t)} is

defined by
L-1

a

t=0
For a set of sequences (or a sequence family) Q, we denote the
maximum magnitude of all the non-trivial complex correlations of

any two pair of sequences in Q as Cpyax(Q).



@ .
Notations
o0

= p:.aprime
= g =p" . aprime power with a positive integer r
GF(q9) : the finite field with g% elements

= o :a primitive elements over GF(q%)

q%-1
= a 9-1 : the primitive element over GF(q
P

M : a divisor of g — 1 with M > 2
d : a positive integer with 2 < d < %(\/ﬁ — \/% +1)

p;(x) : the minimal polynomial of —a~! over GF(q)
wy . a complex primitive M-th root of unity
Y : a multiplicative character of GF(q) of order M defined by
_ logg(x)
Y(x) = w,, .
For simplicity, we keep ¥(0) = 1.



o Brief history

o0
Side6lgikov Introduced a class of sequences called Sidelnikov sequences
4
Song 07 Constructed sequence families by using constant multiple
No 08 and N , ,
Yang 09 Constructed sequence families by using shift-and-add

First analyzed 2-D array structure of Sidelnikov sequences
and combining previous results

Extended Gong's results by increasing size of the array

Analyze the relations among arrays of different lengths

Enlarging family size with small correlation magnitude v
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Sidelnikov
69

Song 07

No 08 and
Yang 09

Sidelnikov sequences

(Sidelnikov 69) Original definition
For a primitive element a of GF(q), Sidelnikov

sequence is an M-ary sequence {s(t)}f;(f of period
g — 1 defined as
k, if Bt e D,
t) = )
S( ) {0, ﬁt - —1
_ pMi+k _ . _q-1
WhereDk—{,B 1|OS1<M}.

(Gong 10) Alternative definition
s(t) =loggz B*+1 mod M,
where logz(0) = 0.

Simple and easy to manipulate!




@ Array structure of

CSDL

(T Sidelnikov sequences

| For an M-ary Sidelnikov sequence s(t) of period g% — 1,

and choose some columns to construct a set of M-ary

| sequences of period q — 1.
/ (Song 15) Column sequence representation

;" For a primitive element a of GF(q%) and the primitive
\ q%-1
" element B = aa-t of GF(q), the l-th column can be
', represented as

v (t) = logg N (a'Bt + 1) mod M,
where NZ is the norm function from GF(q%) to GF(q).

[ — e —

|
. . i
Sidelnikov. | make an array as
69 i
: ( s(0) s(1) S‘(g:_;ll—l) \
Song 07 : s(4=h) s(LL+1) s(2x L1 - 1)
i : :
No 08 and | T A 4
Vg 08 : \ s(@-2)x L) s((g-xLF+1) - s(¢@-2) )
|
|
|
I

I
I
I
I



o
How to choose columns?

2) A g-cyclotomic coset C;(d) containing [ mod

~ _ gt —1
C,(d)=1Llg,..,lg™ 1 [ mod :

q-1 °

o0
| use cyclotomic cosets to choose columns |
Sidelnikov l
69 | (Song 15) Column selection
' ® Define two different cyclotomic cosets as
Song 07 ' : - d_ 1.
n 1) A g-cyclotomic coset C;(d) containing [ mod q% — 1:
: C;(d) ={l1q, .., lg%"! (mod ¢g% — 1)}.
No 08 and !
Yang 09 : qi-1
|
|
|

q—1

® Choose the smallest representative [ of each and
every C;(d) except for 0 such that

m; = dl'
I
I

' ® Denote by A'(d) the set of such representatives.

R R R R R R R R R R R R R R R R R ..




® - :
="  Sequence family construction

2) Let X'(d) be a set of column sequences:

X(d)={cvit)|leAN(d),1<c< M}

( 1 )
| e
|
Sidelnikov  (Song 15)
69 ''1) ForanyleA(d) NE(a'Bt+1) = B'p(x) where
. pi(x) is a minimal polynomial of degree d which
song 07 | has —a~! as a root.
' Thus, all the roots are distinct.
No 08 and I
Yang 09 .
|
|
|

Then,
® C..(Z'(d) <@2d-1yg+1.

_ d-1
® The size of |Z’(d)|~(M 1;q as q — oo,

—-—— - - w®

The upper-bound is obtained by using Weil bound.




o - :
=  Sequence Family construction

( 1
Column selection
A ,
Gong 10d = 2 2'(2)
(q—1)x(q+1)array  Column selection
4 ;
(g —1) % % array
Column selection
Song 15
A y
A max ,
q_
(g—1) X% qTfarray Z (d)

1 2
M dmax = l;(\/——\/_a‘l'l)J
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o Weil Bound

Let f;(x), ..., fr (x) be k distinct monic irreducible polynomials over
GF(q) with positive degrees my, ..., my, respectively.

Let ¥4, ..., ¥, be non-trivial multiplicative characters of GF(q) with
Y;(0)=1fori=1,..,k.

Then, if the product character [T¥, ¥; (f;(x)) is non-trivial for some
x € GF(q), then

l
> i(@h@) - ilafi)| < | ) di-1)va
=1

XEGF(q)

for any a; € GF(@)\{0}, i =1, ..., k.



o Brief proof of the bound

[ 1
Sidelnikov ' Since, for any [ € A'(d), p,(x) is of degree d with d
63 | distinct roots and |
|
Song 07 p1, (x) # py, (x)

l for two distinct [;,1, € A’'(d), the magnltude of the
| correlation between c1v1,(t) and ¢, (t) is

N\c(> 08 Sgd : a2
ang !
D e (B, (BD) WMo (B, (BD)| + 1 < (2d - 1)vG
t=0

/
/
/
/

Note: (2d — 1)/q < ¢ — 1 when

2<d<1< —i+1)
<d<5|Vq 7 .

The reason why they have the upper-bound! «——



o .
Kev observation
ole y

1
For2§e<f<5(\/ﬁ

-2 +1),

Va
A Sidelnikov sequence of period A Sidelnikov sequence of period
q¢ —1 q/ —1
s 2 s 2
Array of size(q — 1) X 29:11 Array of size(q — 1) X %

s 2 s 2

2'(e) ={cv,(H)|lL e N(e),1 < c < M}. 2'(f) ={evi®OIL e A (f),1 < c < M}.

c1vy, () = ¢ logg(Bhpy, (B9) modM | c;vy,(t) = ¢ logg(B2py, (%)) mod M

@ p, (BY) and p,, (BY) are of degree e and d and have all distinct roots.

(2) They are distinct polynomials since they are minimal and of different degree.
(3) But, Bs in two representations may denote different primitive elements over
GF(q). — If we make them same, we can obtain upper bound of the

magnitude of their cross-correlation by applying Weil bound in the same way
of Song’s result.



o :
o Key observation (2)

Theorem. (relation of sequences from arrays of different size)

Let e and f be two integers with 2 <e < f < %(\/ﬁ—% - 1). If we

construct Z'(e) and Z'(f) by choosing primitive elements properly,
then any two sequences a(t) € Z'(e) and b(t) € Z'(f) are cyclically
inequivalent regardless of their column indices. Furthermore,

Cmax(Z' (@ UZ () < (e+f—1)q+ 1

How to choose:
Consider GF(g™) where h = Icm(e, f).
Let a be a primitive element of GF(q"). Then,
a, = a@"-D/(@-1)
a = q@"-1/@ -1)
are two primitive elements over GF(q®) and GF(q’), respectively.
Obviously,

e_ - f— -
B = oD/ _ aqu 1)/@@-1),
So, we can easily obtain above theorem by applying Weil bound.



@ Union of sequence tfamilies from
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ole arrays of different size

Definition. (Extended sequence families)
Two M-ary sequence families of period q — 1.

d |
1 Z’U(d)=UZ’(e). | 2) z’D(d)=U2'(e).
e=2 I eld
. e+l

|
Computationjover GF(q")
where h =1lcm(2,3,...,d) ! where h = d

Corollary. (Upper bound of maximum non-trivial correlation)
1) The Non-trivial complex correlation of 2'Y(d) is bounded by

Cmax(E'Y(d)) < (2d — Dy + 1,

Crmax(Z'P(d)) < (2d — Dyq + 1.

and

2) The sizes |2'Y(d)| and |2'P(d)| are asymptotic to, as g — oo,
qd—l
T

M —-1)
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>'Y(d) construction

( 1
Column selection
Gong 10d = 2 (2 — . Z'U(d)
(q—1)x(q+1)array  Column selection
/ union T
(g —1) % % array
Column selection
Song 15
dmax
!/
(g—1) X% %array Z (d)

1
M dmax = l; Vg -

2
-
\/a



os Comparison
q 64
M 7 63
d 2 3 4 2 3 4
|A/] 32 1386 66560 32 1386 66560
(M = 1)g(d=V /4 192 8192 393216 | 1984 84651 4063232
|X7(d)| (Song 15) 192 8316 399360 | 1984 85932 4126720
C |E’U (d)] 192 8508 407868 1984 87916 4214636
Cmax (Y (d)) = Cmax (2Y (d)) | 25 41 57 25 41 57




= Combining further previous resultq

o0
For a Sidelnikov sequence s(t) of period g — 1,
Sidelnikov
69 Is = {cs(t)|1 < c < M}
Song 07

Ag = {cos(t) + c1s(t+8)|1 <8 < |(qg—1)/2]}
No 08 and where 1 < ¢y, e <M if1<85§<|(q—1)/2]
Yang 09 - and ¢ < ¢ if 6 = qT_l for odd prime power q.
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Question?




