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Abstract—Let p = ef + 1 be an odd prime for some ¢ and f, and
let ), be the finite field with p elements. In this paper, we explic-
itly describe the trace representations of the binary characteristic
sequences (of period p) of all the cyclic difference sets D which are
some union of cosets of eth powers H. in F}, ( £ F\{0}) fore < 12.
For this, we define eth power residue sequences of period p, which
include all the binary characteristic sequences mentioned above as
special cases, and reduce the problem of determining their trace
representations to that of determining the values of the generating
polynomials of cosets of H. in F,; at some primitive pth root of
unity, and some properties of these values are investigated. Based
on these properties, the trace representation and linear complexity
not only of the characteristic sequences of all the known eth residue
difference sets, but of all the sixth power residue sequences are de-
termined. Furthermore, we have determined the linear complexity
of a nonconstant cth power residue sequence for any ¢ to be either
p — 1 or p whenever (e, (p — 1)/n) = 1, where n is the order of 2
mod p.

Index Terms—Binary sequences with two-level autocorrelation,
cyclic difference sets, eth residue cyclic difference sets, linear com-
plexity, minimal polynomials, trace representations.

1. INTRODUCTION

(v, k, A\)-CYCLIC difference set D is a k-subset of the
A integers mod v, denoted by Z/vZ, such that any nonzero
a € Z/vZ can be represented as a difference © — y (where
xz,y € D) in exactly A ways [1]. It is well known [8], [10] that
its characteristic sequence s = {s(t)|t > 0} of period v defined
by

S(t):{o fort € D 1)

1 fort¢g D
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has the two-level autocorrelation function

fort =0
otherwise,

(mod v) @

v
Ry(r) = {v _ (k=)
where the periodic unnormalized autocorrelation function
R (7) of the sequence s is defined as

v—1

Ry(r) 2 3 (<1) =0,

t=0

For this reason and many other randomness properties, the bi-
nary sequences from cyclic difference sets as given in (1) have
been used in many communications engineering and cryptog-
raphy [10], [31], [8]. In these applications, in particular, one re-
quires the out-of-phase value v — 4(k — \) in (2) be as small as
possible [8], and this is achieved by cyclic Hadamard difference
sets which have parameters v = 4t — 1,k = 2t — 1, and A =
t — 1 for some integer £[1], [17]. The characteristic sequences of
cyclic Hadamard difference sets are called Hadamard sequences
[9], [33], [18], and these include the well-known m-sequences
[71, [32], [10] and GMW sequences [30], [31], quadratic residue
difference set sequences [34], [36], [1], [8], [20], Hall’s sextic
residue difference set sequences [13], [34], [1], [8], [19], twin-
prime difference set sequences [34], [35], [1]. For the period of
the form 2™ — 1, some recent investigation reveals many more
new families and their properties, including 3-term or 5-term
sequences with or without Welch-Gong Transformations [11],
[27], [12], sequences from 2-to-1 map [3], [26], [4], and hyper-
oval difference set sequences [6], [24], etc.

Let p be an odd prime and F; = F},\{0} be the cyclic multi-
plicative group mod p. In this paper, we will investigate mainly
the characteristic sequences of cyclic difference sets which are
some unions of cosets of the eth powers in F};. These are called
eth power residue cyclic difference sets [1], [2]. Existence and
constructions for eth power residue cyclic difference sets are
well summarized in [1], [2]. Following gives a complete solu-
tion toward this direction for e < 12. We will concentrate only
on these cases because not much have been known for those
e > 12.

Fact 1 (eth Power Residue Cyclic Difference Sets, [1, Th.
5.26]): Letp = ef + 1 be an odd prime, and let e = 4, 6, 8, 10,
or 12. Let H, be the set of all the eth powers in F;. A union
of cosets of H, forms a nontrivial (v, k, \) cyclic difference set
D modulo p if and only if D consists of the following: (Q) the
quadratic residues; (H) the Hall’s set for p = 4x2 + 27; (B) the
biquadratic residues with or without {0}; (O) the octic residues
with or without {0}; or (D) the union of the tenth powers and
its coset uHy for the special case p = 31 = 10f + 1 with
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the generator v = 11 of F3,. Of these, (Q) and (H) are cyclic
Hadamard difference sets with parametersv = p, k = (p—1)/2,
and A = (p — 3)/4. |

For their applications to streamcipher systems as pseudo-
random sequence generators, the linear complexity of se-
quences play an important role [10], [29]. It is defined as the
number of stages in the shortest linear feedback shift register
that generates the sequence with a suitable initial loading. This
is equivalent to the degree of the minimal polynomial of the
sequence.

One could determine the linear complexity of a sequence
without determining its trace representation. And the linear
complexity of a sequence does not easily induce its trace
representation whenever it does not admit 2 as a multiplier [7],
[10]. On the other hand, when a trace representation of a se-
quence is explicitly determined, then the linear complexity can
easily be computed. This leads us to not only try to determine
the linear complexity of the various important sequences but
further analyze them to the point where we could determine
their trace representations. Furthermore, trace representation of
a sequence gives very specific insight on its “easy” generation
using one or more linear feedback shift registers for engineering
applications [10]. This paper focuses on those cyclic difference
sets described in Fact 1 which covers some important classes
of sequences including cyclic Hadamard sequences [9], [33].

Some historical remark follows. Linear complexity of
quadratic residue difference set sequences (also called as Le-
gendre sequences) has been determined earlier in [36] and [28],
later independently in [5]. Trace representation of these se-
quences of period p which are Mersenne prime was determined
in [25], and for any odd prime p in [20] which reconfirmed
the calculation of its linear complexity. Trace representation
and linear complexity of Hall’s sextic residue difference set
sequences of period p which are Mersenne prime have been de-
termined in [22]. It is well known that there are only three such
primes, namely, 31, 127, and 131071. Linear complexity of
these sequences in general has been determined in [19]. Trace
representation of these sequences of periodp =7 (mod 8) is
determined [21] and the case where p = 3 (mod 8) has been
open quite for some time.

In this paper, we explicitly determine the trace representations
of the characteristic sequences of all the cyclic difference sets
mentioned in Fact 1, all of which are new, except for the cases
of quadratic residue difference sets and of Hall’s sextic residue
difference sets forp = 7 (mod 8).

For this, we define eth power residue sequences of period
p, which include all the binary characteristic sequences men-
tioned above, and reduce the problem of determining their trace
representations to that of determining the values of the gener-
ating polynomials of cosets of H. in F}; at some primitive pth
root of unity, and some properties of these values are investi-
gated. Based on these properties, trace representation and linear
complexity of not only the characteristic sequences mentioned
above, but of all the sixth power residue sequences are deter-
mined. Furthermore, we have determined the linear complexity
of a nonconstant eth power residue sequences for any e to be
either p — 1 or p whenever (e, (p — 1)/n) = 1, where n is the
order of 2 mod p.
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This paper is organized as follows. Section II develops gen-
eral formula for trace representation of eth power residue se-
quences of period p. It has five subsections: (A) the notation
and properties of parameters in this paper, (B) definitions of
a defining pair of a sequence and more, (C) the linear space
of binary eth power residue sequences over F5, (D) introduc-
tion of e-tuples ¢ = (co,c1,.-.,Ce—1) Where ¢; = ¢,:(8) for
0 < 7 < e which will be defined and investigated in full, and
finally, (E) final formula in Theorem 5. All six Theorems in
Section II are new. Section III discusses some applications of
earlier development in Section II to some specific eth power
residue sequences of period p = 1 + ef. These include (A)
the case e = 2 (quadratic residues, known and rediscovered),
(B) the case ¢ = 6 (sextic residues, the case p = 7 (mod 8)
is known but the case p = 3 (mod 8) is new), (C) the cases
e = 4,8,10 in which eth residue cyclic difference set exists,
which are all new. Finally, Section IV summarizes this paper
and presents some remaining open problems.

II. GENERAL FORMULA FOR TRACE REPRESENTATION OF €¢TH
POWER RESIDUE SEQUENCES

A. Preliminary and Notations

We will begin by describing some notations for this paper. We
let I, be the finite field of size ¢ for any prime or prime power
q- We let p be an odd prime, and let Fj; = F},\{0}, which is the
cyclic multiplicative group mod p. We fix a pair (p, ¢) such that
p=1+efwith f>1,andlet H. = {z° | ¥ € F; }, which s
a subgroup of F;. For any k € I, the coset kH. = {kz|r €
H.} of H, will be called simply H.-coset, and we write kH, =
—H, when k£ = —1. We let n be the order of 2 mod p, and let
c=(p—1)/n.Weletd = ged(c,e), and let e; = e/d. We let
6(x) be 1 or 0 according to whether the integer « is odd or even,
respectively, and let v = (e/2)6(f). It is known that there exists
a primitive pth root of unity in F5-, we let « be such a root, and
let < a >*=< a > \{1}, where < a >= {a’ | 0 < i < p}.
For any field F' (say, F' = F, or F5») and any positive integer
m we denote by F(™) the set of all possible m-tuples over F,
ie, F(") = {r = (ro,r1,.-.,7m_1)|r: € F}, and denote
by wpg(r) the Hamming weight of any tuple r, i.e., the total
number of nonzero elements among 7;,0 < ¢ < m. Denote
Tri(7) = D ocicn 22", which is the trace function from Fy to
Fy. We denote the algebraic closure of F5 by Fo.

We list some properties of the parameters mentioned above
for later use without proof. Some items are well known, and
others can be proved easily (refer to [14]).

Lemma I (Properties of the Parameters): Letu be a generator
of the cyclic group F}.

1. [ is a primitive pth root of unity in F'5 if and only if § €<
a >*.
H, =< u® > and F; = U0§i<euiHe.
<2>=<u’>C F; and F;‘ = Up<icctt! < 2 >.
e1|n, and hence, Fey C Fon.
—H. = w”H,, where v = Pézﬁ thatisv = 0if f =0
(mod 2),andv = §if f =1 (mod 2).

A e
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6. Denote by k the element kH,. in the quotient group
Fy/H.. Then

ord(2) = ord(ud) = ey,

in other words, 2°* € H, but2' ¢ H.if 0 < i < ej.
In particular, < 2 >=< ud >C F}/H., where ord(2)
denotes the order of 2 in Fy/H., and < 2 > denotes the
group generated by 2 in F} / H.. Similarly for ord(u?) and
<ud > Asa consequence, there exists an integer A such
that u?H, = 2*H_ and gcd (), e1) = 1, and ) is uniquely
determined up to modulo e; by u when e; > 1. Denote this
A by Ay, and denote by u,, the inverse of A, modulo ey,
then ud*« H, = 2H.. Moreover, let m be the integer with
the property gcd(m,p —1) = land m = p,, (mod e;)
(it is known that such m does exists), then v = u™ is a
generator of F; and A, = p, = 1. Whene; = 1 or
e = d, we have 2H, = H, = u?H,, and hence we may
put A = pu = 1.

7. d is the maximal integer dividing e such that 2 is a dth
power in the group F}.

B. Defining Pair, Trace Representation, Minimal Polynomial,
and Linear Complexity

In the remaining of this paper, we keep all the notations in
Section II, unless specified otherwise. In this paper we consider
only binary sequences of period p. Let s be such a sequence, we
denote its tth element by s(¢)(€ F3), and denote its minimal
polynomial (MP) by mg (), denote its linear complexity (LC)
by LC(s). In this section, we will define “defining pair” for s,
and show that the trace representation (TR) of s and both ()
and L.C(s) can easily be obtained from the defining pair of s.

Given a binary sequence s = {s(t)|t > 0} of period p and
a primitive pth root 3 of unity (i.e., 8 €< a >*), we have a
function g(z) from < a > to F; as follows:

g(8") =s(t) Yt>0. 3)

Recall that n is the order of 2 mod p. It is clear that g(z) can be
represented as a polynomial with coefficients from F», which
is a function from Fs» to F»[23].

Definition 1 (Defining Pair of Sequences): The polynomial
g(x) together with (3 satisfying (3) form a pair (g(x), 3), which
will be called a defining pair of the sequence s; and § will be
called the defining element, and ¢(z) the defining polynomial
of s corresponding to (.

Note that if g(z) is a defining polynomial of s corresponding
to 3, then (g(z) + (zP — 1) f(x), B) is also a defining polyno-
mial of s corresponding to /3 for any f(z) with coefficients in
Fyn . Therefore, the defining polynomial g(z) can be considered
as aresidue class of polynomials modulo z? — 1. Moreover, ob-
serve that the defining polynomial of s corresponding to a given
defining element (3 is uniquely determined up to modulo z? — 1
by the following lemma.

Lemma 2: Let f(z) = Y, fiz" and g(z) = Y, gix® be two
polynomials over Fy-, and let (3 be a primitive pth root of unity,
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ie, B e<a>*1If f(5') = g(B") Vt>0,then f(z) = g(x)
(mod 2P — 1).

The index ¢ in s(t) or in A or in x?
be considered as an element in F}, since s(t) = s(t + pk),
Btk = gt and 2ttPk = ' (mod 2P — 1) for any integer
k. Therefore, for the sake of convenience, we will agree the
following equalities. Here, a; € F»~ is arbitrary

a;xt = a;z'  (mod zP — 1
> > aint ( )

(mod 2P — 1) can

0<i<p i€F,
I T
E aiff* = E a;f3
0<i<p i€EF,

which make sense and would not cause any confusion.

Definition 2 (Hamming Weight of Polynomials mod «* — 1):
For a polynomial residue class g(z) = ) gc;.,7i?'
(mod zP — 1), the total number of the nonzero coefficients r;,
0 < i < p, will be called the Hamming weight of the class g()
(mod P — 1), and will be denoted by wg (g(z)) or simply by

wr(g)-

Lemma 3 (Defining Pairs Determining MP, LC, and TR): Let
u be a generator of F¥, and let § €< a >* be a primitive
element, and let p;(z) be the irreducible polynomial over F
with 3% as a root. Let (g(z), 3) be a defining pair of a given
binary sequence s = {s(t)|t > 0} of period p, and let g(z) =
YicF riz'  (mod 2P — 1). Then r; € Fyn Vi € F,, and
9 € b 5, and s has a trace representation as follows:

S(t) =179+ Z TI'?(T"iﬂt"i)., t> 0,
0<i<e

“

where % is not conjugate to the element 5% for 0 < i < j <
c; and

ms(x) = (z = 1)°) x ] pila); ©)
ui 70
OS'i<c
LC(s) =wn(g(2))- (©6)
Proof: The proof can be done in the same way as in
[10, Ch. 6]. ]

C. Space of eth Power Residue Sequences of Period p

Definition 3 (eth Power Residue Sequences): We say a binary
sequence s = {s(t)|t > 0} of period p = ef +1 is an eth power
residue sequence if s(¢) is constant on each of the H.-cosets in
Fx.

pThree examples follow. Given k € FI’)" , the coset kH, de-
termines an eth power residue sequence by = {b(t)t > 0},
where bi(t) = 1 & t € kH,.. We call by, a single coset se-
quence. The index k can be also understood as the coset kH.,
since b, = b; whenever kH. = jH.. There exist totally e
single coset sequences, and they can be represented by b,
0 <@ < e, where u is any given generator of F};. The sequence
§={8@)|t >0}, 6(t) =1« t=0 (modp),isan eth
power residue sequence for any e, which we call §-sequence.
The sequence 1 = {1(¢)|t > 0}, 1(t) =1 V¢ > 0,is an eth
power residue sequence for any e, which we call all-1 sequence.
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Let u be a generator of F;". Then it is clear that

0<i<e

For any given eth power residue sequence s = {s(¢)|t > 0}, it
is also clear that

S =a.d + Z a; b,

0<i<e
_Ja; ifte u'H,
& st)= { a, ift=0 (mod p) ®)

Theorem 1 (Space Spanned by eth Power Residue Se-
quences): The set of all the eth power residue sequences of
period p (= 1 + ef), denoted by L, is a linear space over
F, of dimension e + 1, and {b,:|0 < i < e} U {l}isa
basis of £ over F3 for any given generator u of F;. In par-
ticular, any eth power residue sequence s can be uniquely
expressed as either s, or 1 + s,, where s, = ZO<Z<€ a;byi,
a = (ag,ay,...,a. 1) € F(e)

Proof: Obv10us We note that the basis of £ over F5 could
be alternatively taken as {b,:|0 < i < e} U {¢}, and then any
eth power residue sequence s can be uniquely expressed as in
(8). ]

D. Generating Polynomials of Cosets and Related e-Tuples

Definition 4 (Generating Polynomials of Cosets): Given k €
F;, the generating polynomial of the coset k H. is defined as

Z zt (mod 2P — 1) 9)

i€kH.

which will be denoted by ¢ (z).

Definition 5 (e-Tuples and Matrices Related to Cosets): The e
generating polynomials will be ordered as an e-tuple according
to any given generator u of F*, denoted by Y, (), and written
as a column vector

Yu(x) = (cpo (@), cui (), ... cue—1(x))"
where T is a transpose. Correspondingly, the e elements c,,: (),
0 <7 < e, which are values of ¢,: (z) atz = f €< a >*, will
also be ordered as an e-tuple over Fb» (since € Fon) as

(10)

Cu(ﬂ) = (Cuo (ﬂ)/ Cyl (ﬂ)? ceey Cye—t (ﬁ)) (11)

Based on the e-tuple ¢, (), we define an e X ¢ symmetric ma-
trix as follows:

(cij)s

It is clear that the index 7 in both ¢,i () (mod zP — 1) and
¢,i(0) in the above definition can be understood as a number
modulo e, since u'T*H, = u'H., hence cyi+c(z) = cui(z)
(mod 2P — 1) and cyi+(8) = ¢,: (). We now state and prove
some properties of these in the following.

Cu(ﬂ) = Ci,j = Cyiti (/8)7 0 S Z,j <e. (12)
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Lemma 4:
1. Letk,l € F, then we have the following:
(a) ck(x)2 = cx(2?) (mod P —1).
() cr(z!) = cp(x ) (mod z¥ — 1). As a consequence,

cr(al) = ex(a?)
JH e
) cr(2)*" = cp(x) (mod 2P —1).
2. LetuH, (u € F;) be a generator of F;‘/He, and let A =
Aus b = [iy, Where A, and p, are defined in Lemma 1.

Then

(a) Zogi<e cui (T) = EO<_]<p (mod 2? — 1) ;

(b) cyitai(z) = cyi (a:)2 " (mod z? — 1), Vi, j and
Cuitani () = cyi(2)?  (mod xP — 1), V4, j. (This
will be called the conjugacy property of the tuple
Y. (z) in Definition 5.)

3. wy(rYu(z)) =

(mod z? — 1) whenever [H, =

fwg(r) forany r € 7.

Proof:
1.
() ex(w)? = ( ) )
= Z 2% = ¢ (2?)  (mod 2P — 1).
z€H,
(b)  cx(at) = Z 2™ = ¢y(z)  (mod zP —1).
z€H,
() en(@)”" =cr(@™) = cron ()
=ci(z) (mod z? —1)

(since 2°* € H.).

> >

0<i<ez€H,.

Z 2 (mod z¥ — 1).

0<j<p

(a) Y cuil)

0<i<e

From 2¢* € H, and u’H, = 2\H, (Lemma 1) and the
above item 1, we have

(B) Cyitas (T) = Cuions () = ci (z)

=cyi (x)zxj (mod z? — 1);
Cuitani () = Cuinni (1) = Cyini () = cyi(z?)
=cui(x)?  (mod 2P —1).

3. Letr = (70,71,...,7e_1). Note that H, = {u®/|0 < j <

f}, we have

Cy (x) _ Z xui+ej

and
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then
witei
wg (rYu(z)) = Z wg( Z T )
0<i<e 0<j<f
;70
=f > 1= fwu(r).
0<i<e
7‘1'7&0

Now, consider the set C of the e-tuples ¢, () over all u and
(. That is,

CE{cu(B) | <u>=F;, Be<a>"} (13)

Take a generator uH, (u € F};) of F;/He, it is clear that
cE {cui(,@“j) |0<i<e, ged(i,e)=1,0< 75 <e}.

Definition 6 (Cyclic Shifts and Decimation on e-Tuples): Let
Q) be the set of all possible e-tuples over Fs. It is clear that
C C Q.Letx = (zo,x1,...,%e—1) € 2. We define L to be
the cyclically left-shift operator and Dy for 1 < A < e and
(A, e) = 1 to be the A-decimation operator over € given as

(14)
(15)

. 7‘176—1-,370)

D)\X = (:E07:E)\7:E2)\7 N 737(6—1))\)-

Lx =(z1,22,..

It is clear that both the operators L and D) are invertible.
Let G be the group generated by the operators L and all D,
(\,e) = 1.1t can be easily checked that Dy L* = LAk Dy,
where A\~ is taken mod e, and the size of G is e(e), where ¢
is the Euler’s-¢-function. It is known [14] that the elements in
Q are divided into some equivalent classes under the action of
the group (G, and that two elements x and y in € are equivalent
under the action of the group G (in short, G-equivalent, and
denoted by x ~ y) if and only if there exists o € G such that
o(x) =y.

Lemma 5 (C is an Equivalent Class): We have

Lic,(8) =c.(B¥) €C, Vi;
DA(CU(B)) =Cyx (/8) € C> V)‘ : ng()‘>e) =1L

(16)
a7)

Furthermore, the set C is an equivalent class under the action of
the group G.

Proof: We have, by Lemma 4

Li(cu(B)) = (cas (B )t (B, .-, cuemr(B))

=cu(8") €C
and
Dk(cu(ﬂ)) = (Cuo (/8)7 CyX (ﬁ) Cy2x (/6) <oy Cyle=1)2 (5))
=Cy (ﬁ) eC.

This shows that the set C is closed under the action of the group
G.

Now, it is enough to show that ¢, () ~ ¢, (") for any two
generators uH, and vH, of F, ; /H, and any two elements (3 and
B in < a >*. We may assume vH, = u™H, for some \ with
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(A, e) = 1, and assume ' = ﬂ“k for some k. Then, from (16)
and (17) we have

co(8) =, (8) = L¥(cu(B)) = L*(cur (B))
= LkD)\(CU(ﬂ))

which proves ¢, () ~ ¢, (3) . |

Theorem 2 (Properties of c,,((3)): Let uH, be a given gener-
ator of FIj‘ /H., and let 3 €< a >*. Denote by I,,, the identity

matrix of size m for any positive integer m, and denote by I éd)
the matrix which is made of the first d columns of I, and denote
by J. the all-1 matrix of size e X e. Denote simply

Sy Ce—1) = cu(f)
ed(f)
2

where ¢, (), C..(f3) are defined in Definition 5, and \,,, j,, are
defined in Lemma 1. Let " be the square matrix of size e given

as
s 0 1
(% o)

where 7 is a transpose and O is the all-0 row vector of length
e — 1. Then
1. > o<ice €i = 1. In particular, ¢ # (0,0,...,0).
2. ¢ € Foe,0< 1< €. )
3. Citdj = CizA'7 and Citdpj = Cizj, 0<i<d, 0<j<ey.
4. T¥C? = fJ. + I.. In other words, Zogi<e CiCitvtj =
f+6(j) forall 0 < j < e. In particular, the matrix C
is ig\éertible. Furthermore, if we let C = C + J., then
e = fJ. + I..
5. The tuple ¢ has no “period” less than e.
6. Lete; = Tri*(c;) € Frforalli,andlet E = (¢; ;) be a
square matrix of size d, where ¢; ; = €;4;. Then
@ e =Tr{"(ci) = Dg<jce, Citdj-
(b) €i+d = € V1.
© 2ocicati = 1.
(d) F is invertible.
(e) Inthe case when d > 1, there exists at least one 7 such
that ¢; = 0 among ¢;,0 < j < d.
7. wg(c) = eaWy and Wy > 1, where W, 2 wH(gléd))
is a constant on the set C, where C is defined in (13). In
particular, W; = 1 and wg(c¢) = e when d = 1.

Ci :Cui(ﬂ)v c= (007017- -

C= Cu(ﬁ);

A=Ay W= fhys V=

(18)

Proof:

1. From 20§i<8 Cyi (‘T) = 20<j<p .T]
(Lemma 4) we get

Z c; = Z cui(B) = Z B =1.

0<i<e 0<i<e 0<j<p

(mod z? — 1)

2. From (c) of item 1 in Lemma 4, we have c,:(7)?" =
cui(z) (mod 2P — 1), and then c¢,:(3)*" = cui(B),
hence ¢; = ¢,i(3) € Faer.

3. From (b) of item 2 in Lemma 4 we have, for 0 < 7 <
d, 0<j<e

(mod 2* — 1)

(mod z? — 1)

Cuitdi (T) = Cyi (a:)QAj

Cpitdpj (LE) = Cyi (113)2]
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which leads to the desired result by substituting § into x.

4. Let C* = TVC = (c};), then C*C = I"C2? Let C =
(ci,j), we have ¢; ; = c;4; by definition. From the defini-
tion we have

Cij = Cutij = Cutitj = Cuvtiti (B)-

Then, based on the fact that
see

—H, =4"H, (Lemma 1), we

c::]- = Cyv+iti (/3) = C_yit+i (ﬂ) 0< i,j < e. (19)
Let C*C = (d; 1), then it is enough to prove d; , = f +
0i.k, Vi, k, where 0, 1, is the the Kronecker delta symbol:
0ir = 1ifi =k, and 6, ,, = 0if ¢ # k. From (19), we see
IO = (cf;), where ¢}, ; = c_yi+i (). Then

di Z

C;:jcj,k: Z c—1l.i+j(ﬁ)cuj+"'(/8)

0<j<e 0<j<e
Z Z it Z Jj+k
— /8 u x /Bu y
0<j<e |z€H, yEH,

l[g1l.j+km(z—1l,i_k)

2. X

0<j<e z€H.,z€H.

use z 2 yzr~!
Yy

DR DR

0<j<e xz€H.,z€H,
A ke, . i—k
(use 7. 2 v w0y

= )

wGFP*,ZGHe

(use w2 ulx).

It is easy to see that, for z € H,

“"Yz -1 = uﬂuk(zfui_"') - 17
:>LL,UI7, k_zEHW
e

=>%=k

=>4%=k z=u"=1

(mod e), u'™F=2"

and the inverse is obvious. So we get, for z € H,

“’Yz =17 & % = k‘,Z - 17

Now we evaluate the value of ¢}, separately for the case
1 # k and the case ¢ = k, with the fact that v, €< a >.In
the case when ¢ # k, we have 6; , = 0 and -y, # 1 for any
z € H,. Therefore

dig = Z vy

'wEF; ,2€H,

> >

z€H, wGF;

Zl=f=f+51:,k~

z€H,.
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In the case when ¢ = k, we have 0; ;, = 1 and we distin-
guish whether «y, is 1 (z = 1) or not (z # 1). Therefore

dix = Z ’Y;“

[l
JANgI
T
M

1#z€H.
wGF* wEF*
=p—1+ Y ¥
z#1
weFy

hence IVC? = C*C = (d; ) = (f + 6ix) = fJe + L.
The equivalent expression comes easily from the observa-
Citv4j- TO show that TVC"
fJe + I, it is enough to show that C = (2. Recall that
C'is over Fyn, i.e., the field of characteristic 2, and we re-
strict the value of e be even from 2 to 12. Therefore

tion that Ci,j = Citv,j =

C=(C+J)2=C2+CJ,+ J.C+ J> = C?
since C'Je = (Y <. Ci)Je = J.C and JZ = 0.

5. Assume the period of ¢ is less than e, say, equal to k. Then
the kth row of C will be the same as the zeroth row of C,
and, hence, C is not invertible, a fact which contradicts to
the above item 4.

6. Keep the notations in the item 3.

a) From the fact that ¢; 1 4,; = c

e =Tr"(¢) = E c

0<j<er

Z Citdpj = Z Citdj-

0<j<er 0<j<e1

(1tem 3), we see

.. Aj
b) From the definition of ¢; and the fact that ¢;1.4; = cf !

(item 3) , we see

N
civaj = Tri* (civas) = Tri (] ) = Tri* () = .

¢) From item 1 above,

Sa= Y Y - ¥ ast

0<j<d 0<j<d0<j<ey 0<j<e
d) Note that
(EIEI N E)=(lalla| ... [12)C

and the fact that C' is an invertible matrix, we get

rank(E) =rank(F |E| ... | E)
= rank(([d | Id | .. | I,I)C)
:rank(([d | Id | [N |Id)> =d.
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e) Ifalle; = 1, then E = J,, and then rank(E) =
rank(.JJ;) = 1. But from the above (d), we see
rank(E) = d, a contradiction to the assumption
d> 1.

7. Since wg(c,(B3)) is unchanged under the action of the
operators L and Dy, ged(\, e1) = 1, we see wr (c.(f))
is a constant on the set C from Lemma 5. Observe that
gIe(d) = (co,C1,-- -, ca_l)Iéd) = (cp,c1,---,Cd—1). From
the conjugacy property of the tuple c,(f3) (the item 3
above), we see that wg (¢, (0)) = ele(cu(/i’)Ie(,d)), and
hence, wH(c,,L(ﬂ)Lgd)) is also a constant on the set C.
From the item 1 above we see ¢ # (0,0,...,0), hence,
wg (Cy (ﬂ)[éd)) > 1. In particular, when d = 1, we have
e = e,and 1 > wH(cu(ﬂ)Lgl)) = wg(co) > 1, then
wH(cu(ﬂ)Lgl)) =1, hence we have wg(c) = e; x 1 = e.

u

The property stated in the item 3 of Theorem 2 will
be called the conjugacy property of the e-tuple vector
cu(B) = (cuo (8),cuo(B), . - -, cye—1(f)) in Definition 5, which
is denoted by ¢, (3) = ¢ = (co,¢1,..-,Ce—1) in Theorem 2.
We will use this notation in the remaining of this paper. We will
further analyze the conjugacy properties of this e-tuple vector.

Lemma 6: Leta € FQ(E) and aC = (rg,71,...,7e—1). Then
1. The tuple aC has the conjugacy property in the sense as
shown

A i
’ T’H'dllj =T

vj.

2
Titdj = T;

2. U)H(QC) = ele((rmm, PN ,T‘dfl)).
3. (La)C = L=Y(aC).

Proof: We will show only the first item. The remaining
ones are easy to check from this. Note

r; = Z AkCl,i = Z akCk+i, 0 1 < e.

0<k<e 0<k<e

From the conjugacy property of ¢ (refer to the item 3 of Theorem
2), we have

oM
E Ok Chyi

Titdj = E Ak Ck i+dj =
0<k<e 0<k<e
2)\.7
2N
=| > akcryi =7
0<k<e
and
_ _ 27
Titdpj = E, AkChk,itdpj = E AkClyi
0<k<e 0<k<e
2j
2j
= E Ak Ch+i = -
0<k<e
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Lemma 7: Let

forall a = (ag,a1,...,a0_1) € FQ(S). Then both £ and &, are
bijective maps from FQ(E) to F. 2211) ; and ( is a surjective map from
F2(e) to Fhe,.

Proof: Denote 12 =
(r0sT1,---,7a_1) € Féi). Forany a € FQ(E) and any b € FQ(E),
from the conjugacy property of aC (Lemma 6), we have

'./...,7"311) for all r =

aC =(r, QQX,. ) [T(eﬁl)), where
r=(ro,r1,...,7a—1) = &(a) = aCI{?P (20)
bC = (s, §2k - ,§2M6171)), where
s =(50,51,..,54_1) = £(b) = bCTD. 1)

If a # b, then aC # bC, since C is invertible from Theorem
2; and then we see r # s from (20) and (21), i.e., &(a) # &(b).
Hence ¢ is injective. And then, £ is surjective since the domain
space of ¢ has the same size as its image space: |F2(e)| =2¢=
2e14 = |F{%)|, where |F{”)| denotes the size of the set F}*)
(similar for Fz(ill) ). Therefore, ¢ is bijective.

component ¢;(a) is a function from F,” to Fye,. It is clear
that £o(a) is surjective since &(a) is surjective . Therefore, ((a)
is surjective since ((a) = &p(a). The bijection of &, can be
proved similarly. |

The following result should be well known, but no explicitly
written publication was found as far as authors are concerned.
Therefore, for the sake of completeness, we give a proof, in
Appendix. Let S;, 1 <7 < m, be subsets of F5, and their sum

be given as Z1gi§m S; = {E1gigm si | si € Si}.

Lemma 8 (Sum of Subfields): A finite field F' is not a sum of
its proper subfields.

Theorem 3: Among the d values ¢; = ¢,:((),0 < i < d,
there exists at least one 4 such that F5(c;) = Fhe,. Moreover,
when d = 1 (e = e;), the e elements 3,0 < j < e,
make a normal basis of Fye over Fy, and ¢g € Fse satisfies
Trf(c(l)'”k) = f+1fork =v (mod ¢)and Trf(c(lﬂ'zk) =f
fork #v (mod e). |

Proof: Let ¥ = {} ;.. aicila; € F>}. From Lemma 7
we have ¥ = Fje, . Then, from Theorem 2 we see

F2F1 =X Q Z FQ(CZ')
0<i<e

PORRZICHES)

0<i<d
0<j<ey

= Z Fy(e;) C

0<i<d

Fyey
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and thus Fhey = 370, ., F5(c;). Therefore, from Lemma 8 we
see there exists at least one 4 such that F5(c;) = Fye;. When
d = 1, we have ¢; = e. From Theorem 2 we have

2j
E a;Cci = E AitdpjCitduj = E GpujCo
0<i<e 0<i<d=1 0<j<e
0<j<e1=e
and then
FQe :FQEl =Y = E a;C; aiEFQ

0<i<e

_ 2
= E:awco auj € Fo

0<j<e

which means that e elements cgj, 0 < j < e, make a normal
basis of Fye over F5. Finally, using the item 4 of Theorem 2,
when d = 1, we have

142F)2¢
Z CE) = Z CiCitk

0<i<e 0<i<e

:{}‘-Fl ifk=v=2%6(f)

otherwise.

Tr§ (i) =

(mod e)

E. e-Tuples and Defining Pairs

We have seen that any eth power residue sequence is of the
form s, = Yyc;ce @iby: or 1+ s, for some ¢ € Fi”. Tn
studying the defining pair for eth power residue sequences, note
that (1+g(z), 3) is a defining pair of 1 +s, whenever (g(z), ()
is that of s,, so we need pay attention only to the eth residue
sequences of the form s, = ZO<i<e a;byi.

Theorem 4 (e-Tuples Determining Defining Pairs): Let u be
a generator of F¥, in particular, uH, is a generator of F;," /He.
Let

Sa = Z a;by €L, a=(ag,a1,...,00-1) € Fz(e).

0<i<e
Then

a’CYu(x) = Y ¥ eu(x)? (22)

0<i<d

0<j<er
= > e (23)

0<i<d

0<k<e:f
where r = (ro,71,...,7d-1) = gF”CIe(d). Furthermore,

(ga(), B) is a defining pair of s,, where

9a(z) = fwg(a) + al'” CY,(z).

Proof: Denote R = aI'’C = (Ry,R1y,...,R.—1) and

’

yi(x) = cui(x) . Itis clear that R; = r; for 0 < ¢ < d. Note
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that the index 7 in both R; and y; () are understood as a number
modulo e, we have

alCY,(z) =

0<i<e

= Z Ri—l—dﬂjyi-i-dpj

0<i<d
0<j<er

= Y Ry)”

0<i<d
0<j<er

= Z r?j Cyi (:E)Qj

0<i<d
0<j<er

> Riyi(x)

0<i<e

. R':I?“7+P’
- § 2

0<i<e
o<i<f

Xj . iddjtel
= g RY" z¢ (Lemma 6)
0<i<d

0<j<er
0<I<f

AGterl) g itditerd)
= E r? "

0<i<d
0<5<er
o<i< f
(since 7; € Fyey)
. oMk itdk
= E r; .
0<i<d
0<k<er f

and
alCY,(z) =

For the second part, we first consider the case when

a=v;= (810,81, 8ie1) EFY0< i< e (24)
where 6, ;, is the Kronecker delta symbol, that is 6; ;, = 1 if
i =k, 6, = 0if i # k. Itis clear that Sy, = b,:. Let
C* =T"C = (cf;), then C*C = rvc? = fJ. + I, from
Theorem 2. Recall C' = (¢; ;) with ¢; j = ¢, thus

Z C;jC]"k =f+ 5i,k Vi, k. (25)
0<j<e
Note that fwg(v;) = f, and
Q’LIWC :Qic* = (sz C’T,h RN cze—l)v
K,(il}') - (Cuo (.T), Cyt (117), DI Cuefl(x))
we get
o, (£)=f+ Z c,’f’jcuj (z) (mod z? —1). (26)

0<j<e
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Note that

D Gi= D amin= ) o=l

0<j<e 0<j<e 0<j<e
cuj(/go) = Z 1= f7
0<5<f
Cyi (/Bf) = Cujt(/B) = Cuerk (/8)

=Cj+k = Cjk, Vit € ukHe.

Therefore, fort = 0 (mod p)

(@) =14 Y s =141 Y €
0<j<e 0<j<e
=f+f=0=by(t), Vt=0 (mod p).
Fort € u"H,
() =1+ Y el = 1+ Y e
0<j<e 0<j<e
:f + (f + 6z,k) = 6i,k = bui(t)7 VYt € ukHe,

Therefore, g, (3%) = by:(t) Vt > 0, which proves the theorem
for the case when a = v,. Since

Sa = E aibui = E aisyi

0<i<e 0<i<e

we see (h(z),3) is a defining pair of s,, where h(z) =
> 0<i<e @iy, (7). We have

h(z) = Z aigy, () = Z a;(f +v,T"CY,(z))
0<i<e 0<i<e
=f > ai+ > anl"CY,(z)
0<i<e 0<i<e
= fwr(a) + al”CYy(z) = go(z)
which proves the theorem. |

We now arrive at the final formula for the trace representation
of general eth power residue sequences of period p. Given an eth
power residue sequence, one can uniquely determme the corre-
sponding e-tuple a = (ag, a1,...,0c—1) € F( (See Theorem
1). This e-tuple uniquely determines its deﬁning pair (ga (), 8)
(see Theorem 4). Then, from this defining pair, one can deter-
mine the trace representation, minimal polynomial, and linear
complexity of the sequences as in the following.

Theorem 5 (e-Tuples Determining TR, MP, and LC): Let

sa:Ea

0<i<e

by = {s4(t),t >0} € L
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where a = (ag,ai,...,a._1) € FZ(Q). Denote

R=(Ro,Ry,...,Re_y) = al”C € FS),
€a =0(fwr(a)) € {0,1},

(=1)%2 € {+1,-1}.
Then the following are true:

1. For the sequence s,
(a) A trace representation is given as

o () =eq + Z Tr(R; A1)
0<i<e
=eat+ Y TrEEE AT, V>0 @)
0<i<d
0<j<c/d
(b) The minimal polynomial is given as
me,(r)=(@-1)=x [[ pita() (28)
i ;éO
0<i<d
0<j<c/d

where p;(x) denotes the irreducible polynomial over
F, with 8" as a root.
(c) The linear complexity is given as
LC(sa) = a + fwn(R) = ca + ferwn(r).  (29)
In particular,
i. When's, = by, for each 0 < 7 < e (a single coset

sequence):
LC(by:) = 6(f) + feaWa, (30)
where W, is defined in the item 7 of Theorem 2.
ii. Whend = 1:
— p_1+6g7 g#((],IO)
LC(sa) = {0, a=(0,...,0). @D

2. For the sequence sz, where L is the cyclically-left-shift
operator in Definition 6, we have

LC(sra) = LO(s,).

3. For the sequence 1 + s,, we have

=(z —1)% x msi(a:)
=A, + LC(sq).

ml+si($)
LC(1+s,)

Proof:
1. From Theorem 4 we see the polynomial

—ey n Z ZM

0<i<d
0<k<eif

witdk
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is a defining polynomial of the sequence s, corresponding
to the defining element (3, and then, both the trace repre-
sentation (27) and the minimal polynomial (28) can be ob-
tained from the item 1 and item 2 of Lemma 3 respectively,
and the linear complexity (29) can be obtained from the
item 3 of Lemma 3 and the item 3 of Lemma 4. The linear
complexity of two special cases can be determined as fol-
lows:
i. We know that

R=v,I"C = (cyyis Cogit1s s Cotite—1) €C.

Therefore, wy (R) = e Wy from the item 7 of The-
orem 2.

ii. Inthe case whend = 1, we havee; = eand &,(a) €
Fye. From Lemma 7 we see &,(a) = QF”CIP(,U #0
whenever a # 0, hence wH(gF”CIe(l)) = 1. There-
fore, whenever a # 0, we have (31) as

LC(sa) =e4 + fwg(alC)
=cq + ferwg (al”CIY)
=cea + fe1 =ea + fe
=g, +p—1.

2. From Lemma 6 we see (La)[VC = L=1(al'C), hence
wy ((La)TYC) = wyg (L™ (al'VC)) = wy (al” C)

and then

LC(SLQ)

a(La)) + fwu((La)l™C)
m(a)) + fwp(al”O)
(sa

w
w

6(f
o(f
LC

~—

3. Weassume g(z) = ¢+ Y, 7@ is a defining polyno-
mial of s, corresponding to 3 ,pwhere e=0orl1,then1+
g(x) = 14+e+Y,cp. riz’ is adefining polynomial of 1+
s, corresponding to ﬂp Now, let m*(z) = HT#OyieF: (z—
B%). Then m(x) = (x — 1)*m*(x) is the minimal polyno-
mial of s, and mq(z) = (v — 1)’ (=) m*(z) is the min-
imal polynomial of 1 + s,. Since it is easy to check that
0(1+¢e)—e=(-1)¢ = A, we have

(.17 _ 1)5(1+5)m*(x)
(:U _ 1)6(1+a)—sm($)

= (x - 1)*m(x)

mi(x)

and
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An immediate application of this to the sequences ¢ and 1
seems to be intuitive and interesting. Let

P —1
() =T r =14+ Y o),
0<i<e
gi(z) =1.

Then (gs(x), () is the defining pair of 6, and (g1 (z), ) is that

of 1, for any primitive pth root of unity 3, and LC(§) = p — 1
and LC(1) = 1.

Theorem 6 (Distribution of Linear Complexities): The linear
complexity of any eth power residue sequence of period p must
be of the form 7+ ke f forsome k € {0,1,2,...,d} and some
n € {0,1}. Moreover, let N, ., s be the total number of the eth
power residue sequences of period p with the linear complexity
being equal to 1 + key f, then

Nytherf = <Z> (2 -1, 0<k<d

In particular, when d = 1, we have N,,_; = N, = 2° — 1 for
k=1and Ny = Ny = 1fork = 0.

Proof: Recall the bijective map &, (a) = gF"CIéd) from
F{9 to F{*) in Lemma 7. Let

Ry = {[ S F2<:11)

wp(r) =k},
and let Ay, be the pre-image of Ry under the map &,, i.e.,
Ar={a € K16, (a) = al"CID € Ry},
and let
Apy =A{a € Arl6(fwr(a)) = n},

It is clear that Ay, = A o|J Ag 1, and that

n € {0,1}.

LC(s) =e1fk

& “s=s,,a€Aypor s=1+s,, a € A1,
LC(s) =1+eifk

& “s=sg, a€Ap10r s=1+45,, a€ App.”

9

Therefore
Niterpre =[Aro U Ag | = [Ax] = | Ry
d
= <k> (281 - 1)k7 ne {071}
[ |

III. DETERMINING THE PARAMETERS FOR SPECIFIC eTH
POWER RESIDUE SEQUENCES

A. Trace Representation of Legendre Sequences, Rediscovered

Let p = 2f + 1 be an odd prime. The trace representation
[20] and the linear complexity [5], [20], [28], [36] of a Legendre
sequence of period p have been studied earlier by many. It would
be an interesting exercise to use all the theory and formula in the
earlier sections to recalculate these. The minimal polynomials
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TABLE 1
CLASSIFICATION OF THE PRIMES p = 6f + 1 WITH f ODD AND 4p = @ + 27b?, THE VALUE OF d = (6, ¢), AND A REPRESENTATIVE ¢ € C

p (mod 8) & a and b | 2 belongs to ‘ d H ceC comments

7 & both even Hg 6 | (1,1,0,1,0,0)

3 & both even H3\He 3| (w,1,0,w?,1,0) Wtw+1=0
7 & not both even H>\Hs 2 (1,792 9%, 9%, 9%) P¥+y+1=0

3 & not both even neither H> nor Hz | 1

(9,92,9%,9%,9%,9%2) | 9°+9° +1=0

(0,62,6%,65,6%,6%2) | 65+ 65+ 62+0+1=0

of Legendre sequences have not explicitly given so far, which
turned out to be

gx)=1+f

3

where w € F} is a primitive 3-root of unity, u is a generator of
Fy, and c,:(x), for i = 0,1, are given as in Definition 4.

We just note that the Legendre sequences for for p = 7,3
(mod 8) correspond to the balanced binary sequence with the
ideal two-level autocorrelation.

forp=+1
forp =43

(mod 8)
(mod 8)

Cuo ()
weyo (2) + w?ey ()

B. The Case e = 6 and Hall’s Sextic Residue Sequences

Letp = 6f + 1 be a prime for some f, and u be a generator
of F¥. Let H; =< u' >= {u"|j > 0} be the cyclic subgroup
generated by u for i = 1,2, 3 and 6. Then, we have

Fr=H, = U u' Hg,
0<i<6
H; = Hg Uu®Hg
and
Hy = Hg Uu?Hg Uu'Hg.

We are mostly interested in the cyclic difference sets (and their
characteristic sequences) which are some union of some of these
cosets of Hg with or without {0}. It is evident that the case f
even is not much interesting. We will consider only the case f
odd in this paper when e = 6. Then f = 1,3 (mod 4) and
hence p = 7,3 (mod 8), respectively.

From Theorem 2 of [13], we see that Hall’s sextic residue
sequence s = {s(t)|t > 0} of period p = 6f + 1 = 422 + 27
(for some integer x) is defined as follows.

s(t) = {

where 7 is given by the condition that 3 € u/ Hg.

In this subsection, we will first describe defining pairs of the
six basis sequences b,,: for 0 < ¢ < 6 (see Theorem 1). This
will lead to the defining pairs of all possible sextic residue se-
quences (for f odd), and their trace representations, minimal
polynomials, and linear complexities (see Theorem 5). Then,
we give a complete determination on the linear complexity of all
the possible sextic residue sequences (Theorem 8) and discuss
on the Hall’s sextic residue sequences corresponding to cyclic
Hadamard difference sets (Theorem 9).

0 tEHgUUSngujHG

. (32)
1 otherwise

Let § be a primitive pth root of unity in Fb-, and let
(gui(x), ) be a defining pair of the sequence b,,:. Denote by
v, the binary 6-tuple of weight 1 and in which only the :th
position has value 1. From the item 2 of Theorem 4, we see
clearly that, since f is odd and hence v = 3 and

gui (z) =1+ v,I3CY, ()
=14 ) cipjrscu(@).

0<5<6

(33)

Therefore, the trace representation becomes

b () =1+ > T (cijpa6"")

0<j<c

=14+ Y T}

0<;j<6

my
C'L'+m+3/6u

>

0<m<e
m=j (mod 6)

for t=0,1,2,.... (34)

Now, it remains to determine the set C as given in (13). For this,
we will distinguish four cases as shown in the left-most column
of Table I. This classification will be done using the following:
Fact 2 (Quadratic and Cubic Characters of 2 and 3 mod
pl15]): Let p = 6f 4+ 1 be a prime for some odd f. Then,

3 ¢ H,, and
2€e Hyop=T7 (mod38).

When p = 3 (mod 8), we have 4 € H,. If we write 4p =
a® + 27b? for some unique integers a and b ( which is possible

ifp=1 (mod 3)), then we have
2€H3;<a=b=0 (mod 2)
and
3€H;<b=0 (mod 3).

Theorem 7 (The Set C for e 6): Letp = 6f + 1 be a
prime for some odd f. Then, d = (6, ¢) is determined as shown
in Table L. Furthermore, for each value of d, there exist (u, 3)
such that ¢, () = (cuo(B),-..,cus(B)) = (co,y...,c5) € Cis
shown in Table I. For d = 1, either one is possible, but not both,
as p changes.

Proof: Note first that v = 36(f) = 3and d = (6,¢) €
{1,2,3,6}. The item 8 of Lemma 1 says that d is the maximum
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such that d|6 and 2 € H,. From Fact 2, one can classify these
cases, which are shown in the first two columns of Table I. Then
the value of d can be determined as shown in the third column of
the table. The remaining columns show the 6-tuples ¢ for each
case, which will be described. Recall the notation

C =(c¢;j) where ¢ ;=ci+j, 0<4,j<e=6.

Cased = 6: Inthiscase, e; = 6/d = 1 and hence, ¢; € F
forall i and /3. In fact, wg (c) = 1,3, 0r 5,since ) (., ¢ =1
by Theorem 2. If wg (¢) = 1, then we have ¢ ~ (1,0,0,0,0,0),
where ~ represents that both sides are G-equivalent (Lemma
5). Without loss of generality, from Lemma 5, we assume that
¢ = (1,0,0,0,0,0). Then the 6 X 6 matrix C in (12) becomes
C = I, and hence, C2 = I;. But the item 4 of Theorem 2 says

< IO {)‘?’ ) C? = Js + Ig, which is a contradiction. Therefore,
3

wg(c) # 1. Now, we can clearly see that wgr(c) # 5 also from
the item 4 of Theorem 2 by using C = C + Jg. Therefore, we
must have wg (¢) = 3. Finally, claim that

¢=(1,1,0,1,0,0) € C.

For this, we classify (g) = 20 vectors over F, of weight 3
into three G-equivalent classes (Lemma 5) whose representa-
tives are (1,1,1,0,0,0) of size 6, (1,0,1,0,1,0) of size 2, and
(1,1,0,1,0,0) of size 12. The first two choices are easily ruled
out by the following: if ¢ = (1,1,1,0,0,0) then C' becomes
singular which is a contradiction to the item 4 of Theorem 2;
similarly the case ¢ = (1,0, 1,0, 1,0) is impossible.

Case d = 3: In this case, ¢; = 6/d = 2, and ¢; € F} for
0 < ¢ < 6. The item 6 of Theorem 2 implies that (i) ¢; = ¢; +
cits = Tri(ei) = Trf(ciqs) fori = 0,1,2, (i) Y ge;q € =
1, and (iii) at least one of ¢; for 0 < ¢ < 3 is 0. Note that, if a €
Fy then Tri(a) = 1 & a € Fy\F,. (or, Tr’(a) = 0 & a €
F5.) From (i) above, we have ¢ = (cg, ¢1, ¢, ¢, c?, c3). From
(ii) and (iii) above, we may assume that (g, €1, €2) = (1,0,0)
without loss of generality. This implies that

c=(w,a,b,w? a,b) €C

where w is a primitive element of Fy and a,b € F5. Now,
claim that a # b. To show this, we need the relation given in
the item 4 of Theorem 2 again. Since f is odd, it implies that,
Y 0<ice CiCivarj = 14+ 06(j) forall 0 < j < 6.1f a = b, then,
by considering the case 7 = 4 in the above relation, we have

)
IZZCicH_l:wa+a2+aw2+w2a+a2+aw:0
=0

which is impossible. Therefore, « # b, and hence,
¢ = (w,1,0,w?,1,0) € C. Note that the case where a = 0 and
b = 1 is equivalent to the above.

Case d = 2: In this case, ¢y = 6/d = 3, and ¢; € Fg
for 0 < ¢ < 6. The item 6 of Theorem 2 now implies that (i)
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€ = i + Ciyo + ciya = Tri(c;) = Tri(cita) = Tri(cita)
fori = 0,1 and (ii) ¢g + ¢; = 1. Let v € Fg be a primitive
seventh root of unity satisfying v3 + vy + 1 = 0. Then, Fy =
{0}U < 7 >, and we have Tr} () = 0 and Tr3(+>) = 1. Using
the above (ii) and the item 4 of Theorem 2, the only possible
6-tuple would be ¢ = (co, c1,---,¢5) = (7,73, 7%, 7%, 7% 7%).

Case d = 1: In this case, e; = 6/d = 6, and ¢; € Fyy
for 0 < ¢ < 6. The item 6 of Theorem 2 implies that ¢y =
D 0<j<6Ci = Tr%(¢;) = 1 for any 4, and the item 3 of the the-
orem implies that ¢; = ¢2'. Thus ¢g € Fg4 which determines
¢ must have Tr$(co) = 1. There are 32 elements in Fg4 with
trace 1. Following checks one by one whether each of 32 ele-
ments can be ¢g. Let J € Fg4 be a primitive element such that
95 +9° +1 = 0. Then, it can be easily checked that Tr%(a) = 0
for a € Fg, and Tr?(a) =1 for a € F,;\ F. The remaining el-
ements of F4 which are not in any subfield are partitioned into
9 cosets, and 5 of them have the trace value 1. Note that these
cosets are roots of irreducible polynomials whose coefficient of
x5 is 1. Therefore, 30 elements of trace value 1 which are not in
Fy. These elements are checked with respect to the relation in
the item 4 of Theorem 2. There are exactly 12 elements that sat-
isfy the relation, and they form two conjugate classes and two
corresponding GG-equivalent classes with minimal polynomials
shown in Table I. Note that these two possibilities are not equiv-
alent under the action of the group GG in Lemma 5, and hence,
cannot both be in C. ]

One can write explicitly a defining pair (g(), ), and hence a
trace representation, minimal polynomial and linear complexity
of any sextic residue sequence of period p = 6 f + 1 with f odd
using any one member ¢, (3) shown in Table I, together with
trace representations of b,,: for 0 < 7 < 6 in (34).

Theorem 8: Let a = (ag,a1,as,as,a4,as) be a nonzero
binary 6-tuple. The linear complexity of the sextic residue se-
quence of the form's = ) ., _4a;b,: as in Theorem 1 is

shown in Table II.

Proof: Note that the linear complexity of the sequence with
a is the same as that with La = (a1, a9, a3, aq, a5, ag) from
the item 2 of Theorem 5. The linear complexity in Table II are
computed from (29) in Theorem 5 using d and the value c,(3)
shown in Table I.
Now, we will simply describe one case a = (100100) and
d = 6 in the table. All other cases can be checked similarly.
Consider a = (100100). Recall that » = 3, f odd, and e, =
8(fwg(a)) = 0. From Table I, we see that ¢ = (110100).
Therefore

LCO(s,) =eq + fwp(al™C)

=0+ fwp((100100) <g I3> 0)

0
= fwr((100100)C)
= fwg((110100) + (100110)) = 2.

It is obvious that the case with a = (101010) gives Legendre
sequences since a picks up those cosets u* Hg fori = 0,1, 2.
To show that the case with a = (110010) gives Hall’s sextic
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TABLE II
LINEAR COMPLEXITY OF SEXTIC RESIDUE SEQUENCES OF THE FORM
s = ZKKG a;b,: OF PERIOD p = 6f + 1 WITH f ODD IN THEOREM 8.
THE MARK { INDICATES THAT THEY ARE HALL’S SEXTIC RESIDUE SEQUENCES
AND } INDICATES THAT THEY ARE QUADRATIC RESIDUE SEQUENCES

a= Linear Complexity
wg(a)| (aoai...as) || d=16 ‘ d=3 ‘ d=2 ‘ d=1
1 (100000) || 3f+1 | 4f+1 | 6f+1|6f+1
2 (110000) 4f 6f 6f 6f
(101000) 4f 6f 6f 6f
(100100) 2f 2f 6f 6f
3 (111000) || 3f+1 | 6f+1 |6f+1|6f+1
(110100) || 5f+1 | 2f+1 | 6f+1|6f+1
(110010) || f+1F |6f+1T | 4f+1 | 6f+1
(101010) || 3f+1* | 6f+1F [ 3f+1|6f+1
4 (111100) 2f 4af 3f 6f
(111010) 2f af 6f 6f
(110010) 4f 4af 6f 6f
5 (111110) || 3f+1 | 4f+1 |5f+1|6f+1
6 (111111) 6f 6f 6f 6f

residue sequences, we do the following: From (32), we see that
Hall’s sextic residue sequences are given as

5= l+ buo + bu3 + buj

where 3 € u/ Hg, and j = 1 or 5 depending on the choice of
u. It is known [19] that when d = 3, the linear complexity
of Hall’s sequence s is p — 1 and its minimal polyno-
mial does not have root 1. Thus, the linear complexity of
s+ 1 = by + bys + b,; is p. In Table II, among the rows
with wg(a) = 3, three cases correspond to linear complexity
p, which are (111000), (110010), (101010). It is easy to check
(110010) ~ (100101), and the other two are equivalent to nei-
ther (100101) which corresponds j = 5, nor (110100) which
corresponds to 7 = 1. Thus, Hall’s sextic residue sequences
correspond to the case a = (110010). |

Note that Theorem 8 includes the sequences which are char-
acteristic sequences of sextic and quadratic residue Hadamard
difference sets as special cases. Note also that the linear com-
plexity of these are known. Except for these cases, the result is
fully general and covers the totality of sextic residue sequences,
regardless of being related with cyclic difference sets.

Theorem 9 (Trace Representation of Hall’s Sextic Residue Se-
quences): Let s = {s(¢)[t > 0} be the Hall’s sextic residue
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sequence of period p = 6f 4+ 1 = 4y? + 27 (for some integer 1)
given in (32), and let § € F5» be a primitive pth root of unity
such that the 6-tuple ¢ be determined as shown in Table 1.

When p = 7 (mod 8), (which is known by [21]), we let
g(z) = (1,0,0,0,0,0)Y,(2) = cuo(x) and @ = B* . Then
(9(z), @) is a defining pair of s and

sty= 3 T (a“”f> . (35)
0<m<c/6
When p = 3 (mod 8), (which is new), we let g(z) =

(w,1,1,w?,1,1)Y,(7) and a« = B*, where w € F} is a prim-
itive third root of unity. Then (g(z), «) is a defining pair of s
and the trace representation of s is given as shown in (36) at the
bottom of the page.

Proof: From Fact 2, weseethat j = lorj = 5if3 €
u? Hg. Since p = 4y? + 27 or 4p = (2y)% + 27 - 22, Table I
shows that d = 6 forp = 7 (mod 8) ord = 3 forp =
7 (mod 8). From Theorem 8, we observe that Hall’s sextic
residue sequences are equivalent to the case a = (110010). This
implies that u in Table I was chosen such that 3 € u® Hg, or
J = 5, since a = (110010) ~ (100101). Therefore

5(£) = 1 4 buo (£) + bus () + bus (1)
= Z Tr;l ((Cm + Cm4-2 + Cm+3)/6umt)

0<m<ec
YT (et rens™).
0<j<6  0<m<c
m=j (mod 6)
Using the value ¢ = (c¢o,c¢1,...,¢5) in Table I, we have the

following two cases.

Whend = 6 orp =7 (mod 8): Since ¢ = (110100),

we have
¢ = 110100
L?¢ = 010011
L3¢ = 100110
sum = 000001

Now, if we choose the primitive pth root of unity to be & = ﬂ“s
instead of (3, then Lemma 5 implies that ¢ = £°(110100) =
(011010), and hence, ¢+ L2c+ L3¢ = (100000), and (note 6|c
in this case)

>

0<m<ec
m=0 (mod 6)

Z Tr} (a”ﬁmt) .

0<m<c/6

s(t) = Try (a"mt)

s(t) = >

0<m<ec
m=0 (mod 6)

>

0<m<ec
m=3

Tr} (wa“mt) +

(mod 6)

>

0<m<ec
m#Z0  (mod 3)

Ty (w2a""t) + (36)

Try (a“ " t) .
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The linear complexity in this case is f = (p — 1)/6. Compare
this result with those in [21] and [19].

When d = 3 orp = 3 (mod8): Using ¢ =
w“,1,0,w,1,0), we have
2.1,0,w,1,0 h
c = w1 0 w 1 0
L’ = 0 w 1 0 w? 1
I’ = w 1 0 w?2 1 0
sum = 1 w 1 1 w? 1

Note that, if we choose the primitive pth root of unity
to be « = " instead of [, Lemma 5 implies that ¢ =
L(w?,1,0,w,1,0) = (1,0,w,1,0,w?), and ¢ + L?c + L3c =
(w,1,1,w?,1,1). This leads easily to (36).

Note that the change from (3 into « in both of the above cases
does not change the value j = 5 for which 3 € u/ Hg. |

Note that the trace representation (36) for p = 3 (mod 8)
is new, but the case forp = 7 (mod 8) have been known [21].
Linear complexity for both cases have been known also [19].

C. The Cases ¢ = 4, e = 8, and e = 10 in Which Cyclic
Difference Sets Exist

In this subsection, we will concentrate only on the cases of
primes p = ef + 1 where ¢ = 4, ¢ = 8, or e = 10, such
that eth power residue cyclic difference sets exist. We will de-
scribe the set C for the characteristic sequences of these cyclic
difference sets. This will be enough to determine their defining
pair (and hence, their trace representations, minimal polyno-
mials and linear complexity) of these sequences. Those primes
p = ef + 1 necessarily have f odd, and are characterized by the
following.

Fact 3 (Existence of eth Residue Difference Sets for e = 4,8,
and 10 [1], [34]): For e = 4,8, and 10, only the following eth
residue cyclic difference sets exist.

Case ¢ = 4: Let p = 4f + 1 be an odd prime where f is
odd. Then we have the following:
(B) Hyisa(p,(p—1)/4, (p—5)/16)-cyclic difference
set if and only if p = 1 + 422 for some integer =, i.e.,
f is an odd square;
(B1) Hy U {0} isa (p,(p+ 3)/4,(p + 3)/16)-cyclic
difference set if and only if p = 9 + 422 for some
integer .
Case e = 8: Let p = 8f + 1 be an odd prime where f is
odd. Then we have the following:
(O) Hgisa(p,(p—1)/8,(p—7)/64)-cyclic difference
set if and only if p = 1 + 822 = 9 + 64y for some
odd integers x and vy;
(01) Hg U {0} isa (p, (p + 7)/8, (p + 7)/64)-cyclic
difference setif and only if p = 494+ 8x? = 441+ 64>
for some odd integers = and y. It is known that p =
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26,041 is the only prime up to 34, 352, 398, 777 that
can be written as p = 49 + 822 = 441 + 64y>.
Case ¢ = 10: Let p = 10f + 1 be an odd prime where f
is odd. Then
(D) Hy U uHy = {1,5,11,24,25,27} is a
(31,6, 1)-cyclic difference set mod 31, where u = 11
is a generator of F35.
|

We will take care of the simple case (D) first.

Theorem 10: Let p = 31, e = 10, and let s be the character-
istic sequence of the cyclic difference set D = H1o U 11Ho =
{i (mod 31)|i=1,5,11,24,25,27}, thens = 1+b;+by;.
Let 3 be a root of the polynomial 2° + 22 + 1, then (3 is a 31st
primitive root of unity. Then (g(z), ) is a defining pair of s,
where g(z) is given as shown in (37) at the bottom of the page.

Proof: Observe that n = 5 is the order of 2 modulo 31.
Then, ¢ = pn;l =6,d = ged(e,¢) = 2,and ey = e/d = 5.
Take u = 11, which is a generator of F3;. Then, H. = Hy9 =
{175,25} and ’LLEIe = 11H10 = {11724727} )\u = /\11 =14
satisfies u? = 112 € 2*11 Hyy. We have c,o(7) = ci(z) =
T + 2% + 225, and then c,0(8) = (*. We have c,1(z) =
cii(z) = 2™ 4+ 22* + 227, and then get c,1 () = c11(B) =
B, See that f = 21 = 3andv = @) = 5. We let
cu(B) = c11(B) = (co,c1,. .., co). Based on Theorem 4 we see
(guo(z) = g1() = 1+ 3 0<;c10 C54ic11: (%), B) is a defining
pair of the sequence b,o = bi; and g1 = g11(z) = 1 +
Y o0<ic10 Cs+1+ic11i(x), B) is a defining pair of the sequence
b, = byi. Take g(z) = 1 + g1(z) + g11(x), then (g(x), B) is
a defining pair of the sequence s = 1 4+ by + by;. It is clear
that g(z) = 1+ 5<;<10(C5+i + Co+i)c11: (). Again based on
Theorem 4, we have

glz) =1+ Z T(Q)j €110 (x)zj + T%jcnl(l”)Q
0<5<5
where 79 =c¢5 + cg, 71 = ¢ + 7.

J

(38)

From c; 14 = c?k", here we have c; o = 034. Then it must be
cs = C%AXZ and ¢; = c%“a. By a straightforward
computation, we get ro = 3! and r; = ('8, which together
with (38) leads the desired result. |

Theorem 11: Letp = ef + 1 with e = 4 and f odd. Then
there exists a generator u of F; such that 2 € uHy, and that
there exists a p-th primitive root 3 of unity, such that c,: () =
cwo(B)%,0 < i < 4, where c,0(3) = 0 € Fya,and 6 is a
root of f(x), where either f(z) = z* + 2*> + 1 or f(z) =
z* + 23 4+ 2% + = + 1 (but not both).

1. In case when p = 1 4 422 for some integer z (it is known

that Hy is a (p, (p — 1)/4, (p — 5)/16)- cyclic difference

_ o4x3
, C6 = Cp

glz) =1+ Z (ﬂn-zj (z + 5+ x25)2j + ﬁ18-27 (xn + %4 :v27)2j) )

0<5<5

(37
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set module p), lets = 1+ b,,0. Then s is the characteristic
sequence of Hy, and it has a defining pair < g(z),3 >,
where

g(@) = > 07 cui(a),

0<i<4

and 6 is described as above.

2. In case when p = 9 4 422 for some integer z (it is known
that Hy U {0} is a (p, (p + 3)/4, (p + 3)/16)- cyclic dif-
ference set module p), and lets = 1+ § + b,o0. Then s is
the characteristic sequence of the difference set Hy U {0},
and it has a defining pair < g(x), 3 >, where

g@) =1+ 3 (07 + Dew(a),

0<i<4
and 6 is described as above.

Proof: From Fact 3 for e = 4, if we let u be a generator
of Fy where p = 4f + 1 is a prime with f odd, then p = 5
(mod 8) and the quadratic reciprocity theorem implies that 2 is
a quadratic nonresidue mod p. Therefore, 2 € uH,; = uH, U
u?Hy. (If 2 € u3H, then we may change the generator from
utov = u***3 with (4k + 3,p — 1) = 1 for some integer k.
Therefore, we may always choose a generator u such that 2 €
uH4.) From Lemma 1, this gives d = 1. Therefore e; = 4, and
C; £ Cyi (ﬂ) = C%Z € Figfor0 <1 < 4. Thus, (60761762763> =
(co, €3, c%z , cgs) and their sum is Tr}(co) = 1. Therefore, there
are only two possibilities: ¢g = 6 is a root of z* + #3 + 1 or
z* + 22 + 22 4+ z + 1. Note that two 4-tuples above are not
G-equivalent. The remaining two items can easily be checked
using the fact thats = 1 + b, forcase 1 ands = 1+ ¢ + by
for case 2, together with g,o(z) = 14 > iy 92" e, (2)
since v = 2, and gs(z) = 1+ Y, 4 Cui () (Corollary 1). B

Fact 4 (Biquadratic and Octic Characters of 2 mod p =
8f 4+ 1/2]): Let p = 8f + 1 be a prime. Then, (i) 2 is a bi-
quadratic residue mod p if and only if either p = 22 +32y% = 1
(mod 16) for some z and y or p = 22 + 8> =9 (mod 16)
for some x and y which are both odd; (ii) 2 is an octic residue
mod p if and only if either p = 22 + 256y> =1 (mod 16) or
p=22+64y> =9 (mod 16). ]

Theorem 12: Letp = ef + 1 with e = 8 and f odd,
and assume the d = 8, where d is the d-parameter corre-
sponding to (p, e). Then there exist u and (3 such that ¢, (3) =
_er) = (1,1,0,1,0,0,0,0)
or(1,1,1,1,0,1,0,0), but not both.

1. In the case when p = 1 + 822 = 9 + 64y? for some odd
integers « and y (it is known that Hg is a (p, (p—1)/8, (p—
7)/64)-cyclic difference set module p), lets = 1 + b,o.
Then s is the characteristic sequence of Hg, and it has a
defining pair < g(z), [ >, where

g(x): Z C4+icui(x)7

0<i<8

the index 4 + ¢ is modulo 8, and ¢; is described as above.
2. In the case when p = 49 + 82 = 441 + 64y? for some

odd integers z and y (it is known that D = Hg U {0} is a

(p, (p+7)/8, (p+7)/64)-cyclic difference set modulo p),
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lets =14 0 + b,o. Then s is the characteristic sequence
of D = Hg U {0}, and it has a defining pair < g(z), 3 >,
where

g(x) =1+ Y (cati + Dew (),

0<i<8
the index 4 + ¢ is modulo 8, and ¢; is described earlier.

Proof: Consider the cases (0) and (O1) in Fact 3 fore = 8.
Let u be a generator of F,; where p = 8f + 1 is a prime with
f odd. We note that v = 4. Therefore, p = 9 (mod 16).
Fact 3 says Hy is a cyclic difference set if and only if p =
1+ 822 = 9+ 645>. These two conditions are just sufficient for
2 to be an octic residue mod p (Fact 4). Also HsU{0} is acyclic
difference set if and only if p = 49 + 822 = 441 + 64y? for
some odd integers z and y. These are also sufficient for 2 to be
an octic residue mod p. Therefore, in all interesting cases where
8-th residue cyclic difference sets exist, the time 8 of Lemma 1
gives d = 8, and hence, c¢,: () £, e Fyforall0 < i< 8.
Since ¢; = ¢; € F», we must have ), cc; = 1. Letting
wyy (c) be the Hamming weight of the vector ¢, this implies that
wg(c) = 1,3,5, or 7.
Claim that wyr(c) # 1. Otherwise, from Lemma 5, we have
¢ = (1,0,0,0,0,0,0,0), without loss of generality. Then the
8 x 8 matrix C in (12) becomes C = I3, and hence, C? =

I3. But the item 4 of Theorem 2 says I'*C? = IO I(;l
4

Js + Ig, which is a contradiction. Now, from the same item of
Theorem 2, we must also have that wg (¢) # 7. Therefore, we
must have wg(c) = 3 or 5.

Consider the case wy(c) = 3 first. We may fix ¢g = 1 and
consider all the % (g) = 7 cyclically distinct 8-tuples as follows:
z1 = (11100000), zo = (11010000), z3 = (11000010), zy =
(11001000), z5 = (11000100), zg = (10010010), and z; =
(10001010). Of these, z3 ~ z9, 25 ~ Z4, and zg ~ z1. Thus,
Z3, Z5 and zg can be ruled out, and zq, z», z4 and z; remain.
All these 8-tuples except for z», can be ruled out by the relation
given in the item 4 of Theorem 2. Therefore, only z, remains.
From the same item of Theorem 2 and above, we see that, for
the case wy (c) = 5, the only possibility is

c=1zy+1

which is a complement of z». Therefore, as p changes, there are
u and [ such that ¢, (8) = (c,0 (), ..., cur(0)) is either

(1,1,0,1,0,0,0,0) or (1,1,1,1,0,1,0,0).

Note that the above two possibilities are not G-equivalent. The
remaining two items can easily be checked using the fact that
s =1+ Dby forcase l ands = 1 + 6 + b, for case 2, with
v=4. |

IV. CONCLUDING REMARKS

In this paper, we have explicitly described trace represen-
tations of the binary characteristic sequences (of period p =
14 ef) of all the cyclic difference sets D which are some union
of cosets of eth powers in F}; for e < 12, including the Hall’s
sextic residue sequences for p = 3 (mod 8) (Theorem 9).
For this, we have defined a defining pair (g(x), #) of eth power
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residue sequences, where g(z) is a polynomial over F5» mod
P — 1, B € Fyn is a primitive p-th root of unity, and n is the
order of 2 mod p. We have investigated properties (Theorem
2) of the e-tuple vector (cyo(8), cyr(B),. .., cye—1(5)), where
Cui () = Y peuig, ¥ is the generator polynomial of the coset
u'H., where u is a generator of F* and H. contains all the
e-th powers in F7. Main results in thls theory are three lemmas
(Lemmas 1, 3, 5) and five theorems (Theorems from 1 to 5).

We have, furthermore, determined the linear complexity of
all the sixth power residue sequences of period p = 6 f 4 1 with
f odd (Theorem 8), and in general, that of all the eth power
residue sequences whenever (e, (p — 1)/n) = 1 (Theorem 6).

How to evaluate the e-tuple (c,0(f), .. ., cye—1(0)) for some
u and (3 for a prime p = ef + 1 seems to be an interesting
problem. Theory developed in this paper has given some way
to do it, as we have done here for the characteristic sequences
of eth residue cyclic difference sets for e < 12. Now, how to
develop the theory for p = ef + 1 with general e is worth of
studying further.

We will conclude this paper with the following. It
turned out that determining the exact value of c¢,(8) =
(cuo(B), ... cue—1(B)) € C for some u and  is enough in all
of the above cases, and some problems remain open.

1) When e = 6ore = 4 withd = 1, any ¢ =
(co,c1y...,¢c—1) € C must be G-equivalent to only
one of two possible e-tuples (not both, since they are
not G-equivalent with each other). It is not known so far
whether any one can be ruled out completely, or both
occur as p changes.

2) Computations of (c,0(8),...,cy-—1(3)) for the values of
d other than those covered in the subsection for e = 4 or
e = 8 also remain as future research.

3) So do those for the case e = 6 with f even.

4) So do the cases with e > 12.

APPENDIX
PROOF OF LEMMA 8

Let S, T and S;, 1 < i < m, be subsets of Fy, ST =
D cicpsiti| si€ Sty €T,k >0}, Sz = {sz | s € S} for
any givenz € Fo,and > .. Si = {1 cic,n 8i | 8 € Si}.
We write 3, <;<,,, i = D1<i<,, Si if the sum is a direct sum,
that is, the sum has the property that “if ), <i<m Si = 0 for
some s; € S;, then s; = 0 Vi.” The following lemma is well
known.

Lemma 9 ([14], [16]): Fym Fyn = Fyu, where M is the
least common multiple of m and n. In case ged(m,n) = 1, any
basis of Iy~ over Iy, must be a basis of Fyymn over Fym

Assume I’ = F,~, where p is a prime, p = 2 or odd. It is
enough to prove that F,~ is not a sum of its maximal subfields,
ie.

ZF

1<i<r

where N = [[, ;<. p;li, where p;’s are distinct primes, that

is, p; # p; if 1 <i < j < r.Denote a = %,wheren:
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[I,<i<,pi,and ¢ = £ p®. Then, Fyx = Fg». Denote n; = -
and K; = Fyn; foreachi =1,2,... 7. ThenK F ~ ,and

. . p pl
hence, it is enough to prove

> K

1<i<r

(39)

We will prove (39) by induction on the number r of the prime
factors of n. When r = 1, (39) is obviously true. Assume (39)
is true when the number of the prime factors of 7 is less than
r, and consider the case where the number of the prime factors
of nis r. Let dimp, Fym denote the vector space dimension of
Fym over Fy, and deﬁne m £ dimp, Y oo<j<r Fynise; - By the
1nduct10n assumption, we know

Z Fqnl/pj %

2<j<r

Fq1117 m < ni.

Assume {z;|1 < i < m}is abasis of 229.9 Fqnl/p] over I,
then there exist {x; | m < j < ny } such that {z;]1 <7 < n;}
is a basis of Fyy», over F,. By Lemma 9 we see the set {z;|1 <
i < nq}isalsoabasis of Fyn = Fyei Fym over Ko 2 Fyon , ie.

For 7 > 2, from Lemma 9 we have

Ki=Fp; =F,n =FpF i = KoF o
q P q* /

q*i

and thus

> Ki= Y KoFm,

2<j<r 2<j<r
E Fqnl/P]'

2<5<r

Z Fq.’lii

1<i<m

Z KoF,z;

1<i<m

Z K()LIZ'7

1<i<m

=K,

Ky

Therefore

Z K; =K, + Z K;

1<j<r 2<j<r

= Z Fq.’Ei—}- Z Kox;

1<i<n, 1<i<m

Z Koz; + Z anji.

1<i<m m<i<ng

Note that m < nq and Fy 4 Z KO, we see

Z Koz; + Z quig @ Kyz;

1<i<m m<i<ng 1<i<n
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hence
Y K= 3 Rt 3 Ko
1<5<r m<i<ng 1<i<m
;Ct @ Kgfl?i:Fqn
1SLSTL1
i.e., (39) is true. |
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