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Autocorrelation of Some Quaternary Cyclotomic Sequences of
Length 2p∗

Young-Joon KIM†a), Yun-Pyo HONG†, Members, and Hong-Yeop SONG†, Nonmember

SUMMARY We define a new quaternary cyclotomic sequences of
length 2p, where p is an odd prime. We compute the autocorrelation of
these sequences. In terms of magnitude, these sequences have the autocor-
relations with at most 4 values.
key words: autocorrelation, quaternary cyclotomic sequences

1. Quaternary Cyclotomic Sequences of Length 2p

Let p be an odd prime and g a primitive root of p. Since
either g or g + p is odd modulo 2p and both of them are
primitive roots of p, simply we will assume that g is an odd
integer. Then it is well known that g is also a primitive root
of 2p [3]. Define

D(p)
0 = (g2), D(p)

1 = gD
(p)
0 ,

D(2p)
0 = (g2), D(2p)

1 = gD(2p)
0

where (g2) denotes the subgroup of Zp and Z2p generated by
g2, respectively. Then

Z2p = {0, p} ∪ 2 · D(p)
0 ∪ 2 · D(p)

1 ∪ D(2p)
0 ∪ D(2p)

1 .

Define a quaternary sequence {s(n)} of length 2p as follows:

s(n) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, if n = 0 (mod 2p)
2, if n = p (mod 2p)
0, if n ∈ D(2p)

0

1, if n ∈ D(2p)
1

2, if n ∈ 2 · D(p)
0

3, if n ∈ 2 · D(p)
1 .

(1)

Hereafter, we will call this sequence as a quaternary cyclo-
tomic sequence of length 2p.

Example 1: An example of a quaternary cyclotomic se-
quence of length 10 (when p = 5, g = 3) is shown below:

2 · D(5)
0 = 2 · {32, 34} = 2 · {1, 4} = {2, 8},

2 · D(5)
1 = 2 · {31, 33} = 2 · {2, 3} = {4, 6},

D(10)
0 = {32, 34} = {1, 9},

D(10)
1 = {31, 33} = {3, 7}.
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Therefore, a quaternary cyclotomic sequence {s(n)} of
length 10 are given as follows:

n 0 1 2 3 4 5 6 7 8 9

s(n) 0 0 2 1 3 2 3 1 2 0

2. Autocorrelation of Quaternary Cyclotomic Se-
quences of Length 2p

The periodic autocorrelation of a quaternary sequence {u(n)}
of period N is defined by

Cu(τ) =
N−1∑
n=0

wu(n+τ)−u(n)

where w = exp( j 2π
4 ) is a complex primitive quadratic root of

unity. Since the quaternary cyclotomic sequence of length
2p is defined in the similar way with the binary cyclotomic
sequence of length p, it’s desirable to review how to con-
struct the binary cyclotomic sequence of length p and their
properties.

Definition 1: Let p be an odd prime, then the sequence
{t(n)} of length p defined as

t(n) =

{
0, if n ∈ C(p)

0 � D(p)
0

1, if n ∈ C(p)
1 � {0} ∪ D(p)

1 .
(2)

is called the binary cyclotomic sequence of length p, which
is well known as the binary quardratic residue sequence or
Legendre sequence of length p.

Define

dt(i, j; τ) = |C(p)
i ∩ (C(p)

j + τ)|, τ ∈ Zp, i, j = 0, 1.

For the notational simplicity, we introduce the cyclo-
tomic numbers of order 2 with respect to p defined by

(i, j)p = |(D(p)
i + 1) ∩ D(p)

j |.
Lemma 1: [4] If p ≡ 1 (mod 4), then

(0, 1)p= (1, 0)p= (1, 1)p=
p − 1

4
, (0, 0)p=

p − 5
4
. (3)

If p ≡ 3 (mod 4), then

(1, 0)p= (0, 0)p= (1, 1)p=
p − 3

4
, (0, 1)p=

p + 1
4
. (4)
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Lemma 2: For a ∈ Z∗p,

aD(p)
0 =

⎧⎪⎪⎨⎪⎪⎩
D(p)

0 , if a ∈ D(p)
0

D(p)
1 , if a ∈ D(p)

1

, aD(p)
1 =

⎧⎪⎪⎨⎪⎪⎩
D(p)

1 , if a ∈ D(p)
0

D(p)
0 , if a ∈ D(p)

1

.

For b ∈ Z∗2p,

bD(2p)
0 =

⎧⎪⎪⎨⎪⎪⎩
D(2p)

0 , if b ∈ D(2p)
0

D(2p)
1 , if b ∈ D(2p)

1

, bD(2p)
1 =

⎧⎪⎪⎨⎪⎪⎩
D(2p)

1 , if b ∈ D(2p)
0

D(2p)
0 , if b ∈ D(2p)

1

.

Proof: First part of this lemma is pointed out in [5] and
second part can be proved in the same way as [5].

Lemma 3: [3] 2 ∈ D(p)
0 if p ≡ ±1 (mod 8), and 2 ∈ D(p)

1 if
p ≡ ±3 (mod 8).

Lemma 4: [3] −1 (mod p) ∈ D(p)
0 if p ≡ 1 (mod 4), and

−1 (mod p) ∈ D(p)
1 if p ≡ 3 (mod 4).

Lemma 5: −1 (mod p) ∈ D(p)
0 if and only if −1

(mod 2p) ∈ D(2p)
0 .

Proof: Obvious.

Lemma 6: When p ≡ 1 (mod 4), then we have

dt(1, 0; τ) =

⎧⎪⎪⎨⎪⎪⎩
p+3

4 , if τ ∈ D(p)
0

p−1
4 , if τ ∈ D(p)

1 .

When p ≡ 3 (mod 4), then we have

dt(1, 0; τ) =
p + 1

4
, if τ ∈ D(p)

0 ∪ D(p)
1 .

Proof: It can be easily proved from Lemma 1.

For a given quaternary cyclotomic sequence of length
2p, define s(1)(n) = s(2n), 0 ≤ n ≤ p − 1, and s(2)(n) =
s(2n + 1), 0 ≤ n ≤ p − 1. That is, they are defined as
follows, respectively:

s(1)(n) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0, if n ≡ 0 (mod p)
2, if 2n ∈ 2D(p)

0 ⇐⇒ n ∈ D(p)
0

3, if 2n ∈ 2D(p)
1 ⇐⇒ n ∈ D(p)

1 ,

s(2)(n) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
2, if 2n + 1 ≡ p (mod 2p)
0, if 2n + 1 ∈ D(2p)

0

1, if 2n + 1 ∈ D(2p)
1 .

Lemma 7: Let p be an odd prime. Then the autocorrela-
tion of the quaternary cyclotomic sequence {s(n)} of length
2p can be expressed as follows:

Cs(τ) =
2p−1∑
i=0

ws(i+τ)−s(i)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Cs(1) (k) +Cs(2) (k),
if τ ≡ 2k (mod 2p) and 1 ≤ k ≤ p − 1

Cs(1) s(2) (k) + Cs(2)s(1) (k − 1),
if τ ≡ 2k − 1 (mod 2p) and 1 ≤ k ≤ p

where w = exp( j 2π
4 ) = j is a complex primitive quadratic

root of unity and Cs(i) s( j) (t) =
∑p−1

z=0 w
s(i)(z+t)−s( j)(z) is a cross-

correlation of s(i) and s( j) for (i, j) ∈ {(0, 1), (1, 0)}.
Proof: Obvious.

Without loss of generality, we can let s(1)(n) = t(n) +
2, 1 ≤ n ≤ p − 1. Since s(1)(n) is a quaternary sequence,
all the plus and minus operation should be done in modulo
4 throughout this paper even if {t(n)} seems like a binary
sequence.

Lemma 8: The autocorrelation of a quaternary sequence
{s(1)(n)} of length p is as follows:

1. When p ≡ 1 (mod 4),

Cs(1) (k) =

⎧⎪⎪⎨⎪⎪⎩
p−7

2 , if k ∈ D(p)
0

p−3
2 , if k ∈ D(p)

1 .
(5)

2. When p ≡ 3 (mod 4),

Cs(1) (k) =

⎧⎪⎪⎨⎪⎪⎩
p−5

2 + 2 j, if k ∈ D(p)
0

p−5
2 − 2 j, if k ∈ D(p)

1 .
(6)

Proof: The autocorrelation of {s(1)(n)} can be expressed as
follows:

Cs(1) (k) =
p−1∑
i=0

js(1)(i+k)−s(1)(i)

= js(1)(k) + j−s(1)(−k) +
∑
i∈Zp

i�0,−k

js(1)(i+k)−s(1)(i)

(Here, the computation in the power of j is done in

modulo 4)

= jt(k)+2 + j−t(−k)−2 − jt(k)−t(0) − jt(0)−t(−k)

+
∑
i∈Zp

jt(i+k)−t(i) (7)

If t(i + k) = 1 and t(i) = 0, then i + k ∈ C(p)
1 and i ∈ C(p)

0 .

It gives us i ∈ C(p)
1 − k and i ∈ C(p)

0 . Hence, there are such

i’s as many as |{i|i ∈ (C(p)
1 − k) ∩ C(p)

0 }| = |C(p)
1 ∩ (C(p)

0 +

k)| = dt(1, 0; k). Likewise, there are dt(0, 0; k), dt(0, 1; k) and
dt(1, 1; k) number of pairs (t(i + k), t(i)) = (0, 0), (0, 1) and
(1, 1), respectively. Therefore Eq. (7) becomes as follows:

Cs(1) (k) = jt(k)+2 + j−t(−k)−2 − jt(k)−1 − j1−t(−k)

+dt(0, 0; k) j0+dt(0, 1; k) j−1+dt(1, 0; k) j1+dt(1, 1; k) j0.

Since dt(0, 0; k)+ dt(0, 1; k)+ dt(1, 0; k)+ dt(1, 1; k) = p and
dt(0, 1; k) = dt(1, 0; k), it becomes

Cs(1) (k)= jt(k)+2+ j−t(−k)−2− jt(k)−1− j1−t(−k)+p−2dt(1, 0; k).

When p ≡ 1 (mod 4), k ∈ D(p)
i if and only if −k ∈ D(p)

i ,

i = 0, 1. So k ∈ D(p)
i implies t(−k) = t(k) = i, for i = 0, 1.

Similarly, when p ≡ 3 (mod 4), k ∈ D(p)
i if and only if
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−k ∈ D(p)
i+1 mod 2, i = 0, 1. So k ∈ D(p)

i implies t(k) = i and
t(−k) = i + 1 (mod 2), for i = 0, 1. By Lemma 4 and 6, we
complete the proof.

The autocorrelation of {s(2)(n)} can be calculated in
the similar way. For simplicity, we introduce the following
{0, 1}−sequence of length p.

v(n) =

{
0, if 2n + 1 ∈ C(2p)

0 � D(2p)
0

1, if 2n + 1 ∈ C(2p)
1 � {p} ∪ D(2p)

1 .
(8)

Although {v(n)} is {0, 1}−sequence, the symbol 0 or 1 is not
over Z2 but over Z4. Define

dv(i, j; τ) = |C(2p)
i ∩ (C(2p)

j + 2τ)|, τ ∈ Zp, i, j = 0, 1.

where all the operations are computed in the modulo 2p.

Lemma 9: The autocorrelation of a quaternary sequence
{s(2)(n)} of length p is as follows:

1. When p ≡ 1 (mod 8),

Cs(2) (k) =

⎧⎪⎪⎨⎪⎪⎩
p−7

2 , if k ∈ D(p)
0

p−3
2 , if k ∈ D(p)

1 .
(9)

2. When p ≡ 3 (mod 8),

Cs(2) (k) =

⎧⎪⎪⎨⎪⎪⎩
p−5

2 − 2 j, if k ∈ D(p)
0

p−5
2 + 2 j, if k ∈ D(p)

1 .
(10)

3. When p ≡ 5 (mod 8),

Cs(2) (k) =

⎧⎪⎪⎨⎪⎪⎩
p−3

2 , if k ∈ D(p)
0

p−7
2 , if k ∈ D(p)

1 .
(11)

4. When p ≡ 7 (mod 8),

Cs(2) (k) =

⎧⎪⎪⎨⎪⎪⎩
p−5

2 + 2 j, if k ∈ D(p)
0

p−5
2 − 2 j, if k ∈ D(p)

1 .
(12)

Proof: Without loss of generality, we can let s(2)(n) =
v(n), 0 ≤ n ≤ p − 1, n � p−1

2 . Then, by similar procedure
with the case of {s(1)(n)}, the autocorrelation of {s(2)(n)} can
be expressed as follows:

Cs(2) (k) = jv(
p−1

2 +k)−2 + j2−v(
p−1

2 −k) − jv(
p−1

2 +k)−1

− j1−v(
p−1

2 −k) + p − 2dv(1, 0; k).

Note that

dv(1, 0; k) = |C(2p)
1 ∩ (C(2p)

0 + 2k)|
= |{p} ∩ (D(2p)

0 + 2k)| + |D(2p)
1 ∩ (D(2p)

0 + 2k)|

Since |{p} ∩ (D(2p)
0 + 2k)| = |{0} ∩ (D(p)

0 + 2k) (mod p)|, by

Lemmas 3 and 4,

1. When p ≡ 1, 3 (mod 8), we have

|{p} ∩ (D(2p)
0 + 2k)| =

⎧⎪⎪⎨⎪⎪⎩
1, if k ∈ D(p)

0

0, if k ∈ D(p)
1 .

2. When p ≡ 5, 7 (mod 8), we have

|{p} ∩ (D(2p)
0 + 2k)| =

⎧⎪⎪⎨⎪⎪⎩
0, if k ∈ D(p)

0

1, if k ∈ D(p)
1 .

Since |D(2p)
1 ∩(D(2p)

0 + 2k)| = |D(p)
1 ∩ (D(p)

0 + 2k) (mod p)| =
|2−1k−1D(p)

1 ∩(2−1k−1D(p)
0 + 1)| and by Lemmas 2, 3 and 4,

1. When p ≡ ±1 (mod 8), we have

|D(2p)
1 ∩ (D(2p)

0 + 2k)| =
⎧⎪⎪⎨⎪⎪⎩

(0, 1)p, if k ∈ D(p)
0

(1, 0)p, if k ∈ D(p)
1 .

2. When p ≡ ±3 (mod 8), we have

|D(2p)
1 ∩ (D(2p)

0 + 2k)| =
⎧⎪⎪⎨⎪⎪⎩

(1, 0)p, if k ∈ D(p)
0

(0, 1)p, if k ∈ D(p)
1 .

Note that 2( p−1
2 + k) + 1 = p + 2k ∈ D(2p)

i means 2k ∈ D(p)
i

and 2( p−1
2 − k) + 1 = p − 2k ∈ D(2p)

i means −2k ∈ D(p)
i for

i = 0, 1 and the converse is also true. Therefore, we have

1. When p ≡ 1 (mod 8), k ∈ D(p)
i if and only if 2k ∈ D(p)

i

if and only if −2k ∈ D(p)
i , i = 0, 1. So k ∈ D(p)

i implies
v( p−1

2 + k) = v( p−1
2 − k) = i for i = 0, 1.

2. When p ≡ 3 (mod 8), k ∈ D(p)
i if and only if 2k ∈ D(p)

i+1

if and only if −2k ∈ D(p)
i , i = 0, 1 So k ∈ D(p)

i implies
v( p−1

2 +k) = i+1 (mod 2) and v( p−1
2 −k) = i for i = 0, 1.

3. When p ≡ 5 (mod 8), k ∈ D(p)
i if and only if 2k ∈ D(p)

i+1

if and only if −2k ∈ D(p)
i+1, i = 0, 1 So k ∈ D(p)

i implies

v( p−1
2 + k) = v( p−1

2 − k) = i + 1 (mod 2) for i = 0, 1.

4. When p ≡ 7 (mod 8), k ∈ D(p)
i if and only if 2k ∈ D(p)

i

if and only if −2k ∈ D(p)
i+1, i = 0, 1 So k ∈ D(p)

i implies

v( p−1
2 +k) = i and v( p−1

2 −k) = i+1 (mod 2) for i = 0, 1.

Combining all of these computation, we can get to the
(9),(10),(11) and (12).

Next, we are going to consider the autocorrelation of
{s(n)} when the time shift τ is odd. As is mentioned in
Lemma 7, when τ = 2k − 1, 1 ≤ k ≤ p, Cs(τ) = Cs(1) s(2) (k) +
Cs(2) s(1) (k − 1). Define

dt,v(i, j; k) = |2C(p)
i ∩(C(2p)

j +2k−1)|, k ∈ Z∗p, i, j = 0, 1,

and

dv,t(i, j; k) = |C(2p)
i ∩(2C(p)

j +2k−1)|, k ∈ Z∗p, i, j = 0, 1,

where all the operations are computed in the modulo 2p.

Lemma 10: The crosscorrelation of two quaternary se-
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quences {s(1)(n)} and {s(2)(n)} of length p is as follows:

1. When p ≡ 1 (mod 8),

Cs(1)s(2) (k)=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−p, if τ=2k−1= p (mod 2p)
−p+7

2 , if τ = 2k − 1 ∈ D(2p)
0

−p+3
2 , if τ = 2k − 1 ∈ D(2p)

1 .

(13)

2. When p ≡ 3 (mod 8),

Cs(1)s(2) (k)=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−1, if τ=2k−1= p (mod 2p)
−p+1

2 , if τ = 2k − 1 ∈ D(2p)
0

−p+5
2 , if τ = 2k − 1 ∈ D(2p)

1 .
(14)

3. When p ≡ 5 (mod 8),

Cs(1)s(2) (k)=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−1, if τ=2k−1= p (mod 2p)
−p+3

2 + 2 j, if τ=2k−1∈ D(2p)
0

−p+3
2 − 2 j, if τ=2k−1∈ D(2p)

1 .

(15)

4. When p ≡ 7 (mod 8),

Cs(1)s(2) (k)=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−p, if τ= 2k−1= p (mod 2p)
−p+5

2 − 2 j, if τ=2k−1∈D(2p)
0

−p+5
2 + 2 j, if τ=2k−1∈D(2p)

1 .

(16)

Proof: To begin with, we are going to consider Cs(1) s(2) (k).
When 2k − 1 = p (mod 2p),

Cs(1) s(2)

(
p + 1

2

)
=

p−1∑
i=0

js(1)(i+ p+1
2 )−s(2)(i)

= js(1)(0)−s(2)( p−1
2 ) − jt(0)+2−v( p−1

2 )

+
∑
i∈Zp

jt(i+k)+2−v(i) =
∑
i∈Zp

jt(i+k)+2−v(i)

When τ = 2k − 1 ∈ D(2p)
0 ∪ D(2p)

1 ,

Cs(1) s(2) (k) =
p−1∑
i=0

js(1)(i+k)−s(2)(i)

= j−v(−k)+ jt(
p−1

2 +k)− j3−v(−k)− jt(
p−1

2 +k)+1

+
∑
i∈Zp

jt(i+k)+2−v(i)

By similar procedure with the case of autocorrelation of
{s(1)(n)} and {s(2)(n)}, it becomes

Cs(1) s(2) (k)= j−v(−k)+ jt(
p−1

2 +k)− j3−v(−k)− jt(
p−1

2 +k)+1

− p + 2dt,v(1, 0; k). (17)

Note that

dt,v(1, 0; k)= |2C(p)
1 ∩ (C(2p)

0 + 2k − 1)|
=|{0}∩(D(2p)

0 +2k−1)|+|2D(p)
1 ∩(D(2p)

0 +2k−1)|
If p≡ 1 (mod 4), by Lemmas 4 and 5, a ∈D(2p)

i if and only

if −a ∈ D(2p)
i . On the other hand, if p ≡ 3 (mod 4), then

a ∈ D(2p)
i if and only if −a ∈ D(2p)

i+1 mod 2. Therefore,

1. When p ≡ 1 (mod 4)

|{0}∩(D(2p)
0 +2k−1)|=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0, if 2k − 1 ≡ p (mod 2p)
1, if 2k − 1 ∈ D(2p)

0

0, if 2k − 1 ∈ D(2p)
1 .

2. When p ≡ 3 (mod 4)

|{0}∩(D(2p)
0 +2k−1)|=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0, if 2k − 1 ≡ p (mod 2p)
0, if 2k − 1 ∈ D(2p)

0

1, if 2k − 1 ∈ D(2p)
1 .

Since |2D(p)
1 ∩ (D(2p)

0 +2k−1)| = |2D(p)
1 ∩ (D(2p)

0 +τ)(mod p)|
= |2τ−1D(p)

1 ∩(τ−1D(p)
0 + 1)| and by Lemmas 2, 3 and 4,

1. When p ≡ ±1 (mod 8), we have

|2D(p)
1 ∩(D(2p)

0 +2k−1)|=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

0, if τ=2k−1= p
(0, 1)p, if τ=2k− 1∈D(2p)

0

(1, 0)p, if τ=2k− 1∈D(2p)
1 .

2. When p ≡ ±3 (mod 8), we have

|2D(p)
1 ∩(D(2p)

0 +2k−1)|=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

p−1
2 , if τ=2k−1= p

(0, 0)p, if τ=2k−1 ∈D(2p)
0

(1, 1)p, if τ=2k−1 ∈D(2p)
1 .

Now, we are ready to compute (17). When p ≡ 1 (mod 4),
2(−k) + 1 = −τ ∈ D(2p)

i if and only if τ ∈ D(2p)
i . So, in this

case, v(−k) = i if τ ∈ D(2p)
i for i = 0, 1. On the other hand,

when p ≡ 3 (mod 4), 2(−k) + 1 = −τ ∈ D(2p)
i if and only

if τ ∈ D(2p)
i+1 mod 2. So, in this case, v(−k) = i + 1 (mod 2) if

τ ∈ D(2p)
i for i = 0, 1.

When p ≡ ±1(mod 8), if τ ∈ D(2p)
i , then p +

τ (mod 2p) is an element of either 2D(p)
i (mod 2p) or

2D(p)
i+1 mod 2(mod 2p). Since it is valid when we apply mod-

ulo p reduction, τ (mod p) is an element of either 2D(p)
i =

D(p)
i (mod p) or 2D(p)

i+1 mod 2 = D(p)
i+1 mod 2 (mod p). Because

τ ∈ D(2p)
i implies τ ∈ D(p)

i (mod p), p + τ (mod 2p) =

2( p−1
2 + k) ∈ 2D(p)

i (mod 2p). Therefore, t( p−1
2 +k) = i. On

the other hand, if p ≡ ±3(mod 8), t( p−1
2 +k)= i+1(mod 2)

when τ∈D(2p)
i .

Combining all of these computation, we can get to the
(13),(14),(15) and (16).

Lemma 11: The crosscorrelation of two quaternary se-
quences {s(2)(n)} and {s(1)(n)} of length p is as follows:

1. When p ≡ 1 (mod 8),

Cs(2)s(1) (k − 1)=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−p, if τ=2k−1= p (mod 2p)
−p+7

2 , if τ=2k−1∈D(2p)
0

−p+3
2 , if τ=2k−1∈D(2p)

1 .
(18)
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2. When p ≡ 3 (mod 8),

Cs(2)s(1) (k − 1)=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−1, if τ = p (mod 2p)
−p+5

2 , if τ ∈ D(2p)
0

−p+1
2 , if τ ∈ D(2p)

1 .
(19)

3. When p ≡ 5 (mod 8),

Cs(2)s(1) (k − 1)=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−1, if τ = p (mod 2p)
−p+3

2 − 2 j, if τ ∈ D(2p)
0

−p+3
2 + 2 j, if τ ∈ D(2p)

1 .
(20)

4. When p ≡ 7 (mod 8),

Cs(2)s(1) (k − 1)=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−p, if τ = p (mod 2p)
−p+5

2 − 2 j, if τ ∈ D(2p)
0

−p+5
2 + 2 j, if τ ∈ D(2p)

1 .
(21)

Proof: When 2k − 1 = p (mod 2p),

Cs(2) s(1)

(
p + 1

2
− 1

)
=

p−1∑
i=0

js(2)(i+ p−1
2 )−s(1)(i)

= js(2)( p−1
2 )−s(1)(0) − jv(

p−1
2 )−t(0)−2

+
∑
i∈Zp

jv(i+k−1)−t(i)−2 =
∑
i∈Zp

jv(i+k−1)−t(i)−2.

When τ = 2k − 1 ∈ D(2p)
0 ∪ D(2p)

1 , by similar procedure with
Cs(1) s(2) (k), the crosscorrelation Cs(2) s(1) (k − 1) becomes

Cs(2) s(1) (k−1)= jv(k−1)+ j−t( p−1
2 −k+1)− jv(k−1)−3

− j−1−t( p−1
2 −k+1) − p + 2dv,t(1, 0; k). (22)

Note that

dv,t(1, 0; k)= |C(2p)
1 ∩ (2C(p)

0 + 2k − 1)|
= |{p}∩(2D(p)

0 +2k−1)|+|D(2p)
1 ∩(2D(p)

0 +2k−1)|
If p≡ 1 (mod 4), by Lemmas 4 and 5, a ∈D(2p)

i if and only

if −a ∈ D(2p)
i . On the other hand, if p ≡ 3 (mod 4), then

a ∈ D(2p)
i if and only if −a ∈ D(2p)

i+1 mod 2. Therefore, we have

1. When p ≡ 1, 3 (mod 8),

|{p}∩(2D(p)
0 +2k−1)|=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0, if 2k − 1 ≡ p (mod 2p)
1, if 2k − 1 ∈ D(2p)

0

0, if 2k − 1 ∈ D(2p)
1

,

2. When p ≡ 5, 7 (mod 8),

|{p}∩(2D(p)
0 +2k−1)|=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0, if 2k − 1 ≡ p (mod 2p)
0, if 2k − 1 ∈ D(2p)

0

1, if 2k − 1 ∈ D(2p)
1

.

Since |D(2p)
1 ∩ (2D(p)

0 + 2k − 1)| = |D(2p)
1 ∩ (2D(p)

0 + τ)

(mod p)| = |τ−1D(p)
1 ∩ (2τ−1D(p)

0 + 1)| and by Lemmas 2 and
3, we have

1. When p ≡ ±1 (mod 8),

|D(2p)
1 ∩ (2D(p)

0 +2k − 1)|

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0, if τ=2k−1= p (mod 2p)
(0, 1)p, if τ=2k−1 ∈D(2p)

0

(1, 0)p, if τ=2k−1 ∈D(2p)
1

,

2. When p ≡ ±3 (mod 8),

|D(2p)
1 ∩ (2D(p)

0 +2k − 1)|

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
p−1

2 , if τ=2k−1= p (mod 2p)
(1, 1)p, if τ=2k−1∈D(2p)

0

(0, 0)p, if τ=2k−1∈D(2p)
1

.

Now, we are ready to compute (22).
Since 2(k − 1) + 1 = τ, τ ∈ D(2p)

i implies v(k − 1) = i

for i = 0, 1. When p ≡ ±1 (mod 8), if −τ ∈ D(2p)
i , then

p − τ (mod 2p) is an element of either 2D(p)
i (mod 2p)

or 2D(p)
i+1 mod 2 (mod 2p). Since it is valid when we apply

modulo p reduction, −τ (mod p) is an element of either
2D(p)

i = D(p)
i (mod p) or 2D(p)

i+1 mod 2 = D(p)
i+1 mod 2 (mod p).

Because −τ ∈ D(2p)
i implies −τ ∈ D(p)

i (mod p), p − τ
(mod 2p) = 2( p−1

2 − k + 1) ∈ 2D(p)
i (mod 2p). Therefore,

t( p−1
2 − k + 1) = i. On the other hand, if p ≡ ±3 (mod 8),

t( p−1
2 − k + 1) = i + 1 (mod 2) when −τ ∈ D(2p)

i .
Combining all of these computation, we can get to the

(18),(19),(20) and (21).

Theorem 1: [Main Result] Let p be an odd prime. Then
the autocorrelation of the quaternary sequence of length 2p
defined at (1) is as follows:

1. If p ≡ 1 (mod 8),

Cs(τ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2p, if τ = 0 (mod 2p)
−2p, if τ = p (mod 2p)
p − 7, if τ ∈ 2D(p)

0

p − 3, if τ ∈ 2D(p)
1

−p + 7, if τ ∈ D(2p)
0

−p + 3, if τ ∈ D(2p)
1 .

2. If p ≡ ±3 (mod 8),

Cs(τ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

2p, if τ = 0 (mod 2p)
−2, if τ = p (mod 2p)
p − 5, if τ ∈ 2D(p)

0 ∪ 2D(p)
1

−p + 3, if τ ∈ D(2p)
0 ∪ D(2p)

1 .

3. If p ≡ 7 (mod 8),

Cs(τ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2p, if τ = 0 (mod 2p)
−2p, if τ = p (mod 2p)
p − 5 + 4 j, if τ ∈ 2D(p)

0

p − 5 − 4 j, if τ ∈ 2D(p)
1

−p + 5 − 4 j, if τ ∈ D(2p)
0

−p + 5 + 4 j, if τ ∈ D(2p)
1 .
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Proof: When τ ≡ 0 (mod 2p), obviously Cs(τ) = 2p.
When τ ≡ 2k (mod 2p) and 1 ≤ k ≤ p − 1, we obtain
what we want by combining (5), (6), (9), (10), (11) and (12).
Likewise, when τ ≡ 2k − 1 (mod 2p) and 1 ≤ k ≤ p, we
also obtain what we want to prove by combining (13), (14),
(15), (16), (18), (19), (20) and (21).

Next, we are going to consider assigning another sym-
bol to the each sets D(2p)

0 ,D
(2p)
1 , 2 · D(p)

0 and 2 · D(p)
1 . Let us

introduce a vector d = (d0, d1, d2, d3), where di ∈ {0, 1, 2, 3},
0 ≤ i < 4. Each d0, d1, d2 and d3 correspond to the sym-
bol assigned to D(2p)

0 ,D
(2p)
1 , 2 · D(p)

0 and 2 · D(p)
1 respectively.

Since it is also possible to change the symbols at ‘0’ and
‘p’ position, we introduce another vector e = (e0, e1), where
ei ∈ {0, 1, 2, 3}, i = 0, 1. For the following pairs of vec-
tor (d, e), ((0, 1, 2, 3), (0, 2)), ((0, 1, 2, 3), (2, 0)), ((0, 1, 3, 2),
(0, 2)), ((0, 1, 3, 2), (2, 0)), ((1, 0, 2, 3), (0, 2)), ((1, 0, 2, 3),
(2, 0)), ((1, 0, 3, 2), (0, 2)), and ((1, 0, 3, 2), (2, 0)), we can
verify that the number of distinct absolute values of auto-
correlation is up to 4 and for any τ � {0, p}, |Cs(τ)| ≤ p + 1.
Furthermore, when e ∈ {(0, 2), (2, 0)} is fixed, it is easily
checked that d = (0, 1, 2, 3) and d′ = (1, 0, 3, 2) give us the
same autocorrelation profile from the point of view of abso-
lute value. Likewise d′′ = (1, 0, 2, 3) and d′′′ = (0, 1, 3, 2)
give us the same autocorrelation profile.

3. Conclusion

This paper proposes a simple method of constructing quater-
nary cyclotomic sequences of period 2p for any odd prime
p, and calculates their autocorrelation functions. In general,
it is preferred to have low out-of-phase correlation [1], [2],
and the sequences proposed in this paper can be said to be
not good in this sense. One contribution of this paper is the
exact calculation of such correlation values, though it is not
good.

One interesting observation is the case where p ≡ ±3
(mod 8). Observe in this case that the correlation value
Cs(τ = p) is −2 at the phase shift p and Cs(τ � p) is of
the order p at all other phase shifts including the zero shift.
Since the period is 2p, it is almost the same as having ideal
autocorrelation with the peak at the phase shift p if we take
the correlation measure as 1/Cs(τ). This property of the pro-
posed sequences can be equally useful when 4−ary modula-
tion is used and the ideal peak correlation measure must be
exploited.

One open problem is the calculation of Linear Com-
plexity of the proposed sequences. So far, we have to leave
this problem to the readership of this journal.
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