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Abstract

If there exists a cyclic Hadamard difference set of length v, then v = 4n — 1 is conjectured to
be either a prime, or a product of “twin primes”, or one less than a power of 2.
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A cyclic (v,k,4) difference set D is a set of k residues modulo v such that for
each non-zero residue d mod v, the equation x — y = d (mod v) has exactly A solution
pairs (x, y) where x, y € D (Baumert, 1971). In particular, cyclic Hadamard difference
sets have the parameters v = 4n — 1, k = 2n— 1 and A = n — 1 for a positive
integer n, and are known to be important because of their applications to various digital
communications systems (Golomb, 1981, 1982, 1992; Scholtz and Welch, 1984; Simon
et al., 1995).

The main questions are: (1) for what values of v = 4n—1 do these cyclic Hadamard
difference sets exist, and (2) what constructions are known to generate them? In
Baumert’s (1971) book, it is mentioned that all known examples of cyclic Hadamard
difference sets have values of v from only three different ‘families’: (a) v = 4n — 1
is a prime number, (b) v = p(p + 2) is a product of ‘twin primes’, or (¢c) v =
28 — 1, for t = 2,3,4,... It is also reported in Baumert (1971) that there are no
other values for v < 1000 with cyclic Hadamard difference sets, with 6 possible ex-
ceptions which are v = 399,495,627,651,783, and 975. It turned out that these six
cases are also ruled out for the existence of cyclic Hadamard difference sets (Song and
Golomb, 1994). In conclusion, there are no counterexamples to the following conjec-
ture for v < 1000: if there exists a cyclic Hadamard difference set of length v, then
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v =4n—1 must be either a prime, or a product of ‘twin primes’, or one less than a
power of 2.

The known constructions corresponding to these values of v are as follows:

(a) v=4n—1 is a prime:

(al) The ‘Legendre symbol’ (quadratic residue) construction, in all such cases
(Golomb, 1982).

(a2) Hall’s ‘sextic residue’ construction, when the prime number v is of the
form 442 + 27 for some integer 4 (Hall, 1956).

(b) v = p(p+2) is a product of ‘twin primes’.

(bl) The ‘Jacobi symbol’ construction (generalization of the Legendre symbol
idea) as first described by Stanton and Sprott (1958).

(c) v =2 — 1 for some integer ¢t =2,3,4,...

(cl) The linear shift register sequences (also called m-sequences) construction
for all values of ¢t > 1 (Golomb, 1982).

(c2) The Gordon—Mills—Welch construction (GMW sequences) for certain com-
posite values of ¢ (Gordon et al., 1962; Scholtz and Welch, 1984).

(c3) Three miscellaneous examples at v = 27 — 1 = 127 found by Baumert
and Fredricksen (1967), two miscellaneous examples at v =28 — 1 = 255
found by Cheng (types 2 and 3 in Cheng (1983)), and three miscellancous
examples at v = 2° — 1 = 511 found by Dreier. These examples are not
otherwise explained. (A complete search for v = 2/ — 1 has been done only
for 1<9, v<<511 (Cheng, 1983; Cheng and Golomb, 1983; Dreier, 1992;
Golomb, 1982; Welch, 1996)).

Recently, by using several of the known non-existence tests (both non-constructive
and constructive) and a computer, the above conjecture was reconfirmed for a// v <1000
and the six cases v = 399,495,627,651,783, and 975 were ruled out for the existence
of cyclic Hadamard difference sets (Song and Golomb, 1994). Furthermore, it was
verified up to v < 10000 except for the following 17 cases: 1295, 1599, 1935, 3135,
3439, 4355, 4623, 5775, 7395, 7743, 8227, 8463, 8591, 8835, 9135, 9215, and 9423
(Song and Golomb, 1994).

Considering that there seems to be no simple property common to the above three
families of integers, the conjecture could conceivably be false but the evidence for it is
becoming impressive. We believe that the existence of the miscellaneous examples (c3)
above might shed some light on the truth/falsity of this conjecture if these examples
are carefully investigated.
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