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Alphabet-Dependent Bounds for Locally Repairable Codes
With Joint Information Availability
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Abstract— In this letter, we investigate a class of codes with
the following property: any decodable set of erased symbols can
be repaired from any single set of several disjoint symbol sets
with small cardinality. We refer such codes to locally repairable
codes (LRCs) with joint availability. In particular, if information
symbols of a code have this property, then we refer the code
to an LRC with joint information availability. We propose two
alphabet-dependent bounds for LRCs with joint information
availability. From the bounds, we rederive some well-known
bounds for LRCs. Based on the relation between LRCs and batch
codes, we also present an alternative proof of an existing bound
for batch codes. Finally, we show the achievability and tightness
of the proposed bounds using graph-based codes.

Index Terms— Distributed storage systems, locally repairable
codes, locality, availability, alphabet-dependent bounds.

I. INTRODUCTION

LOCALLY repairable codes (LRCs) [1] are a class of
codes designed for the local correction of erasures. They

have attracted a lot of interest in recent years due to their
applications in distributed storage systems. A code is called
an LRC with locality r1 if every symbol is recoverable from at
most r1 other symbols. If information symbols of a code have
this property then the code is called an LRC with information
locality r1. Lots of researchers have studied the locality and
its general notions in [2]–[5], [8], and [9]. In particular,
Rawat et al. [3] generalized the locality for one symbol to the
locality for l � 1 symbols. In this letter, we call this l-locality
rl . Kim et al. [4], [5], [8] suggested joint locality which
consider multiple values of l instead of a single value of l.

In addition to the locality, another important property of
LRCs is availability [6]. A symbol of a code is said to have
availability (r1, t1) if it can be recovered from t1 disjoint
repair sets of other symbols, each set of size at most r1.
LRCs with availability (r1, t1) ensure t1 + 1 parallel reads
for each symbol, which is appealing in distributed storage
systems containing so-called hot data that is frequently and
simultaneously accessed by many users.

In this letter, we extend the availability for one symbol into
the availability for multiple symbols, and then, also define joint
availability of codes. Based on the new notion of availability,
we propose two alphabet-dependent bounds. Interestingly, it is
possible to deduce some well-known bounds for LRCs from
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the proposed bounds. Moreover, using our bound, we present
an alternative proof of an existing bound for batch codes [11]
which were proposed for load balancing in distributed server
systems. Finally, we show the achievability and tightness of
the proposed bounds using graph-based codes.

The organization of the letter is as follows. In Section II,
we define joint availability for LRCs and propose alphabet-
dependent bounds for LRCs with joint information
availability. In Section III, we present a connection to
batch codes and rederive a well-known bound for batch
codes using the proposed bound. In Section IV, we show the
achievability and tightness of our bounds. In Section V, we
conclude the letter.

II. ALPHABET-DEPENDENT BOUNDS FOR LRCS WITH

JOINT INFORMATION AVAILABILITY

We first define the availability for multiple symbols,
joint availability, and joint information availability. Then, we
propose alphabet-dependent bounds for LRCs with joint infor-
mation availability. From the bounds, we rederive some well-
known alphabet-dependent bounds and Singleton-like bounds
without the alphabet constraint.

In the rest of this letter, we use the notation (n, k, d)q to
denote parameters of a code of length n, cardinality qk , i.e.,
dimension k, minimum distance d over alphabet Q , |Q | = q ,
for both linear and non-linear cases. For a positive integer
z ∈ Z

+, we denote [z] � {1, 2, . . . , z}.
Definition 1: Let C be an (n, k, d)q code. For a positive

integer l ∈ [d−1], a symbol set E of C , |E| = l, is said to have
availability (rl , tl) if E can be recovered from any single set of
tl disjoint symbol sets indexed by R1(E),R2(E), . . . ,Rtl (E) ⊆
[n] \ E such that |R j (E)| � rl , for all j ∈ [tl].

Definition 2: Let C be an (n, k, d)q code. A set of avail-
abilities {(rl , tl) : l ∈ [d − 1]} is called joint availability
of C if every symbol set of cardinality l of C has the
availability (rl , tl).

Definition 3: Let C be an (n, k, d)q code. A set of avail-
abilities {(rl , tl) : l ∈ [d − 1]} is called joint information
availability of C if every information symbol set of cardinality
l of C has the availability (rl , tl).

Now, we introduce our bounds for LRCs with joint infor-
mation availability. We note that, since an LRC with joint
availability is also an LRC with joint information availability,
the proposed bounds also hold for LRCs with joint availability.

Theorem 1: For an (n, k, d)q code C that has joint infor-
mation availability {(rl , tl) : l ∈ [d − 1]}, we have

k � min
z∈Z

+
l={l j ∈[d−1],1� j�z}
y={y j ∈[tl j ],1� j�z}

A(l,y)<k

[
A(l, y)+ k(q)opt (n − B(l, y), d)

]
,
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where

A(l, y) =
z∑

j=1

((rl j − 1)y j + 1), B(l, y) =
z∑

j=1

(rl j y j + l j ),

and k(q)opt(n
′, d ′) is the largest possible dimension of a q-ary

code of length n′ and minimum distance d ′.
Proof: We follow similar steps to the proofs in [8] and [9].

We define H (YI ) = logq |{YI : Y ∈ C }| where YI is the
restriction of Y to a subset of coordinates I ⊂ [n]. First
of all, we show that, for any positive integer z satisfying
A(l, y) < k, there exists a set I such that |I | = B(l, y)
and H (YI ) � A(l, y). To prove this, we construct the set I
using the following algorithm. In the algorithm, without loss
of generality, we assume that the first k symbols of the code C
form an information symbol set.

Algorithm 1 Construction of I
1: Let j = 1 and I0 = ∅.
2: while H (YI j−1) < k do
3: Pick E j ⊂ [k] \ I j−1, |E j | = l j such that

H (YI j−1) < H (YI j−1∪E j ).
4: Pick y j � tl j disjoint repair sets of E j , R1(E j ),

R2(E j ), . . . ,Ry j (E j ), such that the cardinality of each
repair set is at most rl j .

5: Set S(E j , y j ) = E j ∪ R1(E j ) ∪ R2(E j ) ∪ · · · ∪ Ry j (E j ).
6: if H (YI j−1∪S(E j ,y j )) < k then
7: I j = I j−1 ∪ S(E j , y j ).
8: end if
9: Increment j .

10: end while
11: Set z = j − 1.
12: Pick Tz ⊂ [n]\Iz such that |Tz| = ∑z

m=1(rlm ym +lm)−|Iz|
and H (YIz∪Tz ) < k.

13: Set I = Iz ∪ Tz .

As a result of the algorithm, the size of I finally becomes∑z
j=1(rl j y j + l j ). To show H (YI ) � A(l, y), we first define

a set � j as follows:

� j = ∪y j −1
m=1 ψm ∪ E j ,

where ψm ∈ Rm(E j ) \ I j−1 for 1 � j � z. We can always
find such element ψm by the selection rule in step 3-4. Then,
we have

H (YI ) = H (YI\∪z
j=1� j

) �
∣∣∣∣I \ ∪z

j=1� j

∣∣∣∣
(a)= |I | −

z∑
j=1

|� j |

=
z∑

j=1

(rl j y j + l j )−
z∑

j=1

(l j + (y j − 1)) = A(l, y) < k.

(1)

We note that (a) follows from � j ∩ I j−1 = ∅ for 1 � j � z,
and thus, �1,�2, . . . , �z are disjoint.

Now, it is sufficient to show that, for such a set I , there
always exists an (n − |I |, k − A(l, y), d)q code. Consider a
codeword Z ∈ Z � {YI : Y ∈ C }. We denote a codebook
C̃ (Z) = {Y[n]\I : YI = Z}. The length of a codeword in C̃ (Z)

is n − |I |. It is not difficult to show that codewords in C̃ (Z)
have the minimum distance at least d . We first show that there
exists at least one Z ∈ Z such that |C̃ (Z)| � qk−A(l,y). Assume
on the contrary that |C̃(Z)| < qk−A(l,y) for every Z ∈ Z. Then,
we have∑

Z∈Z

|C̃(Z)| = |C | = qk < |Z| · qk−A(l,y)

= q H(YI ) · qk−A(l,y) = qk+(H(YI )−A(l,y)). (2)

Since H (YI ) − A(l, y) � 0 by (1), the equation (2) violates
the assumption. Thus, there is at least one Z ∈ Z such that
|C̃(Z)| � qk−A(l,y), thereby resulting in an (n − |I |, k −
A(l, y), d)q code. Since, for all the possible l and y, k − A(l, y)
is less than or equal to k(q)opt (n − |I |, d), we obtain

k � min
z∈Z

+
l={l j ∈[d−1],1� j�z}
y={y j ∈[tl j ],1� j�z}

A(l,y)<k

[
A(l, y)+ k(q)opt (n − |I |, d)

]
.

By defining B(l, y) = |I |, we complete the proof.
Theorem 2: For an (n, k, d)q code C that has joint infor-

mation availability {(rl , tl) : l ∈ [d − 1]}, we have

d � min
z∈Z

+
l={l j ∈[d−1],1� j�z}
y={y j ∈[tl j ],1� j�z}

A(l,y)<k

[
d(q)opt (n − B(l, y), k − A(l, y))

]
,

where

A(l, y) =
z∑

j=1

((rl j − 1)y j + 1), B(l, y) =
z∑

j=1

(rl j y j + l j ),

and d(q)opt(n
′, k ′) is the largest possible minimum distance of a

q-ary code of length n′ and dimension k ′.
Proof: Recall the proof of Theorem 1. For any positive

integer z satisfying A(l, y) < k, there always exists a set I
such that |I | = B(l, y) and H (YI ) � A(l, y). For such a
set I , consider a codeword Z ∈ Z � {YI : Y ∈ C } and
the corresponding codebook C̃ (Z) = {Y[n]\I : YI = Z}. Let
d̃(Z) be the minimum distance of codewords in C̃(Z). Then,
we have

d � d̃(Z) � d(q)opt (n − |I |, k − H (YI )) .

Since, for all the possible l and y, H (YI ) � A(l, y), we obtain

d � min
z∈Z

+
l={l j ∈[d−1],1� j�z}
y={y j ∈[tl j ],1� j�z}

A(l,y)<k

[
d(q)opt (n − |I |, k − A(l, y))

]
,

By defining B(l, y) = |I |, we complete the proof.
Corollary 1: For an (n, k, d)q code C that has information

availability (r1, t1), we have

k � min
z∈Z

+
y={y j ∈[t1],1� j�z}

A(y)<k

[
A(y)+ k(q)opt (n − B(y), d)

]
, (3)

d � min
z∈Z

+
y={y j ∈[t1],1� j�z}

A(y)<k

[
d(q)opt (n − B(y), k − A(y))

]
, (4)
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where

A(y) =
z∑

j=1

((r1 − 1)y j + 1), B(y) =
z∑

j=1

(r1y j + 1).

Proof: Since it is the case of l = (1, 1, . . . , 1) in
Theorem 1-2, we obtain (3) and (4) straightforwardly.

Corollary 2: For an (n, k, d)q code C that has joint infor-
mation locality {rl : l ∈ [d − 1]}, we have

k � min
z∈Z

+
l={l j ∈[d−1],1� j�z}

A(l)<k

[
A(l)+ k(q)opt (n − B(l), d)

]
, (5)

d � min
z∈Z+

l={l j ∈[d−1],1� j�z}
A(l)<k

[
d(q)opt (n − B(l), k − A(l))

]
, (6)

where

A(l) =
z∑

j=1

rl j , B(l) =
z∑

j=1

(rl j + l j ).

Proof: Since it is the case of y = (1, 1, . . . , 1) in
Theorem 1-2, we obtain (5) and (6) straightforwardly.

Corollary 3: For an (n, k, d)q code C that has
1-information locality r1, we have

k � min
z∈[	 k

r1

−1]

[
zr1 + k(q)opt (n − z(r1 + 1), d)

]
, (7)

d � min
z∈[	 k

r1

−1]

[
d(q)opt (n − z(r1 + 1), k − zr1))

]
. (8)

Proof: It is the case of l = (1, 1, . . . , 1) and y =
(1, 1, . . . , 1) in Theorem 1-2. From the condition A(l, y) < k,
we have z � 	 k

r1

 − 1. Then, we obtain (7) and (8).

We note that the bounds in Corollary 1-3 were also derived
in [7]–[9] respectively. However, Huang et al. [7] considered
only linear codes, and Kim et al. [8] and Cadambe and
Mazumdar [9] considered only LRCs with all symbol locality.

Now, we extend the bound in Theorem 2 into a bound
without the alphabet constraint and also some well-known
Singleton-like bounds for LRCs.

Theorem 3: For an (n, k, d)q code C that has joint infor-
mation availability {(rl , tl) : l ∈ [d − 1]}, we have

d � n − k + 1 − max
z∈Z

+
l={l j ∈[d−1],1� j�z}
y={y j ∈[tl j ],1� j�z}

A(l,y)<k

z∑
j=1

(l j + (y j − 1)), (9)

where A(l, y) = ∑z
j=1((rl j − 1)y j + 1).

Proof: By using Singleton bound [12] for d(q)opt(·) in
Theorem 2, we obtain the bound (9) straightforwardly.

Corollary 4: For an (n, k, d)q code C that has information
availability (r1, t1), we have

d � n − k −
⌈
(k − 1)t1 + 1

(r1 − 1)t1 + 1

⌉
+ 2. (10)

Proof: We validate the bound by means of some suitable
choices of z, l, and y in Theorem 3. For r1 = 1, we use z =
k − 1, l = (1, 1, . . . , 1), and y = (t1, t1, . . . , t1). For t1 = 1,
we use z = 	 k

r1

 − 1, l = (1, 1, . . . , 1), and y =

(1, 1, . . . , 1). For r1, t1 � 2, we follow similar steps to

the proof in [7]. For two non-negative integers x and α,
let k = x((r1 − 1)t1 + 1) + α, for 1 � α �
(r1 − 1)t1 + 1. We consider two cases: (1) 1 � α � r1.
(2) r1 < α � (r1 − 1)t1 + 1. For the first case, we choose z =
	 k
(r1−1)t1+1
−1, l = (1, 1, . . . , 1), and y = (t1, t1, . . . , t1). For

the second case, we choose z = 	 k
(r1−1)t1+1
, l = (1, 1, . . . , 1),

and y = (y1, y2, . . . , yz−1, yz) = (t1, t1, . . . , t1, 	 α−1
r1−1
 − 1).

In both cases, it is easy to check A(l, y) < k. Now, it is enough
to show that

z∑
j=1

(l j + (y j − 1)) �
⌈
(k − 1)t1 + 1

(r1 − 1)t1 + 1

⌉
− 1.

Case (1): For 1 � α � r1, with the chosen z, l, and y,
we have k = z((r1 − 1)t1 + 1)+ α. Then,

z∑
j=1

(l j + (y j − 1)) = zt1 = (k − α)t1
(r1 − 1)t1 + 1

= (k − 1)t1 + 1 + (r1 − α)t1
(r1 − 1)t1 + 1

− 1 �
⌈
(k − 1)t1 + 1

(r1 − 1)t1 + 1

⌉
− 1.

Case (2): For r1 < α � (r1 − 1)t1 + 1, with the chosen z, l,
and y, we have k = (z − 1)((r1 − 1)t1 + 1)+ α. Then,

z∑
j=1

(l j + (y j − 1)) = (z − 1)t1 +
⌈
α − 1

r1 − 1

⌉
− 1

� (z − 1)t1 +
⌈
(α − 1)t1 + 1

(r1 − 1)t1 + 1

⌉
− 1 =

⌈
(k − 1)t1 + 1

(r1 − 1)t1 + 1

⌉
− 1.

The bound (10) was also derived in [7], [10] for only linear
codes and in [6] for both linear and non-linear codes, but with
an alternative proof.

Corollary 5: For an (n, k, d)q code C that has
l-information locality rl , we have

d � n − k + 1 − l

(⌈ k

rl

⌉
− 1

)
. (11)

Proof: It is the case of l = (l, l, . . . , l) and y =
(1, 1, . . . , 1) in Theorem 3. From the condition A(l, y) < k,
we have z � 	 k

rl

 − 1. Then, we obtain the bound (11).

The bound (11) was also derived in [3] and [8] for LRCs
with all symbol locality.

III. A CONNECTION TO BATCH CODES

LRCs with information availability can be viewed as sys-
tematic batch codes with restricted query size. Based on the
connection between such batch codes and LRCs, we rederive
a well-known bound in [11] for batch codes using our bound
in Theorem 3. First, recall the definition of the batch codes.

Definition 4 [11]: A primitive (k, n, γ , τ ) batch code C
with restricted query size over alphabet Q encodes a string
X ∈ Q k into a string Y ∈ Q n, such that for all multisets of
indices i1, i2, . . . , iτ , where all i j ∈ [k], each of the entries
Xi1 , Xi2 , . . . , Xiτ can be retrieved independently of each other
by reading at most γ symbols of Y. It is assumed that the
symbols used to retrieve each of the variables Xi j , for 1 �
j � τ , are all disjoint.
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TABLE I

OPTIMALITY OF GRAPH-BASED LRCs WITH JOINT
INFORMATION AVAILABILITY

Corollary 6: Let C be a systematic primitive (k, n, γ , τ )
batch code. Then, the minimum distance d of C satisfies

d � n − k − (τ − 1)

(⌈
k

γ τ − τ + 1

⌉
− 1

)
+ 1. (12)

Proof: In Theorem 3, we use z = 	 k
(r1−1)t1+r1


 − 1,
l = (1, 1, . . . , 1), and y = (t1, t1, . . . , t1). Then,

A(l, y) =
(⌈

k

(r1 − 1)t1 + r1

⌉
− 1

)
((r1 − 1)t1 + 1)

<

(
k

(r1 − 1)t1 + 1

)
((r1 − 1)t1 + 1) = k.

Since
∑z

j=1(l j + (y j − 1)) = zt1 = t1
(
	 k
(r1−1)t1+r1


 − 1
)

,

d � n − k − t1

(⌈
k

r1(t1 + 1)− (t1 + 1)+ 1

⌉
− 1

)
+ 1.

From the relation between an (n, k, d)q LRC with information
availability (r1, t1) and a systematic (k, n, γ , τ ) batch code, we
finally obtain (12) by setting r1 = γ and t1 = τ − 1.

We note that an alternative proof of the bound (12) was
shown in [11] for both systematic and non-systematic codes
(but only for linear codes).

IV. ACHIEVABILITY AND TIGHTNESS OF THE BOUNDS

Since existing bounds in [7]–[9] are special cases of the
bounds in Theorem 1-2, all the optimal codes in terms of
the bounds [7]–[9] also achieve the bounds in Theorem 1-2
with equality. Due to the page restrictions, we only show the

achievability and tightness of the bound in Theorem 1 using
graph-based LRCs in [4], [5], and [8]. Based on the graph
representation of the codes, we can easily obtain their joint
information availability. With certain choice of parameters,
we have some optimal and almost optimal LRCs in terms
of our bound. Here, the almost optimality refers to having
the value one less than the optimal case. The result is
summarized in Table I. To show the tightness, we use the
parameters of (32, 8, 7)2 complete multipartite graph code
with joint information availability {(r1, t1), (r2, t2), (r3, t3)} =
{(2, 6), (3, 5), (4, 5)}. With the parameters, we compare
the optimal dimension kb-opt of our bound with those of the
bounds in [7]–[9]. The bound in [9] gives kb-opt = 16. The
bounds in [7] and [8] give kb-opt = 14. Our bound gives
kb-opt = 13, and thus, it is the tightest.

V. CONCLUSION

We proposed two alphabet-dependent upper bounds for
LRCs with joint information availability. Some existing
bounds can be deduced from our bounds by restriction on
parameters. We showed the achievability and tightness of our
bounds by using graph-based LRCs. As a future work, one
may consider the analysis for joint availability of existing
codes and new constructions of codes with joint availability.
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