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=2 Polyphase sequences

« Polyphase sequence (root-of-unity sequence)
All the terms in the sequence are on the complex unit circle.

Identified by its phase sequence, e.g.,
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4-ary polyphase sequence of period 4
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Correlation

e Letx = {x(n)}:Zt and y = {y(n)}Z} be two M-ary
sequences of length L, then (periodic) correlation between x
and y at time shift T 1s

L-1

n=0

_j2m
where wy,; = e M.,

« A sequence 1s referred to a perfect sequence 1f its
autocorrelation 1s zero for any time shift T Z 0 (mod L).




«s Use In communication systems

A perfect
sequence

—— | Matched filter —

Applications Impulse-like output
= Ranging (Noise free)

" Synchronization

= DS-CDMA

" elc.
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Current state

Unified )
construction II Conjecture (Mow, 1996)
Mow
(1996)
All the perfect polyphase
sequences can be obtained by
Unified the unified construction II.
construction I
Mow
(1993)
P1 code P2 code P3 code P4 code
Kumar, Scholtz, (GCL) Milewski Chung and
and Welch Popovic (11;3;) : Kumar
(1985) (1992) (1989)




= Goal

« For an odd prime p, we will consider a polyphase sequence

f =)

where
fn) =an®*+bn*+cn+d

1s a cubic polynomial with coefficients a, b, ¢, and d.
We may let d = 0 since it does not affect autocorrelation.

« Our objectives
When the sequence f becomes perfect.

Relationship with a well-known class of perfect polyphase
sequences, called Generalized Chirp-like (GCL) sequences.



For the case of a = 0 (mod p*)

o A p¥*-ary Zadoff-Chu sequence of period p* is defined by

un(n+1)
2

pr—1
+ gqn (mod pk)}
n=0

zZ= {z(n) =

where u Z 0 (mod p) and q is a integer.

» Proposition. If a = 0 (mod p"), b % 0 (mod p), then
k— o
f={fm¥ " with
f(n) = an3® + bn? + cn

becomes a p*-ary Zadoff-Chu sequence of period p* with
parameters u = 2b and q = ¢ — 2b

« In this case, f(n) 1s actually of degree 2.
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For the case of a £ 0 (mod p*)

k_
» Theorem. Let f = {f (n)}f;ol with
f(n) = an3 + bn® + cn.

Letp=3.IfaZ0 (mod pk), b # 0 (mod p), then the sequence f is
a perfect sequence of period p¥.

Letp=5.IfaZ0 (mod pk),b # 0 (mod p), and a = 0 (mod p),
then the sequence f is a perfect sequence of period p*.

* In other choice of a, b, and c, f is not perfect.

There exists non-zero t at which C¢(7) = Jgcd(3ar, pk) pk.
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A proof

« Assumethatp = 5,a £ 0 (mod pk), and b # 0 (mod p),a = 0 (mod p).

Observe that
fn+1)—f(n)
=an+1)33+b(n+1)%+c(n+1)—[an3 + bn? + cn]

= 3arn? + (3ar? + 2bt)n + a (mod p")
some constant

Focus on the part *3arn? + (3atr? + 2bt)n (mod p*)’.

3atn? + (3at? + 2bt)n (mod p*) k
& 3an® + (3at + 2b)n (mody) 14

=0 (modp) % 0 (modp)

p

That 1s a quadratic permutation polynomial over the integers modulo acd(30pF)
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A proof (cont’)

 The autocorrelation of f at time shift t 0 (mod p*) is

L—-1
Cf(T) — wl\];(n‘l'T)—f(n)

n=0

=
S

- gcd(31, pk)

10



e Is that new?

- To show whether it is new or not, we need to compare
it with previous known perfect polyphase sequences.

- For the first step toward that, we compare it with
Generalized Chirp-like (GCL) sequences due to Popovic
In 1992.

o Qur result is that

Some of them are not GCL sequences.
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. A viewpoint
- — Extension of a ZC sequence

» The cubic polynomial f(n) can be written as

f(n) = an’+bn* +cn
= s(n) + z(n) (mod p*)

where .

z={z(n) = bn®+cn}’_}
is the Zadoff-Chu sequence in the previous proposition since
b # 0 (modp), and

3p*-1

s=1{s(n) =an’}, _, .

« Therefore, we can view the sequence f as a result of adding s to the
Zadoff-Chu sequence z element-wise.
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«s Previous extension of a ZC sequence(®)

The Generalized chirp-like (GCL) sequence is a well-known
extension of the Zadoff-Chu sequence.

Let u, v are positive integers with p* = uv?.

A p¥-ary GCL sequence g = {g (n)}ﬁi?,l of period p¥ is the
result of adding m to z

Z is a p*-ary Zadoff-Chu sequence of period p*.

m 1s arbitrarily chosen sequence of length v.

Obviously,
v, S plk/zj
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& How to compare — array form
p*-ary Zadoff-Chu sequence z of period p*
A period of s A period of m
S T + m
p~ p~
S + | — X L o Xv |t m
array array :
) + + m
?
L=2v
The perfect sequence f The GCL sequence g

from cubic polynomial

14



3y0%—1

Period of {an°} _,

« Lemma. Let L be the period of the sequence

3p*-1

s ={s(n) = an°}, _,

with a Z 0 (mod p"). Then,

[k /3] p*
L= /3], .
max <P gcd(3a,pk)>

15
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Comparison result

k_
« Theorem. Consider the perfect sequence f = {f (n) ﬁ=01 from

the cubic polynomial f(n).

Let p = 3 and write a = 3%t where t, i are some integers with
ged(t,3) =1and0<i<k—1.Ifk > 3 and

0<i<k X 1
<1 > )

then, the sequence f is not a GCL sequence.

Let p =5 and write a = p't where t, i are some integers with
ged(t,p) =1and 0 <i < k.Ifk = 4 and

1<i<k X
<1 Ak

then, the sequence f is not a GCL sequence.

16
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Some interesting questions

. Are they modulatable like GCL?

. What is the crosscorrelation among them?

How can we construct optimal set of perfect sequence
families from them?

. Compare them with all the other known perfect

sequences.
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Is that really new?

construction II

Unified

Mow
(1996)

construction I

Mow
(1993)

Unified j>

The proposed
sequences

T N

P1 code
Kumar, Scholtz,
and Welch
(1985)

P2 code
(GCL)
Popovic
(1992)

P3 code
Milewski
(1983)

P4 code
Chung and
Kumar
(1989)




Any question or comment?



