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Abstract—1In this paper, we extend the construction by
Yu and Gong for families of M-ary sequences of period ¢ — 1
from the array structure of an M-ary Sidelnikov sequence of
period q2 — 1, where ¢ is a prime power and M|q — 1. The
construction now applies to the cases of using any period ¢4 — 1
for 3 <d < 1/2)(/q —(2//q9) +1) and q > 27. The proposed
construction results in a family of M -ary seqeunces of period g —1
with: 1) the correlation magnitudes, which are upper bounded by
(2d —1),/q +1 and 2) the asymptotic size of (M — l)qd_l/d as q
increases. We also characterize some subsets of the above of size
~(r — l)qd_l/d but with a tighter upper bound (2d —2),/q +2
on its correlation magnitude. We discuss reducing both time
and memory complexities for the practical implementation of
such constructions in some special cases. We further give some
approximate size of the newly constructed families in general
and an exact count when d is a prime power or a product of
two distinct primes. The main results of this paper now give
more freedom of tradeoff in the design of M-ary sequence family
between the family size and the correlation magnitude of the
family.

Index Terms—Sidelnikov sequences, polyphase sequences,
non-binary sequences, sequences for GNSS, family of sequences
with good crosscorrelation, cyclotomic cosets.

I. INTRODUCTION

SEUDO-RANDOM sequences with good correlation

property play some key roles in most of the commu-
nications engineering and cryptography [1], [7], [10], [16],
[33], [36]. For example, sequences with good autocorrelation
property have been used in various synchronization sub-
systems and RADAR systems [27], [29], [38]. Binary and/or
non-binary sequence families with good auto and cross cor-
relation properties have been used in various wireless multi-
user multi-access communications including CDMA cellular
systems [17], frequency hopping spread spectrum commu-
nication systems [3], [5], and Global Navigation Satellite
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Systems (GNSS) such as GPS [32] from U.S. Department of
Defense and Galileo [6] from European Union and European
Space Agency.

These sequences or sequence families are called pseudo-
random because they look very much random for the third
party observers but they are generated completely by some
deterministic algorithms [37]. Required randomness of these
sequences are determined by the application, but they usu-
ally include uniform distribution of each alphabet, run-length
distribution, good correlation property, large family size, and
sometimes, higher non-linearities for cryptographic appli-
cations [9], [37]. Non-binary sequence families with large
size and good randomness properties have been studied for
long time, and we now have various known families con-
structed by, for example, Trachtenberg [39], Helleseth [15],
Kumar and Moreno [25], Kumar et al [24], Chu [2], [18],
Gong [12], Anand and Kumar [1], Kim et al [20] and its
generalization by Kim, Chae and Song [19]. These all achieve
some of various upper bounds on the correlation magnitude
and have been improved to fit the alphabet size for various
applications and to the direction of maximizing the family size.

For a prime power ¢ = p™ and a positive integer M
such that M|q — 1, Sidelnikov in 1969 [35] introduced M-ary
sequences (called the Sidelnikov sequences) of period ¢ — 1,
and showed that the non-trivial autocorrelation magnitudes are
upper bounded by 4 regardless of M and ¢g. It is interesting
to note that binary Sidelnikov sequences was re-discovered
later in [26] and had been refered to as ‘Sidelnikov-Lempel-
Cohn-Eastman sequences’ for a while [31]. Sidelnikov [35]
also introduced so called M-ary power residue sequences of
period p, for a prime p and M|p—1 with good autocorrelation
property.

In 2006 [22] and subsequently in 2007 [21], for the first
time, some results of designing sequence families with low
crosscorrelation have been presented using power residue
sequences and/or Sidelnikov sequences. The key idea was to
consider the sequences using all distinct primitive elements
of the field. It turned out that one can equivalently obtain all
these sequences by multiplying a constant to each and every
term of a given sequence. A weak point of this design is that
the set size is not large enough (only M — 1) even though the
bound on their correlation magnitudes is optimal in the sense
of Welch [42].

The improvement of enlarging the set size came from the
idea of binary Gold sequence construction [8]. This result
is first appeared in [14] and [23]. Not only considering all
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the constant-multiples of a Sidelnikov sequence, but also
they added term-by-term additions of a (constant-multiple of)
Sidelnikov sequence and its some cyclic shifts. Unlike
the methods in [21], in order to prove the low correlation
property of the proposed family of sequences, they both
used Weil bound [41] on exponential sums, which was used
in [34] to prove the conjecture appeared in [13]. This idea
of using shift-and-add construction was fully generalized
in [43] not only for Sidelnikov sequences but also for power
residue sequences.

New horizon in this line of research has appeared by
Yu and Gong [44] in 2010 by observing the (¢ — 1) x (g + 1)
array structure of a (longer period) Sidelnikov sequence of
period g> — 1. Note here that the number of columns in
the array is ¢ + 1 = (¢ — 1)/(g — 1). They identified
cyclically inequivalent column sequences (of length ¢ — 1) of
the array, and constructed a family of non-binary sequences
with good correlation property. The family size in [44] is
almost comparable to (in fact, slightly bigger than) those
in [14] and [23], but this is truly a new construction.

This paper is a result of an attempt to extend the construc-
tion in [44]. We study the array structure of (much longer
period) Sidelnikov sequences of period g¢ — 1 for d > 3 and
g > 27, where the array now has size (¢ — 1) X (L:ll ,
and investigate the cyclic equivalence as well as sub-period
structure of column sequences in order to construct a series
of some good families of M-ary sequences. As a result,
we propose two constructions WITH and WITHOUT the
condition gcd(d, M) = 1. We furthermore characterize a
subset of one of the construction with slightly tighter bound on
the correlation magnitudes. These would enable one to apply
the constructions to much more cases of the period ¢g¢ — 1.

The resulting families have various sizes according
to d, M, g, and the number of representatives of g-cyclotomic
cosets mod qd%ll. We note that the families here have sizes
approximately given by (M — 1)¢?~'/d (or (r — 1)g?"'/d
for some subsets, where r > 2 is a divisor of gcd(d, M)) for
given M and d as ¢ increases, and has upper bound given
by 2d — 1)/qg + 1 (or (2d — 2)./q + 2 for the subsets) on
their correlation magnitudes. Note that both the size and the
bound increase as d increases. Therefore, it gives much more
freedom of trade-off in the design of sequence family between
the size and the maximum correlation magnitude.

This paper is organized as follows. Section II intro-
duces some preliminaries including Sidelnikov sequences,
g-cyclotomic cosets mod %, crosscorrelation, and Weil
bound. Section III presents main results of this paper.
Section III-A investigates the properties of column sequences
and Sections III-B and III-C describe two main constructions.
We count the proposed family size exactly for some special
cases of d in Section III-D with one detailed example in
Table II. We give some analysis on asymptotic values of this
in Appendix. Section III-E discusses some practical issues on
memory and time complexities for the constructions in some
very special cases. Section IV gives brief concluding remarks
as well as a table of comparison with previously constructed
M-ary sequence families.

II. PRELIMINARIES
A. Notation and Convention
We will fix the following notation throughout the paper:
e p: a prime number
e ¢: a prime power p™ with a positive integer m
e A =1 when ¢ is odd and A =2 when ¢ is even.
e GF(q): the finite field with ¢ elements
e GF(g%): the finite field with ¢¢ elements with d > 2
o GF(q)* = GF(g)\O}: the multiplicative group of G F(q)
e M: adivisor of g —1 with M > 2
o Wy = exp(jzﬁ”) where j = /—1
e a: a fixed [Primitive element of GF(¢¢)
e f = a4 =D/@=D: the primitive element of GF(q)
obtained from « in G F(g%)
« N: the norm function from G F(q?) to GF(q) given by

-1 s
N(x) = H x4 =xaT
i=0
o y: the multiplicative character of GF(g) of order M
defined by
_27[ log/gx
w(x) =exp ]M loggx | = wy,
» We keep logz(0) = 0 and y(0) = 1 in this paper for
convenience.

B. Sidelnikov Sequences

Definition 1 [35]: For any fixed primitive element f
of GF(q), let Dy = {fM+* — 110 <i < 2L}, Then an
M-ary Sidelnikov sequence {s(t)} of period q — 1 is defined as

0, ifp =—1
s(t) = i
k, if g’ € Dy.

Equivalently,
s(r) =logg(B'+1) mod M, 0<t<gq-2,

with the new convention that logg 0 = 0. O

In this paper, for an integer M|q — 1, we will consider two
different M-ary Sidelnikov sequences; one of shorter period
g — 1 and the other of longer period ¢¢ — 1. To distinguish
one from the other, we will sometimes use {s(¢)} for those of
period ¢ — 1 and {s4(¢)} for those of period g¢ — 1. Then, by
the above definition, an M-ary Sidelnikov sequence {s4(¢)} of
longer period can be represented as

sa(t) =log, (¢’ +1) mod M, 0<1t<q?—2.

Note that any divisor M of ¢ — 1 is also a divisor of g% — 1.
Sometimes, we use simply {s(¢)}, but the distinction must be
clear from the context.

C. Correlation

A correlation is a measure of distance between
a sequence and its cyclic shifts or two sequences in
a sequence family. We use the periodic correlation of two
(not necessarily distinct) sequences. Following definition has
been well-known [10].
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Definition 2: Let {a(t)} and {b(t)} be M-ary sequences of
period L, where O <t < L—1. A periodic correlation between
these two sequences is defined by, for 0 <t < L — 1,

L—1

Cun() = Z w%z)—b(rw),
t=0

where wy = exp(j zﬁ”) and t + t is computed modulo L. For
a sequence family S, Cpax(S) is defined to be the maximum
magnitude of all the nontrivial correlations of the pairs of
sequences in S. O

Note that when {a(z)} = {b(¢t 4+ 0)} for some fixed J, the
correlation C,,4(7) is called the autocorrelation. It is called
the crosscorrelation when they are cyclically distinct.

D. Weil Bound

Weil bound (see [28, Th. 5.41]) gives an upper bound on the
magnitutde of the multiplicative character sums, and has been
used to calculate some upper bounds on the crosscorrelation
of various sequences [10]. Yu and Gong [43], [44] introduced
some refined versions of the one by Wan [40] with an
additional assumption that w (0) = 1. Here we state the version
essentially the same as those in [44].

Theorem 1 [44]: Let fi(x),..., fm(x) be distinct monic
irreducible polynomials over G F(q) with degrees dy, . .., dp,
with ej the number of distinct roots in GF(q) of fj(x)
(j=1,...,m). Let y1, ..., wy be nontrivial multiplicative
characters of GF(q), with w;j(0) =1 (j =1,...,m). Then,
forai,...,an € GF(q)*, we have the estimate

D wi@ i) - Y am fu (1))

xeGF(q)
m m
< Dldi—1|Va+D e (D
j=1 j=1

Furthermore, if []i-, y/;i[(x) =1 for all x € GF(q)* in
addition, then

> i@ fi00) - ymlan @)

xeGF(q)

m m
< (Dldi-2)Va+1+D e @
j=l1 j=1

E. Cyclotomic Cosets Mod q% — 1 and Mod (¢® —1)/(q — 1)
| the
(g —1) x (qu—ll) array of a Sidelnikov sequence {s;(¢)}

In order to designate column sequences in

of period ¢g¢ — 1, we will use column indices from O to
(g? — 1)/(g — 1) — 1. These numbers have close relation
with the integers mod (¢¢ — 1)/(¢ — 1). Furthermore, we will
prove in Section III that /-th column sequence is cyclically
equivalent to /g-th column sequence where lg is computed
mod (¢g¢ — 1)/(g — 1). This implies that we have to classify
the column indices from 0 to (¢¢ — 1)/(g — 1) — 1 into
g-cyclotomic cosets mod (¢4 — 1)/(q — 1).
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We observe that ged(g, g4 — 1) = 1 = ged(q, (¢ — 1)/
(g — 1)) for the following definition:
Definition 3: 1) A q-cyclotomic coset C; containing [
mod g% — 1 is the set of all the integers 1,1q,1q>, ...
mod g% — 1. If we denote by d; the size of C;, then

Cr=1l1lq,...,1g% ).

N d
2) A g-cyclotomic coset C; containing | mod qu—ll is the set
d
of all the integers 1,1q,1q>, ..., mod qq—:f. If we denote
by m; the size of Cy, then

m/fl}.

Cr=1l1lgq,... A3)

3) We denote by A the set of the smallest representatives of
all the q-cyclotomic cosets C;’s mod (g% — 1)/(g — 1)
except for | = 0. We denote by Ag the subset of A such
that | € Ag if and only if m; = d;. We denote by A’ the
subset of A such thatl € A if and only if m;j =d. O

For any 1 < | < ¢ — 1, since d; is the smallest

positive integer such that [ = Ig% mod ¢¢ — 1, we have
that d;|d. [28], [30]. Forany 1 <1 < (¢?—1)/(g—1) similarly,
since m; is the smallest positive integer such that [ = [g"
mod (¢? — 1)/(g — 1), we have that m;|d. Furthermore, since
[ =1g% (mod g¢—1) implies [ = Ig% mod (¢?—1)/(qg—1),
from the definition of m;, we see that m;|d;. Therefore, we
must have my|dj|d for any 1 <[ < (g% — 1)/(g — 1). This
proves the following:

Lemma 1: With the definition above, for any prime power q

and a positive integer d, we have

,1g

A CAg CA, 4

where we note that

(a) A = Ag if and only if mj = d is true for 1 <1 <
(¢ = 1)/(qg — 1) with m; = dj,

®) As = Aifand only if mj = dy forall 1 <1 <
(@ —1)/(qg —1) and

(¢) A = A ifand only if N = As = A if and only if

my=d forall 1 <1 < (g —1)/(qg —1).
When y is a primitive element of GF(gq?), the coset C;
mod g¢ — 1 contains j if and only if y/ is a g-conjugate
element of y in GF(g“), and hence, the monic polynomial
11 jec,(x =7 7Y is the minimal polynomial over G F(q) of y.
It is well-known [28], [30] that di = m| = d.

Example 1: Following four difference cases are worked out
for examples.

Case-1 N = Ag = A: Let ¢ =5 and d = 3. The integers
mod 124/4 = 31 is partitioned into only 1 coset
{0} of size 1 and 10 cosets of size 3. The result is
shown in CASE 1 of Table 1. Note that d = 3 is
a prime and that gcd(q — 1,d) = 1 in this case.
Except for | =0, we have m; = d; = d for all | in
this case.

N = Ag # A: Let ¢q = 7 and d = 2. The
integers mod 48/6 = 8 is partitioned into 5 cosets
of size 2 and 1 as shown in CASE 2 of Table I.
Therefore, N' = As = {1,2,3} C A ={1,2,3,4}.
Except for | = 0 and those | with m; = d, we have

Case-2
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TABLE I
FOUR CASES OF EXAMPLE 1

m; dp d l comments
CASE 1 1 1 3 0 always, but excluded from A
3 3 3 1,2,3,4,6,8,11,12,16,17 eN=As=A
CASE 2 1 1 2 0
1 2 2 4 Z Ag and hence ¢ A’
2 2 2 1,2,3 eN =Asg
CASE3 | 1 1 4 0
2 2 4 65,130, 195, 260 gAN but € Ag
4 4 4 144 values of [ including 1 e AN NAg
CASE4 | 1 1 4 0
1 2 4 78
1 4 4 39,117
2 2 4 26,52, 91 €EAg but ¢&A
2 4 4 13 Z As and hence & A’
4 4 4 36 values of [ including 1 e AsnNA

my < d; for all other | in this case. Note also that
d =2 is a prime but gcd(q — 1,d) # 1.

Case-3 N # As = A: Let ¢ = 8 and d = 4 so that
g% —1=14095 and (qg? — 1)/(q — 1) = 585. The
integers mod 585 is partitioned into 149 cosets of
size 4, 2 and 1 as shown in CASE 3 of Table I.
Therefore, we have |A'| = 144, and |Ag| =
|A| = 148. Note that gcd(q—1, d) = 1 in this case.
Except for | =0 and those | with m; = d, we have
m; = d; < d for all other | in this case. Note also
that d = 4 is not a prime but gcd(q — 1,d) = 1.

Case-4 N # As # A: Let ¢ = 5 and d = 4 so that
g — 1 = 624 and (g% — 1)/(g — 1) = 156.
The integers mod 156 is partitioned into 44 cosets
of size 4, 2, and 1 as shown in CASE 4 of
Table I. Therefore, we have |N'| = 36, |As| =

36 +3 = 39, and |A| = 43. In this case,
neither d is prime nor ged(g — 1,d) = 1
is true. O

We now prove that the comment at the end of each case of
the above example describes a sufficient condition.
Lemma 2: Assume all the same notations so far.

1) A = Ag if d is a prime.
2) As = A if ged(q — 1,d) = 1.
Proof:

1) Note that A" = Ag if and only if m; = d is true for
1 <1 < (g9 —1)/(g — 1) with m; = d; if and only
if m = dis true for 1 <1 < (g¢ —1)/(g — 1) with
Ig"™ =1 mod g% — 1. Assume [g™ =1 mod ¢¢ — 1 for
some 1 <[ < (¢?—1)/(g—1). Then, (g% —1)|I(g™ —1),
or (g% —1)/(g™ —1)|I since m;|d. Note here that m; = 1
implies (¢¢ — 1)/(¢ — 1)|l which is impossible. Thus
m; > 1. Now, if d is prime, m; > 1 and mj|d, then
m; =d.

2) See Remark 3. [ |

III. MAIN RESULT

We will first give a representation of a Sidelnikov sequence
of period g —1 in terms of log to the base # € G F(g). We will
then discuss some properties of the column sequences in the
(g—1)x (qqd%ll array of these sequences in the subsection A.
Main constructions of the sequence family will follow in the
subsections B and C. We count the family size asymptotically
in general (Appendix) and exactly for some simple cases in
the subsection D.

A. Properties of Column Sequences of the Array of
Sidelnikov Sequences of Period q¢ — 1

Theorem 2: Let {s(t)} be an M-ary Sidenikov sequence of
period g% — 1, with M|q — 1. Then, for 0 <t < q% —2,

s(t) = logﬂ(N(a’ 4+ 1)) mod M. 5)
Proof: By definition, s(¢) = y(t) mod M for all ¢, where

y(1) =log, (a' + 1).

When a' + 1 = 0, we have logz(N(0)) = logz0 = 0 and
this agrees with the definition of s(¢). Now, we may assume
that a’ + 1 # 0 and hence N(a' + 1) # 0. Then, with
N(at +1)= ﬁx(t)’

g’ -1

qg—1

gl
(1) = log,(a’ + 1) 7~
= log, N(a' + 1)

d_
= log,, a%x(t)
_gq'-1

= —x(1)  mod g —1.
.

This implies that

x(t)=y() modg —1,
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and hence that, as M|q — 1,
x(t)=y(t) mod M.
Therefore,
s(t) = y(t) = x(1) = logg N(' +1) mod M.
|
We write a Sidelnikov seque;nce {s(r)} of period ¢¢ — 1
as an array of size (¢ — 1) x qu—ll and denote by {v;(¢)} its
I-th column sequence for each 0 </ < (¢¢—1)/(g—1). Then,
the /-th column sequence {v;(¢)} is given by, for0 <t < g—1,

d
—1

(1) :s(q
qg—1

t—}—l)zlogﬂN(al,Bt—i-l) mod M. (6)

We now summarize some properties of the column sequences
{v(t)} of length g — 1 for 0 < I < (¢ —1)/(g—1) as follows:
Theorem 3: Let {s(t)} be a Sidelnikov sequence of period
g% — 1 given by (5) and its column sequences {v;(t)} for
0<1<(g%—1)/(qg—1) are given by (6).

1) The very first column sequence {vo(t)} is a d-multiple of
the Sidelnikov sequence {s1(t)} of period g — 1 defined by
the primitive element § = al@’=/=D of GF(q). That
is, for all t,

vo(t) = dlogg(f' +1) mod M. 7

2) Forany 1 <1 < (¢ — 1)/(g — 1), {vig ()} is a cyclic
shift of {v;(t)}, where the subscript lq is computed mod
(g% — 1)/(qg — 1). In particular, v;(t) = vig(t + 1) for
all t, where t is the quotient when lg is divided by
(¢ —1)/(g = 1).

3) Denote by 0 the quotient when lq™ is divided by
(@' = 1)/(@—=1). Forany 1 <1 < (¢’ = 1)/(g = 1),
the column sequence {v;(t)} has a subperiod less than
q — 1 if and only if g — 1 does not divide 6 if and only
ifmp <dj. Write 6 = (q— 1)a+r where 0 <r <g—1.
If r # 0 then the subperiod of {v;(t)} is given by
ged(r,g — 1) = ged(d,q — 1).

Proof:
1) Observe that

d
vo(t)zs(q _1t)
qg—1

= logg N(B' + 1)

a1
= logg (' + 1)a
d

'
| logg(B" + 1)
= dlogﬁ(ﬁt +1) mod M,

where the last congruence holds since (¢¢ — 1)/
(g—1)=d mod M.

2) Since lq in v4(t) is computed mod q:%ll but the expo-
nent / of a in the RHS of (6) is computed mod ¢? — 1,
the term /g here should be carefully treated. For this, we
divide Ig by qqd%ll and put

d—1

qg—1

lg = T+u,
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d d
where 0 < u < 2:11. Then lg = u (mod 2—:11) and

_ lg—u
U= @0/

vig(t) = vu(t) = logg N(a" B+ 1)
= log, N 4y
= logy N(@'p=7 4+ 1)
= logy N((@1f' " +1)7")
logy N@ ="+ 1)
=o(t—17) mod M.

and the following comes easily:

In other words, we have v;(f) = vy (¢t + 7) for all ¢.

d
3) Since Ig™ =1 mod % we write

q
d
-1
" =1 541, @®)
qg—1
wherel§l<q;%ll. Then
s 4" 1
(@4 —1)/(g—1)
— D) (g™—! m=2 4 4]
:l(q )(gq +q +---+ 1) ©)

(@ =1/(@—1)
Using the same argument as in the proof of the previous
item, we see that v;(¢) = vjgm (t + 6) for all . However,
it is also true that v;ym (1) = v;(t) and hence that

vi(t) =vi(t +0) for all . (10)

Write 6 = (g —1)a+r forsome 0 <r <g—1.If r #£0,
then {v;(¢)} must have a subperiod gcd(r, ¢ — 1) which is
strictly less than ¢ — 1. If » = 0, then from (8) we have

Ig™ =1 mod (¢¢ - 1),

which implies d;|m;, and hence m; = d;. It is easy to see
that we must have r = 0 if m; = d;. Therefore, r # 0 if
and only if m; < dj.

Finally, assume that {v;(z)} has a subperiod k where
1 <k < g—1 and k|g — 1. Since {v;(¢)} satisfies
(10) where ¢ is given by (8) or (9), it has the subperiod
ged(d,g — 1) = k. We write again 6 = (¢ — 1)a +r
for some 0 < r < g — 1. Now, if r = 0 then
k = ged(d,g — 1) = g — 1 is a desired contradiction.
Therefore, we have proved that {v;(¢)} has a subperiod
less than ¢ — 1 if and only if ¢ — 1 does not divide 0 given
in (9). ]

Two important corollaries of the third item of the above

theorem are the following:

Corollary 1: Assume  all

in Theorem 3.

1) Ifged(d, g—1) = 1, then, forall1 <1 < (g% —1)/(g—1),
the I-th column sequence {v;(t)} has no subperiod less
than g — 1. Note that this is true regardless of whether
m1=d1=d0rm1=d1 <d.

D Ifm =dforl <1 < (g9 —1)/(q — 1), then
the l-th column sequence {v;(t)} has no subperiod less
than g — 1. Note that this is true regardless of whether
ged(d,qg — 1) =1 or not.

the same notations as
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[UO (t), (%1 (t), V2 (t), ..., U30 (t)]

1310231110133 2
22311210013220
0032002020323¢0
33300322023201

Fig. 1. Array structure of the sidelnikov sequence in Example 2.

Proof:

1) Assume that ged(d,q — 1) = 1. From the second item
of Lemma 2 we have m; =d forall 1 <[ < (¢¢ —1)/
(g—1). Therefore, {v;(¢)} has no subperiod less than g — 1
by the third item of Theorem 3.

2) We observe that m; = d implies m; = d; = d and we are
done by the third item of Theorem 3. ]

Example 2: Let q 5 and d 3. Consider GF(5%)
constructed by the primitive element o defined by a> = 2a+3
over GF(5). Then, f = a®' = 3 is a primitive element
of GF(5). A 4-ary Sidelnikov sequence of period 5> —1 = 124
can be put into an array of size 4 x 31 as given in Fig. 1. Here,
AN = Ag A = {1,2,3,4,6,8,11,12,16, 17}, and the
5-cyclotomic cosets mod % = 31 are {0} and 10 cosets
of size all 3.

If we let {s1(t)} be the 4-ary Sidelnikov sequence of period 4
using B 3, then {si(¢t)} has the value 3,2,0,1 for
t = 0,1,2,3, and observe that vo(t) = 3s((t) mod 4 for
all t.

Since C; = {1,5,25}, we have 1) = v5() = vy5(2).
Similarly, we have vy(t) = v10(t) = v19(t + 1), etc. Observe
that ged(d,qg—1) = gcd(3,4) =1 as well as m; = d = 3 for
all | # 0, and hence every {v;(t)}, for | = 1,2,...,30, does
not have subperiod less than g — 1 = 4. (I

Example 3: Assume that q 7 and d = 4 so that
ged(d,g — 1) = (4,6) = 2. We consider two types of
g-cyclotomic cosets mod (¢% — 1)/(qg — 1) = 400 of size
2 < d. When I 25, we have CA25 = {25,175} and
Cys = {25,175,1225,1375}, and hence m; = 2 < d; = 4.
Therefore, {v25(t)} has a subperiod 3. When | = 50, we have
CASO = {50, 350} = Csg, and hence m; = d; = 2. Therefore,
{vso(t)} has no subperiod. Note that for any [ with m; = 4 (and
hence m; = dj), the column sequence {v;(t)} has no subperiod.
We further verify the following: 25 -7* = 1225 = 400 -3 + 25
and 6 = 3 which is not a multiple of 6. On the other hand,
50 - 7% = 2450 = 400 - 6 + 50 and 6 = 6 which is a multiple
of 6. O

The [-th column sequence v;(¢) given in (6) can be written
as follows:

vi(t) = logg fi(B') mod M,
where, for each [,
fir) 2 Nalx + 1)
=N +a™
=p+aDHax+a) - (x + a’l‘f‘H)

= f' pi(x)?/ 4, (11)
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200133200323130¢01
01111113103212131
12330302112022322
00101303312322132

where p;(x) is the minimal polynomial over G F(q) of —a ™!

of degree d;. Note here that d;|d and d; is the smallest positive
integer such that g%l =1 mod ¢¢ — 1. From (6) and (11),
we have

oi(t) = logg fi(B")
= log; A' pi(B")Y*/*  mod M (12)
= logﬂ(ﬁipl([)”))d/d’ mod M, for some I,
= Zlogy (B pi(8) mod M, (13)

d

which is possible because of the following:
Lemma 3: Let B,d,d; and l be as given in (12). Then, there
exists an integer | such that pl= pldia,

Proof: The statement is equivalent to the following: there
exists an [ such that [ = id/d; mod g — 1, or the linear
congruence equation di]x = [ mod ¢ — 1 has a solution x,
or gcd(dil, g — 1) divides [. For this, observe first that [g% = [
mod ¢? — 1 implies g¢ — 1 divides /(g% — 1) and hence

d

q¢ —1
l 14
il (14)

since djl|d.
We note that, since (¢¢ —1)/(g —1)=d mod g — 1,
g/ -1

ged(g — 1, q_l)zgcd(q—l,d)- (15)

Next, use g% for ¢ and di, for d in (15) to obtain the
following:

ged(@ — 1, (¢! = 1)/(g% - 1))
= ged(g — 1, (g™ % — 1)/(g" — 1))

d
= ged(g? — 1, o) (16)
1

Therefore, we are done by the following: ged(g—1, di[) divides
ged(g¥ —1, il), which divides ged(g¥ —1, (g7 — 1)/ (g% — 1))
by (16), which divides gcd(¢% —1, I) by (14), which obviously
divides . [ ]

Note that the above lemma is true regardless of whether
ged(d,g — 1) = 1 or not, and also regardless of whether
m; = d or not. In particular, if m; = d, then m; = d; = d and
[ =1 works. One final preparation for the main construction
is to observe the following:

Lemma 4: Let 1,k be elements in A and © (0 < 7 <
q—1) be an integer. Let p;(x) be the minimal polynomials over
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GF(q) of —a~" of degree d; in (11), and similarly for py(x).
We consider the following monic polynomial:

B pr(BTx)
— (X +a—kﬂ—1)(x + a—kqﬁ—r) . ()C + a_kqdk_lﬁ_r)-

If | and k satisfy m; = d; and my = di (ie., [,k € Ag),
then p;(x) and p~"% pi(B7x) are distinct monic irreducible
polynomials over GF(q), unless | = k and 7 = 0.

Proof: Assume that they are the same. Then, we have
a~! = a=* B~ for some s < dy = my. This implies

g~ 1

l=kq® +1 mod ¢¢ — 1. (17)

Therefore, we have [ = kg* mod ‘zd%ll, and this implies that /

d
and k belong to the same g-coset mod qq—:ll. Therefore, | = k,
and we have
d
—1
l=1q¢° mod el .
qg—1

By the definition of m;, the above implies m;|s, which in turn
implies that s = O since s < dy = my = my. Then, (17)

d
becomes qq:ll = 0 mod g% — 1 which gives ¢ — 1|7 and thus
7 = 0 since we have assumed that 0 <7 < g — 1. [ |

We note that the same conclusion of the above lemma is
true when [, k € A’ since in this case m; = d = my implies
m;=d;=d =d; =myg.

B. Main Construction: Column Sequences and
Their Constant Multiples

We will clearly distinguish two M-ary Sidelnikov sequences
from now on: {s(¢)} of period ¢ — 1 and ({sz(¢)} of
period ¢ — 1. For some reason to be explained later, we have
to put some upper limit on d from now on, which is given by
the following:

1 2
3<d< = —— 41 18
< 3 Va Ja +1) (18)
We would like to emphasis again the contrapositive as well
as the inversion of the third item of Theorem 3: for 1 </ <
(g% —1)/(g — 1), the I-th column sequence {v;(r)} has a full
period g — 1 if and only if m; = d; if and only if ¢ — 1 divides
0 in (9). This will play a key role in our main construction
of the family. Recall also that Ag is a subset of A containing
those [ with m; = dj.

Definition 4: Assume that d is in the range given by (18)
and q > 27. We write an M-ary Sidelnikov sequence {sq(t)}

q“—1

of period g —1 as a (g—1) x q__l

¢?-1
in (5) with a and f§ = a 171, and denote by {v;(t)} its I-th
column sequence for each 1 =1,2,...,(q% —1)/(g—1) — 1.
We denote by {s(t)} the M-ary Sidelnikov sequence of period
qg—1 given by s(t) = logﬂ(ﬁt +1)mod M forO <t <qg—1.
1) We now construct a family T’ of M-ary sequences of
period g — 1 using A’ as follows:

array, where sq(t) is given

Y ={cou®)|1<c<M, leN). (19)
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2) In paricular, for an integer r > 2 dividing gcd(d, M), we
consider the following subset X, . of X':

r—1

3 .= U I (c+ %) (1) ‘ le A/], (20)

i=0
where c is a fixed integer with 1 < ¢ < % — 1. Using
c= % in this case, we also construct

r—1

E;W/r = U [%vl(t)

i=1

le A’]. 1)

3) When ged(d, M) = 1, using Ag (instead of N') we
construct a family g as follows:
Ys={coi@®)| 1 <c<M,leAs} (22)
Theorem 4 (Properties of Families in Definition 4):
1) The sequences in the family X' are cyclically inequiva-
lent, and

Cmax(z/) = (2d - 1)«/5"" L.

2) All the members of Z;’c forl <c< % — 1 are cyclically
distinct and

Cmax(z;,c) = (2d - 2)\/5 + 2-

The same is true for the family X! M/r using c = M/r.
3) All the members of T are cyclically distinct, and

Cmax(ES) = (2d - 1)\/§+ L.
Proof:
1) Assume that [ # k and 7 is in the range 0 <7 < g — 1.
We recall that hence m; = d; = d = m; = di. Let
1 < c¢1,¢0 < M be any two arbitrary constants. The
crosscorrelation function between the sequences {cjv;(¢)}
and {covx(¢)} in X’ is given by

q—2
Ceyop.cann (r) = Z w;}v/(t)*czvk (f+7,'). (23)
t=0

Here, from (12),

! '
cro(t) €l logﬂﬂ pi(Bh)
0

=y (B pi(B))
and similarly,
oy D =y MR (B pr ().

Therefore, (23) becomes

Cerop,eany (7)

q—2
= > v B BN BB (BT )
=0
= > v p )BT pr(B X)),
xeGF(q)*
(24)

where y| = y and yr = yM~ are both non-trivial
since both exponents ¢; and M — ¢ belong to the range
from 1 to M — 1. Furthermore, Lemma 4 proves that
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pi(x) and B~ pr(B7x) are distinct monic irreducible
polynomials over G F(g) unless [ = k and = = 0.

Now, assume that [ # k or 1 < 7 < g — 2 and apply
the Weil bound (1) in Theorem 1 with ¢ = ep = 0:

|Cclu/,czvk ()]

=| D B )BT pr(Bx)

xeGF(q)*

<| DB p) BT (BT (25)
xeGF(q)

< Qd-1)Jg+1. (26)

Consider now the case that ¢; # ¢z, but/ =k and t = 0.
Then

Cavmen(@=0=" Dy pi(x)),

xeGF(g)*

where w3 = w7 is nontrivial, since 1 <

lci1 —c2] < M — 1. So, by the Weil bound (1) again,

|CC|U/,021)/(T =0)|=<d- 1)ﬁ+ 1.

This completes the proof of the correlation upper bound
on the family X’.

To show that the members in X’ are all cyclically
distinct, we proceed as follows. If cjo;(¢) and covx(¢)
for (c1,1) # (c2,k) are cyclically equivalent, then, for
some 7 (0 <7 <q —2), crvi(t) = covx(t + 7) for all 7.
Then we have

q—2
g—1= Zw/cv]]ul(t)fczvk(t+r)
t=0

= |Ceiv1,en ()| < 2d — Dfg+ 1, (27)

which is impossible because of
d <3(Jq— 7 +1D.

Since ¥, is a subset of X', it is obvious that its
members are cyclically distinct by the above proof. For
the correlation bound, we use the same process as in
the above until the expression for |Ce¢,v;,co0, ()] in (25),
where ¢y = ¢+ iM/r and ¢ = ¢ + jM/r for some
O0<i,j<r—land 1l <c<M/r—1.

Now, since ¢; = ¢ mod M/r and r| gcd(d, M), we have
M|d(c; — c2). Therefore, since m; = dj = d = d; and
my = dr = d = dy, we have

the assumption

2
[[vi'@) =y =1
i=1

for all x € GF(q)*. Therefore, we apply the Weil Bound
in (2), and obtain the improved upper bound as

Ich/,czvk ()]

A

<| DB )BT (BT )| + 1

xeGF(q)
(2d — 2)/q + 2.

IA

Note that for ZEWr, we have cy = iM/randc; = jM/r
for some 0 < i, j <r —1. Therefore, the improved upper
bound also applies.

3) Basically, the proof is almost the same as the above
item 1), except for the steps from (23) to (24). New
expression for (24) here would be

> [

xeGF(q)*
’V/(M—Cz)d/dk (ﬂk-‘rrdkﬁ—rdk Di (ﬁ‘[-x)):la

Cervpen (7) =

for some [ and k by Lemma 3. In this case, since
1 <ci,e0 <M, t//Cd/dl and y/(M_CZ)d/dk are non-trivial
because of the condition ged(d, M) = 1, the remaining
steps in the proof of 1) work. [ ]

Remark 1: When d is prime, Lemma 2 implies A’ = Ag.
Therefore, we have ¥’ = Xg regardless of ged(d, M) = 1
or not. When d is not prime, g will possibly be slightly
larger in size than X', and the difference is almost trivial.
See Example 6 at the end of Subsection IIl-D. X[ . or X, ,
can be constructed when ged(d, M) > 1 and it must be
definitely smaller in size than T’ but it has tighter bound on
its maximum correlation magnitudes. Analysis on the sizes of
various families will be given in Subsection III-D. O

C. Main Construction: Combining With Previously
Constructed Families

We follow [44] and now construct various families by
combining those in Definition 4 and the families Zg in [21]
and Ag in [23] and [14], where

Is = {es()| 1 <c < M}
As = {cos(@) +c1st +9) 1 <d < (g —1)/2]},

(28)
(29)

where 1 < c¢g,c;1 <M for 1 <6 < [(qg —1)/2], and ¢g < ¢
if 0 = % for odd prime power ¢. It has already been proved
that the members of Zg U Ag are cyclically distinct and

Ciax(Zs U AS) = 3\/6 +5

as [23, Th. 4] (which is mentioned in [44, Proof of Th. 9]).
We will also use the following subset Agg of Ags:

Aso = {cos(t) +c1st+ )| 1 =6 < (g —1)/2]},

(30)

€1y

where cp + ¢; = 0 mod M. It has also been proved that the
members of Zg U Agg are cyclically distinct and

Crax(Zs U -ASO) = 2\/6 +6

as [14, Th. 18] (which is also mentioned in [44, Proof
of Th. 9]).

In the following, we note that the definition of the family Zg,
As or Ago has nothing to do with the value of d.

Definition 5: Assume all the same notation as in
Definition 4, and Zs and As in (28) and (29), respectively.

1) Using ¥/, we construct a family XT'*' of M-ary

sequences of period g — 1 as

(32)

Y =3 U Ts U As. (33)
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2) Using Z}Wr for r > 2 when r|ged(d, M), we construct
a family Eﬁ;’r of M-ary sequences of period g — 1 as

E}ﬁ,’;tr = E;Wr U Zs U Agp. (34)
3) Using X5 when ged(d, M) = 1, we construct a family
¢ of M-ary sequences of period q — 1 as

ngt =25 UZs U As. (35)

Theorem 5 (Properties  of  Extended  Families in

Definition 5): Assume all the notation and assumptions
in Definition 5.

lext

1) The sequences in the family X
and

are cyclically distinct,

Cmax(z/em) =< (2d - 1)\/6_’_ L.

2) The sequences in the family Eﬁ;’r are cyclically distinct,

and

Coax (ZG51) < (2d = 2)/q +2.

3) The sequences in the family X are cyclically distinct,
and

Cmax(z?”) = (2d - 1)\/5"" 1.
Proof:

1) We have already proved that

Cmax(z/) = (2d - 1)\/6_’_ 1

in Theorem 4 above. Recall (30) for Cyax(Zs U Ag).
Therefore, we only have to prove the correlation bound
of {a()} and {b(r)} where {a(r)} € Zs,{b(t)} € %'
and {a(t)} € As, {b(t)} € X’ for the upper bound on
Crmax (X").

Case 1 {a(t)}) € Ts, {b(t)} € T': Let a(t) = c1s(t),
b(t) = covi(t). Then the correlation between {a(¢)} and

(b(1)} is

q—2
Ca,b(f) _ Z w;/lls(t+r)fczv/(t)
t=0

c1logg (B +1)—c2logy fi(B")
= o

t=0
c1logy (B x+1)—c2logy B! pi(x)
= Z Oy )

xeGF(g)*

where fi(x) = p!pi(x) for the irreducible polynomial
pi(x) since m; = di = d. Then, we can express the
above correlation as a character sum and apply the Weil
bound (1). Therefore,

|Ca,b(T)|

= > T+ DM p)) — 1

xeGF(q)
d+1-1)/g+2
<dq+2.

A
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Case 2 {a(t)} € As, {b(t)} € X': Let a(t) =
cos(t) + c1s(t +0), b(t) = cpvi(t). Then the correlation
between {a(t)} and {b(¢)} is

Ca,b(T)
q—2
Z cos(t+7)+c1s(t+0+1)—co0i (1)
Dy
t=0
_ Z wcologﬂ(ﬂ1x+l)+0|log/g(ﬂﬁ‘ijrl)fczlog/g,Blp/(x)
= v ,

xeGF(q)*

and we can also apply the same method as Case 1. Hence,

Cap(r) < (d+1)/q +3.

Cyclic inequivalence of members of X’ has been proved
in Theorem 4. Those for Zg or Ag have been done
earlier by others. We only have to check the cyclic
inequivalence between members of Zg and X', and also
those in Ag and X’. These can be done easily by some
similar methods used in the proof of Theorem 4.

2) We have already proved that

Cmax(E;\/]/r) = (2d - 2)\/6'*‘ 2

in Theorem 4 above. Recall (32) for Cpux(Zs U Aso).
Therefore, we only have to prove the correlation bound
of {a(¢)} and {b(¢)} where {a(t)} € Is,{b(t)} € E;Wr
and {a(?)} € Aso, {b(t)} € E;Wr for the upper bound on
Cmax(Zﬁ;’r). Since Z;W/r is a subset of X’ and Agg is a
subset of Ag, the same steps as in the proof of 1) apply
and we have

|Cap(7)l <di/q +2

for Case 1 and

ICap(D) =d/q +4

for Case 2. Cyclic inequivalence of members of
can be proved similarly.
3) This can be done similarly.

rext
z"M/r

D. Counting the Size of the Proposed Families

We recall that we consider the value of d in the range
given by (18) and hence ¢ > 27. Also, A’ is the set of
representatives of the g-cyclotomic cosets mod (g% —1)/(g—1)
of I with m; = d, and Ag is the set of representatives of the
g-cyclotomic cosets mod (g? — 1)/(g — 1) of [ with m; = d.
From Definition 4, we see that

IZ] = (M — DN
120 = rlA|
IZh/rl = (r = DIA]
|Zs| = (M —1)|Asl,

where r| ged(d, M) and r > 2.

Recall that A = 1 when ¢g is odd and A = 2 when ¢ is
even. For the families Zg, Ag and Agyp, it is easy to see that

IZs| =M — 1,
lAs| = (M—l)(

(M—l)(q—2)+A—2)
> :
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and
Y Mm=1@-2)-1,
IAso|={?(( g —2)—1)

Therefore, we have the following:

g odd and M even

otherwise.

IS/ | = (M — DA + %((M —D%(g—2)+A)

1
257 = (M = DIAs| + 5 (M = 17(g =2 + 4)
ISH = (M = 1)+ (r = DIA| + | Asol

Asymptotic counting in the appendix gives |A| ~ |Ag| ~
IA'| ~ g%~1/d as q increases for d > 3. (Cor. 2 in Appendix)
This proves the following:

Theorem 6: For d > 3 and as g — 00, we have

|27 ~ 2§ ~ (M — g™ /d,
and

IZh ]~ = Dg?™!/d.

We do not have explicit expressions for |A| or |A’]| or |Ag|
in general, except for some special values of d. In this sub-
section, we give an exact counting of |A| and |A’| (and hence
the size of the family X’**") when d is a prime power or d is a
product of two distinct primes. These will cover, in particular,
the values of d from 2 to 11 and we believe this would
be practically enough for selecting the right value of d for
any given g and M, We will use the same notation as all
the previous subsections. We would like to recall that, from
Lemmas 1 and 2, |A’| = |Ag| if d is prime and |Ag| = |A|
if ged(g —1,d) = 1.

Theorem 7: When d is a prime, we have

1 (q%—1
A=A +k—1=- (2
d\q—1
where k = ged(q — 1,d) is either 1 or d. Therefore, with
A =1 when g is odd and A =2 when q is even, we have

d_ — —
Rty L Ce= i IUEL TS

Proof: Note that every coset Cs in this case has size
d_
either 1 or d. Observe that s in the integers mod quII belongs
R d_
to a singleton coset Cy = {s} if and only if sg = s mod qull.

Now,

k) ke

d—l qd—l
sq =s mod <— s(g—1)=0 mod
g -1
<= s=0 mod /k,
qg—1

where k = ged(q — 1, d).

Therefore, s belongs to a singleton coset if and only if
it is of the form i L:ll/k for 0 < i < k. Hence, the
number of singleton cosets is k including the coset {0}. All
the El)ther cosets have size d, and the number of such cosets is
%(qq—:ll — k). Since 0 € A, we have the desired result. [ |

2Example 4: When d = 3, we have |A| = |N|+k—1=
W +k — 1, where k = gcd(g — 1,3) is either 1
or 3. O

Theorem 8: Let d = r® for a prime r and a positive
integer a. Then,

_ i d_1 i—1 d_1
“!ged(q" — 1, L) — ged(g” — 1, L)

A= -

i=1
+ged(d, g — 1) — 1+ |A],

1(q?—1 !
A== (L= —ged (¢ - 1,2 .
d\q—1 qg-—1

Therefore, with A = 1 when q is odd and A = 2 when q is
even, we have

and

1

1 (q q? -1
srext; — (M — 1 - — ocd d/r—l,
o or (1 (22019,

N (M—l)(L—l)—i—A).

2
Proof- Note that in this case the coset size is 7/ for some
0 <i < k. We may similarly count the number of singleton
cosets, which is given by ged(d, ¢ — 1). Now, we count the
number of cosets of size r! for each 1 <i < k as follows.
For any s in the integers mod qu—ll’ we have sg¢ = s mod
q;:ll. Observe that s belongs to a coset of size ' if and only

. i pi-l q?-1
if sq” = s but sq # s mod T

i d_
The number of elements s such that s¢g” = s mod quII
i d_
is easily counted to be gcd(q” — 1, qul). Of these, the
i— d_ . .
number of those with s¢” = s mod qq—_ll is given
by gcd(c]’i_1 -1, q;%ll). [}
Example 5: When d = 4, we have
3 2 1—
4
where j =ged(q> —1,¢° +q> +q + 1), and
 —k
IA| = |A/|+JT+1<— 1,
where k = gcd(qg — 1, 4). d

Theorem 9: Let d = uv be a product of two distinct
primes u and v. Then we have

IAl = |A| +ged(g — 1,d) — 1

1 (q"—1

+ - ng(q_l’v)_ng(q_lad)
u'\q-—1
1 b1

+—(" gcd(q—l,u)—gcd(q—l,d>),
v \g—1

and

d

-1
|| =1 =+ ged(q — 1,d)

i u _ q“—l

- ng(CI_ 1’0)_ ng(q_ 19“)
g—1 g—1
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Therefore, with A = 1 when q is odd and A = 2 when q is
even, we have

!

— | ged(g — 1,0)
v _

i gcd(q—l,u))

cropM=DL-D+A

Proof: Note in this case that the size of a coset must be

d
either 1, u, v, oruvo = d. Let T = qu—ll. We first observe
that, for any s in the integers mod T, s belongs to a coset
of size 1 if and only if s¢ = s mod T. Therefore, we have

s(q.— 1) = 0 mod T,ors =0 mod m. The integer s
which satisfies sg =s mod T has the following form:

T

=————— i, l<i<gedlg—1,T).
S g 1) " <i<ged(g—1,T)

Therefore, the number of cosets of size 1 is given by
ged(gq — 1, T) — 1 =ged(g — 1,d) — 1. [see (15)].

Similarly, note that s belongs to a coset of size u if and
only if s¢q" =s mod T and sq # s mod T. Since sqg" = s
mod T if and only if s = 0 mod WT*LT)’ the integer s
which satisfies s¢g” =s mod T has the following form:

T

- i i<i<gd@"—1,T).
Sl —Lp | ST )

Therefore, the number of cosets of size u is given by the
following:

! (gcd(q” —1,T) —ged(g — 1, d)).

u

Observe that

uv
-1
7=1
qg—1
(" =1+1D)"=1)q" —1
B g" —1 g—1

_ = (v u _ q1yi—1 q" —1
_(;(z‘)(" Y )q—l

Sl A i-1)q" —1
(v—l—izzz:(i)(q -1 )q—l

qu_l
q—

mod ¢g“ — 1.

u _ qu_l u
ged(T, g" — 1) = ged L -1

“_1 “_1
=gcd(v" (g -1 )
qg-—1 qg-—1

_ g -1
=1

[

Thus,

ged(v, g — 1).
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Similarly, we have

[

q

ged(T,q" — 1) =

-1
= ged(e,q — ).
Therefore, the number of cosets of size u becomes
1 (qg"—1
- ng(q—l,U)_ng(q_l,d) >
u\q-—1

and that of size v is given by
1 (q°—1
v ( qg—1
Therefore, the number |A’| of cosets in A of size uv is given
by the following:

ged(g — 1, u) — ged(g — l,d)).

’ 1 q" —1
Nl = — T +ged(g — 1,d) - ged(g —1,0)
uv qg—1
v —1
- T ged(q - l,u)),
and |A] is given as desired. |

Remark 2: The size of A in Theorems 8 and 9 becomes the
same as that of As when gcd(q — 1,d) = 1. We further note
that gcd(d, M) = 1 if ged(q — 1,d) = 1. d

Example 6: Table Il shows the sizes of various families for
q=64 (M ="70r63),q=97(M =2 o0r96), andd =3
or d = 4, and the correlation bounds given in Theorem 5.
Followings are to be noted from this table:

1) Correlation magnitude of the families
Theorem 5.

2) The construction for ¥’ (and hence T'°*!) is applicable
for any g > 27, M|(q — 1) and d satisfying (18).

3) The construction for Xs (and hence ng' ) will only be
applicable whenever gcd(d, M) = 1. There are four such
cases in this table. The size of Xg is the same as that of
" ifd is a prime (d = 3 in this table), and it is negligibly
a bit larger otherwise.

4) The construction for X, (and hence X7 also)
will be applicable for any r|ged(d, M) and r > 2.
If ged(d, M) = 1 then it will not be applicable. The size
of Eﬁ;’r is much smaller than that of X'°*!, but it has
much tighter bound on the correlation magnitude.

5) This table clearly shows that one can have a trade-off
between the size and the maximum correlation magnitude
for given q and M by carefully selecting the value
of d. O

are from

E. Practical Issues of Constructing A’ or Ag

For the constructions of X’¢*’_ or its subset Eﬁ;’r, or T¢Y,

one has to first construct Ag or its subset A’, both of which
are subsets of A. This could be challenging since basically
one has to take the following steps:
1) Determine A by finding all the g-cyclotomic cosets
C; containing [ mod (¢¢ — 1)/(g — 1) for 1 < | <
@ =1)/(g—1)—1.
2) Determine Ag and A’ by finding the values d; and m;
for all [ € A.
It is to be noted that only the first step above will require mem-
ory of size approximately § X ’Plogz %_I bits (Cor. 2),
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TABLE II
THE S1ZES AND CORRELATION BOUNDS OF THE PROPOSED FAMILIES FOR ¢ = 64 AND g = 97 WITHd = 3 AND 4 (EXAMPLE 6)
q 64 97
M 7 63 2 96
d 3 4 3 4 3 4 3 4
ged(d,q — 1) 3 1 3 1 3 4 3 4
ged(d, M) 1 1 3 1 1 2 3 4
[A] 1388 66592 1388 66592 3170 230595 3170 230595
[As| 1386 66592 1386 66592 3168 230544 3168 230544
[A] 1386 66560 1386 66560 3168 230496 3168 230496
qi-1 /d 1365 65536 1365 65536 3136 228168 3136 228168
Zs| 8316 399552 - 4128704 | 3168 - - -
=] 8316 399360 85932 4126720 | 3168 230496 300960 21897120
\E’T,C| - - 4158 (r = 3) - - 460992 (r = 2) 9504 (r = 3) 921984 (r =4)
|E§\/I/'r| - - 2772 (r = 3) - - 230496 (r = 2) 6336 (r = 3) 691488 (r = 4)
|Zs| 6 6 62 62 1 1 95 95
|As] 1116 1116 119164 119164 47 47 428640 428640
|Asol - - 1922 (r = 3) - - 47 (r =2) 4512 (r = 3) 4512 (r =4)
|rext| 9438 400482 205158 4245946 | 3216 230544 729695 22325855
|E’M/T| - - 4756 (r = 3) - - 230544 (r =12) | 10943 (r =3) 696095 (r = 4)
|Zgrt 9438 400482 - 4245946 | 3216 - - -
Cmas )1 4100 5700 41.00 57.00 | 50.24 69.94 50.24 69.94
= Ormax (SE71)
C’maz(Eﬁ”tr 34.00 50.00 34.00 50.00 41.40 61.09 41.40 61.09

which may be a big issue in engineering sense for large
qg = L+ 1 and d > 3. Computational time-complexity
may also be a bigger issue. For the first step of the above,
one has to go through all the g-cyclotomic cosets of [ mod
@' —=1)/(g—Dfroml=1tw!l=(q"-1)/g-1) -1
checking whether it is new or not in order to determine A.
Basically, this brute force algorithm may require approximate
time-complexity which is at least linear in ((¢¢ —1)/(g — 1))

However, one can do much better when d is prime and
ged(g — 1, d) = 1, and furthermore, when (¢¢ — 1)/(g — 1) is
also prime. For d = 3, such cases occur when g = 41, 59, 71,
or 89, etc. Note that, for each of these four values of g and
d = 3, the value (g% —1)/(q — 1) becomes 1723, 3541, 5113,
or 8011, respectively, all of which are prime. It would be an
interesting problem if one could determine whether there are
infinitely many such cases for each prime d.

Let d be prime and ged(qg — 1,d) = 1. Then A’ = Ag
A (Lemma 2), or mj = d; = d for any I € A. If Q
(g% —1)/(g — 1) is prime in addition, then |A| = (Q — 1)/d,
which we prove in the following by construction:

Theorem 10: Let d and Q = (q%—1)/(qg—1) both be prime
and gcd(qg — 1,d) = 1. Then

>l

AN=As=A={s" modQ|0<i<(Q—1)/d—1},

where s is a primitive root mod Q.

Proof: 1t is enough to show that
. ; , o=t . A
Ci={¢'0=si=d-1}={s"70<i<d-1}=Ti.

As Q is prime, the multiplicative group of integers mod Q is
a cyclic group of order Q — 1. So, for each positive divisor
e of O — 1, it has one and only one subgroup of order e.
As both C; and Ty are subgroups of order d, they must be the
same. |

Note that, in the cases of the above theorem, the require
memory size would be approximately [log, %1 bits since
there is no need to save all distinct cosets, ar}g the
time-complexity reduces to approximately linear in qT plus
some extra time for finding a primitive root s mod Q. There
are some “good” algorithms [4] for finding a primitive root
modulo a prime.

In all other cases in general, what we could do is to give
some test of determining the values of m; and d; for 1 <
I < (g% —1)/(g — 1) without going through checking the
cosets mod g% — 1.

Theorem 11: Let | be any integer with 1 < [ <
(g —1)/(q — 1). Then

1) d; is the least positive integer such that dij|d and

q? -1
g —1
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2) my is the least positive integer such that m;|d and

g —1

(g™ —1) ged(%, g — 1)
Proof: From the definitions of d; and my;, it is enough to
observe that

lqdl =/ mod qd -1 & (c]d - 1)|1(C]dl -1

41
g —1|"
and
Ig™ =1 mod (¢ —1)/(g —1)
& (¢ =D/@—-DlE™ 1)

@ —-1/@-1 ‘
ged((g? —1)/(g — 1), g™ = 1)|

Observe that

(@ —1/@-1)
ged((g? —1)/(g — 1), g™ — 1)

_ g’ —1
ged((@? = 1), (g™ — 1)(g — 1))
d_1
= a_
(g™ — 1) ged(Fr=y, g — 1)
-1

(@™ =D gedGE, g — 1)

where we use the fact that the remainder when % is divided
by g — 1is . [

Example 7: Let ¢ = 53 and d = 4. Then, (¢* — 1)/
(g — 1) = 151740 and for 1 <1 < 151739, we have

2 if 28101

d = 4 otherwise,
and
1 if 379351
mp= {2 if 14051 and 37935 f I
4 otherwise.
Remark 3: If ged(d,gq — 1) = 1 then we have

gcd(%,q — 1) = 1 for any divisor m; of d. Therefore,

two sufficient conditions coincide, and m; = d; for any
such I, and hence, As = A, which is the second item
of Lemma 2. O

IV. CONCLUSION

In this paper, we investigate the (¢ — 1) X qqd%ll array
structure of M-ary Sidelnikov sequences of period ¢? — 1,
and propose two constructions ¥ and ¢ for families of
M-ary sequences of period g — 1 with: (1) the correlation
magnitudes which are upper bounded by (2d — 1),/g + 1
for d > 3 and (2) the sizes are given approximately by
(M — 1)g%"'/d. Two constructions of this paper depend on
whether ged(d, M) = 1 or not. We furthermore give the exact
count of them when d is a prime power or a product of
two distinct primes.
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We note that X'**! is applicable for all prime powers ¢ > 27
and3 <d < %(ﬁ—2/ﬁ+ 1), and so is ng’ with an extra
condition that ged(d, M) = 1 with a minor increase in the
family size compared with X'¢*',

We are able to find some subset E;ﬁ,’;’r of X'¢*" for
r > 2 and r|gcd(d, M), which has a tighter upper bound
on its correlation magnitude: (2d — 2)./q + 2. However its
size is much smaller than that of X'¢¥',

It is shown by construction that A’ can be constructed
with reasonable size of memory and time for practical appli-
cations when both d and (¢¢ — 1)/(g — 1) are prime and
ged(g — 1,d) = 1.

Table III shows some of the well-known non-binary
sequence families, and their period L, alphabet size M, the
upper bound on their correlation magnitude, and the family
size.

APPENDIX

ASYMPTOTIC COUNTING THAT |A| ~ |Ag| ~ |A/] ~ _

We will use the same notation as before in this appendix.
Prodposmon 1: The number of monic irreducible factors
g1
of x =1 — 1 over GF(q) is equal to |A| + 1.

Proof: Let y = a9 be a primitive ——th root of unity
in GF(q?). Then, with

MO (x) =

[Tea-v)
jeC
denoting the minimal polynomlal of y' over GF(q) where G

is the g-cyclotomic coset mod L— 71 containing | described

in (3), we have

1€ AU{0}

This proves the proposition. [ ]
Theorem 12 [45]: For each positive integer f, let
Af = {r .

r|qf—1butr fgt—1for1<i< f}.

For r € Ay, write r = dyfmyy, with dyy = ged(r, 4 = 1)

Assume b € GF(q)* has order m, and let N(f, b, q) denote
the number of monic irreducible polynomials over G F(q) of
degree f with constant term (—l)f b. Then

N(f,b,q) = fﬂ) > s,

reAy

m,/_m
where ¢(m) is the Euler totient function and counts the
number of integers from 1 to m which are relatively prime
to m.

Lemma 5: Let p(x) = x° + - + (=1 be a monic
irreducible factor over GF(q) of x e (. 1. Then e|d, and
bl =1,

Proof: Clearly, e|d. For a root y of p(x) in GF(g?%),
N(y) =1, and ((—1)b)?/¢ = (—1)?b9/¢ is the constant term
of p(x)¥¢ =x? 4 ...+ (=14N(y). [ ]



668

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 61, NO. 1, JANUARY 2015

TABLE III
COMPARISON OF WELL KNOWN POLYPHASE SEQUENCE FAMILIES (p 1S AN ODD PRIME)
Period L Alphabet size Cmax Family size
Chu [2] | any odd integer L L VL > (smallest prime factor of L) —1
Trachtenberg [39] | p™ —1, m odd P \/m +1 L+2
Helleseth [15] | p™ — 1, m even p 2VL+1+1 L+2
extra condition: p™/2 % 2 mod 3
Kumar, Moreno [25] p™m—1 p VL+1+1 L+1
Gong [12] (pm —1)? P 2vVL+3 VL
Kumar, Helleseth S(2) [24] 2m — 1 4 4/L+1+1 > I3 +4L% +50L+2
Kim, No, Chung S [20] pT 1 p=3 mod 4 2\/L+1 4L
Kim, Chae, Song S [19] pmefl D 2vel +1 e2L
Kim, Song [21] pm—1 M|p™ -1 VL+1+3 M-—1
Han, Yang Fs [14] pm—1 Mp™ —1 2VL+1+6 (M —1)L 4+ |22
Kim, No, Chung £ 23] -1 Mp™ —1 3VI+1+5 (M —1)2 E52 ) ¢ (MIDAM22)
Yu, Gong #(?) [43] -1 M|p™ — 1 SVI+1+7 ~ LA (p )3
Yu, Gong U [44] pm— 1 Mp™ —1 3VL+1+45 MM (L~ 1)+ (M - 1)
Yu, Gong U (a subset of U) [44] p™—1 Mlp™ —1 2VL+1+6 %(L +1)—-1
In this paper y/ert and g pm—1 Mlp™ -1  (2d—1)VL+1+1 ~ (M — 1)%
extra condition: p™ > 27 and 3 < d < (/p™ — 2/+/p™ + 1) /2 for both,

ged(d, M) = 1 for %" in addition to the above

In this paper E}(jf/’; (a subset of x/¢%t) pm —1 Mp™ -1  (2d—2)VL +1+2 ~(r— 1)%
extra condition: p™ > 27 and 3 < d < (/p™ — 2/y/p™ + 1)/2 and
r|ged(d, M) and r > 2

Theorem Z{;?: The number |A| 4+ 1 of monic irreducible and the constant term equal to (—1)¢b. This is equal to

2. 2 2 ko

eld gcd(g,qfl) 0(b§7=m

q“—1
factors of x =1 — 1 is given by

where A’(b, e) is the number of monic irreducible polynomials
over GF(gq) with degree ¢ and the constant term equal to
(—=1)¢b, and o(b) denotes the order of b. Hence,

Al+1=> > > Ne,b,q).

eld gcd(%,qfl) o(bgjzm

)IPHED JRND IR 1C}

el mlged(§.g-1) rede

Proof: In view of Lemma 5, that number is equal
to Z Z A(b, e) where A(b,e) is the number of monic

eld pd/e=]
d

—1
irreducible factors over G F(q) of xqu — 1, with degree ¢ The desired result now follows from Theorem 12. [ |
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The next theorem follows from [40] by taking f(T) = T.
It gives an estimate for N'(f, b, q).

Theorem 14 [40]: Let N'(f, b, q) denote the number of
monic irreducible polynomials over GF(q) of degree f with
constant term (—1)7b, for some element b € GF(q)*. Then

! 2
q

Corollary 2: Let d > 3. The asymptotic sizes of A, Ags,

and N, as g — oo, are given by:

qdl

|A]~ |As| ~ A ~
Proof: Assume that d > 3. From Tﬁeorem 14,

ged(4, g — 1)g* ged(4,q — 1)619/2
Al+1-— AL <2
A1 - 3 BRSO 5
eld eld
This implies that
d—1
[A] ~—— as g — oo.

d
Observe that |[A'| = N(d, 1, q), and hence that

’lA/| _ ‘ d/2
-D

again from Theorem 14. This yields that

d

Finally, as |A’| < |Ag| < |A|, we also have

|A| ~ g — oo.

d—1

|A5|~q7 as g — oo.

ACKNOWLEDGEMENT

The authors wish to thank both the anonymous referees and
the associate editor for the careful reviewing of the initially
submitted version of this paper and for various suggestions
and comments in order to improve the quality of this paper.

REFERENCES

[1] M. Anand and P. V. Kumar, “Low-correlation sequences over the QAM
constellation,” IEEE Trans. Inf. Theory, vol. 54, no. 2, pp. 791-810,
Feb. 2008.

[2] D. Chu, “Polyphase codes with good periodic correlation properties
(Corresp.),” IEEE Trans. Inf. Theory, vol. 18, no. 4, pp. 531-532,
Jul. 1972.

[3] W. Chu, S. W. Golomb, and H.-Y. Song, “Tuscan squares,” in Handbook
of Combinatorial Designs, C. J. Colbourn and J. H. Dinitz, Eds., 2nd ed.
Boca Raton, FL, USA: Taylor & Francis, 2007.

[4] J. Dubrois and J. G. Dumas, “Efficient polynomial time algorithms com-
puting industrial-strength primitive roots,” Inf. Process. Lett., vol. 97,
no. 2, pp. 4145, 2006.

[5] Y.-C. Eun, S.-Y. Jin, Y.-P. Hong, and H.-Y. Song, “Frequency hopping
sequences with optimal partial autocorrelation properties,” IEEE Trans.
Inf. Theory, vol. 50, no. 10, pp. 2438-2442, Oct. 2004.

[6] European GNSS (Galileo) Open Service Signal in Space Interface
Control Document, European Union and European Space Agency, Paris,
France, Sep. 2010.

[7] P. Fan and M. Darnell, Sequence Design for Communications Applica-
tions. Baldock, U.K.: Research Studies Press, 1996.

[8]

[9]

[10]

[11]

(12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]
[30]

(31]

(32]

(33]

[34]

669

R. Gold, “Maximal recursive sequences with 3-valued recursive
cross-correlation functions (Corresp.),” IEEE Trans. Inf. Theory, vol. 14,
no. 1, pp. 154-156, Jan. 1968.

S. W. Golomb, Shift Register Sequences.
Holden-Day, 1967.

S. W. Golomb and G. Gong, Signal Design for Good Correlation—For
Wireless Communication, Cryptography and Radar. Cambridge, U.K.:
Cambridge Univ. Press, 2005.

G. Gong, “Theory and applications of g-ary interleaved sequences,”
IEEE Trans. Inf. Theory, vol. 41, no. 2, pp. 400411, Mar. 1995.

G. Gong, “New designs for signal sets with low cross correlation,
balance property, and large linear span: GF(p) case,” IEEE Trans. Inf.
Theory, vol. 48, no. 11, pp. 2847-2867, Nov. 2002.

Z. Guohua and Z. Quan, “Pseudonoise codes constructed by Legendre
sequence,” Electron. Lett., vol. 38, no. 8, pp. 376-377, Apr. 2002.

Y. K. Han and K. Yang, “New M-ary sequence families with low
correlation and large size,” IEEE Trans. Inf. Theory, vol. 55, no. 4,
pp. 1815-1823, Apr. 2009.

T. Helleseth, “Some results about the cross-correlation function between
two maximal linear sequences,” Discrete Math., vol. 16, no. 3,
pp. 209-232, 1976.

T. Helleseth and P. V. Kumar, “Sequences with low correlation,” in
Handbook of Coding Theory, V. Pless and C. Huffman, Eds. Amsterdam,
The Netherlands: Elsevier, 1998.

T. Helleseth and P. V. Kumar, “Pseudonoise sequences,” in Mobile
Communications Handbook, J. D. Gibson, Ed., 3rd ed. Boca Raton,
FL, USA: Taylor & Francis, 2013.

J. W. Kang, Y. Whang, B. H. Ko, and K. S. Kim, “Generalized cross-
correlation properties of Chu sequences,” IEEE Trans. Inf. Theory,
vol. 58, no. 1, pp. 438-444, Jan. 2012.

D. S. Kim, H.-J. Chae, and H. -Y. Song, “A generalization of the family
of p-ary decimated sequences with low correlation,” IEEE Trans. Inf.
Theory, vol. 57, no. 11, pp. 7614-7617, Nov. 2011.

J.-Y. Kim, S.-T. Choi, J.-S. No, and H. Chung, “A new family of p-ary
sequences of period (p" — 1)/2 with low correlation,” IEEE Trans. Inf.
Theory, vol. 57, no. 6, pp. 3825-3830, Jun. 2011.

Y.-J. Kim and H.-Y. Song, “Cross correlation of Sidelnikov sequences
and their constant multiples,” IEEE Trans. Inf. Theory, vol. 53, no. 3,
pp. 1220-1224, Mar. 2007.

Y.-J. Kim, H.-Y. Song, G. Gong, and H. Chung, “Crosscorrelation of
g-ary power residue sequences of period p,” in Proc. IEEE Int. Symp.
Inf. Theory, Seattle, WA, USA, Jul. 2006, pp. 311-315.

Y.-S. Kim, J.-S. Chung, J.-S. No, and H. Chung, “New families of M-ary
sequences with low correlation constructed from Sidelnikov sequences,”
IEEE Trans. Inf. Theory, vol. 54, no. 8, pp. 3768-3774, Aug. 2008.

P. V. Kumar, T. Helleseth, A. R. Calderbank, and A. R. Hammons, Jr.,
“Large families of quaternary sequences with low correlation,” IEEE
Trans. Inf. Theory, vol. 42, no. 2, pp. 579-592, Mar. 1996.

P. V. Kumar and O. Moreno, “Prime-phase sequences with periodic
correlation properties better than binary sequences,” [EEE Trans. Inf.
Theory, vol. 37, no. 3, pp. 603-616, May 1991.

A. Lempel, M. Cohn, and W. Eastman, “A class of balanced binary
sequences with optimal autocorrelation properties,” IEEE Trans. Inf.
Theory, vol. 23, no. 1, pp. 3842, Jan. 1977.

N. Levanon and E. Mozeson, Radar Signals. New York, NY, USA:
Wiley, 2004.

R. Lidl and H. Niederreiter, “Finite fields,” in Encyclopedia of Math-
ematics and Its Applications, vol. 20, 2nd ed. Cambridge, U.K.:
Cambridge Univ. Press, 1997.

W. C. Lindsey and M. K. Simon, Telecommunication Systems Engineer-
ing. Englewood Cliffs, NJ, USA: Prentice-Hall, 1973.

R. J. McEliece, Finite Fields for Computer Scientists and Engineers.
Norwell, MA, USA: Kluwer, 1987.

W. Meidle and A. Winterhof, “Some notes on the linear complexity of
Sidelnikov—Lempel-Cohn—Eastman sequences,” Designs, Codes Cryp-
togr., vol. 38, no. 2, pp. 159-178, 2006.

1S-GPS-200 Revision D Navstar Global Positioning System Interface
Specification: Navstar GPS Space Segment/Navigation User Interface,
Navstar GPS Joint Program Office, El Segundo, CA, USA, Jul. 2004.
R. A. Rueppel, “Stream ciphers,” in Contemporary Cryptology, the
Science of Information Integrity, G. J. Simmons, Ed. New York, NY,
USA: IEEE Press, 1992, ch. 2.

J. J. Rushanan, “Weil sequences: A family of binary sequences with good
correlation properties,” in Proc. IEEE Int. Symp. Inf. Theory, Seattle,
WA, USA, Jul. 2006, pp. 1648-1652.

San Francisco, CA, USA:



670

[35]

[36]

[37]

[38]

[39]

[40]
[41]

[42]

[43]

[44]

[45]

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 61, NO. 1, JANUARY 2015

V. M. Sidelnikov, “Some k-valued pseudo-random sequences and nearly
equidistant codes,” Problems Inf. Transmiss., vol. 5, no. 1, pp. 12-16,
1969.

M. K. Simon, J. K. Omura, R. A. Scholtz, and B. K. Levitt,
Spread Spectrum Communications Handbook. Rockville, MD, USA:
Computer Science Press, 1985.

H.-Y. Song, “Feedback shift register sequences,” in Encyclopedia of
Telecommunications, vol. 2, J. G. Proakis, Ed. Hoboken, NJ, USA:
Wiley, 2003, pp. 789-802.

H. Taylor and Z. Dinitz, “Costas arrays,” in Handbook of Combinatorial
Designs, C. J. Colbourn and J. H. Dinitz, Eds., 2nd ed. Boca Raton, FL,
USA: Taylor & Francis, 2007.

H. M. Trachtenberg, “On the crosscorrelation functions of maximal
linear sequences,” Ph.D. dissertation, Dept. EE-Syst., Univ. Southern
California, Los Angeles, CA, USA, 1970.

D. Wan, “Generators and irreducible polynomials over finite fields,”
Math. Comput., vol. 66, no. 219, pp. 1195-1212, Jul. 1997.

A. Weil, Basic Number Theory, 3rd ed. New York, NY, USA:
Springer-Verlag, 1974.

L. R. Welch, “Lower bounds on the maximum cross correlation of
signals (Corresp.),” IEEE Trans. Inf. Theory, vol. 20, no. 3, pp. 397-399,
May 1974.

N. Y. Yu and G. Gong, “Multiplicative characters, the Weil bound, and
polyphase sequence families with low correlation,” IEEE Trans. Inf.
Theory, vol. 56, no. 12, pp. 63766387, Dec. 2010.

N. Y. Yu and G. Gong, “New construction of M-ary sequence families
with low correlation from the structure of Sidelnikov sequences,” IEEE
Trans. Inf. Theory, vol. 56, no. 8, pp. 4061-4070, Aug. 2010.

J. L. Yucas, “Irreducible polynomials over finite fields with prescribed
trace/prescribed constant term,” Finite Fields Appl., vol. 12, no. 2,
pp. 211-221, Apr. 2006.

Young-Tae Kim received his BS degree in Mathematics and MS degree in
Electronics and Electrical engineering both from Yonsei University, Seoul,
Korea, in 2011 and 2013, respectively. He is currently working as a com-
munication engineer in LG Electronics. His area of research interest includes
design and analysis of PN sequences and various implementation of mobile
application services on mobile handsets.

Dae San Kim (M’05) received his BS and MS degrees in mathematics from
Seoul National University, Seoul, Korea, in 1978 and 1980, respectively, and
the Ph.D. degree in mathematics from University of Minnesota, Minneapolis,
MN, in 1989. He is a professor in the Department of Mathematics at Sogang
University, Seoul, Korea. He has been there since 1997, following a position
at Seoul Women’s University. His research interests include number theory
(exponential sums, modular forms, zeta functions, p-adic analysis, umbral
calculus) and coding theory. He is a member of AMS (American Mathematical
Society) and IEEE.

Hong-Yeop Song (S’85-M’92-SM’07) received his BS degree in Electronic
Engineering from Yonsei University in 1984, MSEE and Ph.D degrees from
the University of Southern California, Los Angeles, California, in 1986 and
1991, respectively. He spent 2 years as a research associate at USC and then
2 years as a senior engineer at the standard team of Qualcomm Inc., San
Diego, California. Since Sept. 1995, he has been with Dept. of electrical
and electronic engineering, Yonsei University, Seoul, Korea. His area of
research interest includes digital communications and channel coding, design
and analysis of various pseudo-random sequences for communications and
cryptography. He is a member of IEEE, MAA (Mathematical Association of
America), KICS, KIISC and KMS.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


