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Autocorrelation of New Generalized Cyclotomic Sequences of

Period p"*

Seok-Yong JIN'®, Student Member, Young-Joon KIM'', Member, and Hong-Yeop SONG ', Nonmember

SUMMARY In this paper, we calculate autocorrelation of new gener-
alized cyclotomic sequences of period p" for any n > 0, where p is an odd
prime number.

key words: generalized cyclotomic sequence, autocorrelation, linear com-
plexity

1. Introduction

Let n > 2 be a positive integer and Z be the multiplica-
tive group of the integer ring Z,. For a partition {D;|i =
0,1,---,d — 1} of Z¥, if there exist elements gy, -, gy of
ZY satisfying D; = ¢;Dy for all i where Dy is a multiplicative
subgroup of ZX, the D; are called generalized cyclotomic
classes of order d. There have been lots of studies about
cyclotomy with respect to p or p? or pg where p and q are
distinct odd primes [1]-[3]. In 1998, Ding and Helleseth
[4] introduced the new generalized cyclotomy with respect
to p{' -~ p;" and defined a balanced binary sequence based
on their own generalized cyclotomy, where p;,--- , p; are
distinct odd primes and ey, - - - , e, are positive integers.

The linear complexity (LC) of new generalized cyclo-
tomic sequence of order 2 with respect to p? [2] and p? [6]
is known. Finally, the LC of those sequences of period p” is
calculated by by Yan, Li and Xiao [7] and by Kim and Song
[8] independently.

While the linear complexity is an important measure
of pseudo-random sequences for cryptographic application,
autocorrelation is another important measure for their appli-
cation to communication systems for various purposes [5].

In this paper, we compute autocorrelation of new gen-
eralized cyclotomic sequences of order 2 with respect to p”
for arbitrary positive integer n. Legendre sequences (n = 1)
[5], prime square sequences (n = 2) [2], and prime cube
sequences (n = 3) [6]-[8] are some important subclasses
of these sequences. For simplicity, we will call these se-
quences as new generalized cyclotomic sequences of period
p". It turned out that their autocorrelation property is not as
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good as that of Legendre sequences when n > 1. In Sect. 2,
we review new generalized cyclotomic sequences of period
p" and present their autocorrelation values. In Sect. 3, we
prove our main result.

2. Generalized Cyclotomic Sequences of Period p” and
Its Autocorrlation

Given a prime p > 2, let g be a primitive root of p>. Then
it follows that ¢ is also a primitive root of p*, k > 1. By
definition, the order of g modulo p* is p* — p*! for 1 <k <

P _ (2 k :
n. Let Dy ' = <g > (mod p*) be the cyclic group generated
by ¢* modulo pt, and let DY’ 9 = gD Y (mod p*) be the

coset of Dg’ g by g. It then follows that Df)p Oy D(]" Y is the
multiplicative group Z:k. In fact, Zx = Z;A, U pZ,1, where

pZy-1 =1{0,p,2p,- - ,(p*! = 1)p}. It can be identified that

n n
Zy = (U p”kDgpk)] U (U p”kD(lpk)] U {0},
k=1 k=1

Define Cy and C; as

" k

CO — Upn—kDg’ ), (1)
k=1
n i

C) = U P U o). )
k=1

In [4], Ding and Helleseth defined the new generalized
cyclotomic sequences s = {s(i)}fzo_ b of period p" as shown
below:

. _]0, ieCy
S(l)_{l, icc.

The periodic autocorrelation function C(7) of a binary
sequence {s(n)} of period N is defined by

N-1

CS(T) — Z(_l)s(n+T)+X(n)’
n=0

where n + 7 takes modulo N.

Theorem. Let p be an odd prime and n be a positive inte-
ger. Then the autocorrelation function C(T) of new general-
ized cyclotomic sequence s of period p" is given as follows:
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1. If p=1 (mod 4), then Cy(7) is given as

r, 7=0 (mod p")
Cs(T) — pn _ pu _ pufl _ 2’
pn _ pu _ pu—l + 2, = pn—uD(ll’“)

TE p”’”Dg’u)

foru=1,...,n.
2. If p =3 (mod 4), then Cy(7) is given as
P, 7=0 (mod p")
CS(T) = n u u—1 n—uD([’“) n—uD(P“)
p—-p —-p , TEp y YD 1

foru=1,...,n. [ |

3. Proof of Theorem

To compute the autocorrelation of new generalized cyclo-
tomic sequences of period p", we use the generalized cy-
clotomic numbers of order 2 with respect to p" fork > 1,
defined in [10],

b}

(i, Py = '(Dlgpk) + 1) A D;pk)

where i, j=0,1and k = 1,...,n. Itis known [4] that:
1. If p=1 (mod 4), then

P (p-5)

0,0)x = T

Kp -1
O, D) = (1,006 = (1, ) = %‘

2. If p =3 (mod 4), then

k-1
P (p+ 1D
0, Dy = Y
P p-3)
0,00 = (1,0)p = (1, D = ===,
Now let us define A, x(7) and A;x(7) as
Ai(7) = ‘{0} N (p”_kDg’k) + ‘r) and

App(7) =

pn—lD(]Pl) N (pn—k Df)”k) + T) ‘

Then we have the following two lemmas, which play an im-
portant role to prove our main result.

Lemma 1 A, x(7) is given as:

n—k (Pk)
p=1 (modd)y: Agm={" TP Do
0, otherwise.

n—k (Pk)
p=3 (mod4): A= L ‘rep.Dl ’
0, othewise.
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Lemma 2 A;i(7) is as follows:
o I[fl=k,

0, 1), 7€ pkpy"
Ack(®) =4(1,0),, 7€ p" D)
0, othewise.
o Ifl <k, then Aji(7) is equal to
1. p=1 (mod 4)

/-1

! k
P=p n—k y(P")
, TEP"™Dy’,
Ap(t)y =4 2 0
0, othewise.

2. p=3 (mod 4)

p=p"! n—k 1P
, TEP™D"’,
Aty =42 !
0, othewise.
o [fl >k, we have
pi-p*! n—1 (")
, TEP"™D
Ap(r) = 2 o
0, othewise.

Now we are ready to prove our main result. First we
define the difference function d;(i, j; 7) as

dy(i, ji1) = |C; 0 (Cj +7)|
for i, j = 0,1. Since Cy(1) = p" — 4d(1,0; 1), we need to
calculate d(1,0; 7):

dy(1,0;7) =|C1 N (C0+T)|:Zn: 'C1 n (pn—kDg1Jk)+T)'
k=1
= [l010G4py” 40|
k=1
)
k=1

n-1 n
! k
+Z Z |pn ID(IP)m(pn kDE)[’) +T)|
=1 k=l+1
n [I-1

W)

=2 k=1

=S 0rn DY 4 o)+ S i)
k=1 k=1

k k
pn—kD(lP ) N (pl‘l—kDE)P ) + T)|

! k
pn—lD(lp) n (pn—kDE)[’ ) + T)’

n n I-1

n—1
+ Z Z Apg(T) + Z Z A (7).
=1 k=I+1

=2 k=1
We take the case of p = 1 (mod 4), first. If 7 €
p”‘”Df)p ). then by Lemma 1 and Lemma 2, we have
«l 24 ph4ph!

d,(1,0;7) = 140, D+ A (1) +0=

=1 4
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foru=1,....,n.Ift e p”’”D(lp"), we have
24+ '+ u—1
ds(l,o;r):%, foru=1,...,n.

Now for the case of p =3 (mod 4), we have in a simi-
lar way that

w4 u—1
dy(1,0:7) = 2P
4
if T e p”_”Z;M foru = 1,...,n. Since Cs(1r) = p" —
4dy(1, 0; 7), it completes the proof. [ ]

Now it remains to prove Lemma 1 and 2. To do that,
we need the following two propositions:

Proposition 1 For arbitrary integer b, and for any k =
k k

1,...,n, we have bp + DE”) = DE‘”) (mod pX), where i =

0,1.

Proposition 2 —1 (mod p¥) € Df)p g ifand only if p = 1

(mod 4), fork=1,...,n.

proof: It is well known that —1 (mod p) € DE)” ) if and only

if p = 1 (mod 4). Using Proposition 1, we can show that
2

—1 (mod p) € Dg’ ) implies —1 (mod p?) € Dg’ ) and -1

3 . .
(mod p?) € D;" ). and so on. The converse is obvious. W

Proof of Lemma 1 If p = 1 (mod 4), = € p"*D’
if and only if —7 € p”’kDgp k), by Proposition 2. Like-
wise, if p = 3 (mod 4), then 7 € p”‘kDgpk) if and only if

n—kD(Pk)

—-TEP i1 (mod 2)- 1t completes the proof. [ ]

Proof of Lemma 2
A.Letl =k

k k
1. If € p" D) U p"*D¥, we can put = p"a for
some a € Z;k. Then,

Ari(7)

— pn—kD(IPk) N (pn—kDE)Pk) + pn—ka) (mod pn)

k k
D% n (Dg’ )4 a) (mod p")

_[ O, ifre p"*Dy"
(1,0, if e p"*D),

2. Fort ¢ p”‘”Dg’“) U p”‘”D(l‘”u) such that u # k, put
T = p" b for some b € Z;u. Then,
(1) If u > k, it implies p" ™ < p"*, so

Ari(7)

_ pn—kD(IPk) n (p"_kDépk) + p"_”b) (mod p™)

pn—kD(lpk) N pn—u A (mod pn)
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_ n—k (Pk) n—u _ _
=[p"" DY N pTEA| =10] = 0,

where A := p"‘kDf)” D4 p (mod p*) is a subset of Zlf
(2) If u < k, it implies p"™* > p" ¥, so
Api(7T)

— pnka(lPk) N (pnkaE)Pk) + pnfub) (mOd pn)

— pn—kD(lpk) n pn—k . (D(()Pk) + pk_ub) (mOd p")

— pn—kD(lPk) N pn—k . Dgpk)| — |®| =0.

B.Letl <k.

k k
1. For t € p"*D U p"*D'’, we put = p"*a for
some a € Z;k. Then,

Ai(7)

_ pnle(lpl) N (pnka(()pk) + pnika) (mOd p”)

— '(pn—lD(ll’,) _ pn—ka) o) pn—kDng) (mod pn)

= '(pk_ID(lpl) - a) nDY”  (mod p)

(1) p=1 (mod 4): a € D' if and only if —a € D",
by Proposition 2. If a € DEP k), for any element x of
p'Dy ' _a (mod P), x becomes an element of Dg” 9,

by Proposition 1. Hence, pk‘lD’l’l —ac DE" Y1t follows
that

! Il K

'pk—zD(lp)_a By ; , aEDgp)

Ani() = s
0, aeD/".

2 p = 3 (mod4): ifa € Dl(.p 9, any element

x of pk‘lD'l’l — a (mod p*) becomes an element of

" k-1 )P’ )
D1 (moa 2+ Hence, Dy —a C Diy 4 ) 1t fOl-
lows that

k

0, aeD?’
ArT) = q oy ?pk)
dp? e D,

2. For 7 ¢ p”‘”DE)p Dy p”‘”D(lp ") such that u # k, put
7 = p"™"b for some b € Z7,. Then,

1) If u > k, note that i 4 r =
( p 0
pn—u (ptrkDg’k) + b) C p”’”Z;ju. Hence,

Al,k(T) = |0| =0.

2) If u < k, note that p”‘kDg’ Vet =
Pk (Difk) ¥ pk—ub) = p'l—kDE)”k>. Hence,

! k
A = |p"'DV  p" DY) = 10] = 0.
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C. Let [ > k. The case of [ > k can be done in a similar way
to the case of [ < k. [ |
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