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Abstract—This paper develops the theory and constructions of
polyphase zero-ambiguity-zone (ZAZ) sequences for ISAC wave-
forms, enabling the ZAZ shape to be designed over delay–Doppler
regions of interest and supporting flexible (including multi-
mode) sensing–communication operation. We first prove that
a polyphase sequence with an optimal rectangular auto-ZAZ
must be a member of some uncorrelated optimal ZCZ sequence
family, and conversely, any member of an uncorrelated optimal
ZCZ sequence family has an optimal rectangular auto-ZAZ.
We generalize the optimality condition on the rectangular ZAZ
to that on centrally symmetric convex ZAZs in general. We
propose some constructions of families of polyphase sequences
with a strictly or asymptotically optimal rectangular ZAZ, and
asymptotically optimal rhombic or hexagonal ZAZ from the
flexible ZAZ configuration.

Index Terms—Integrated sensing and communication (ISAC),
polyphase sequences, zero-ambiguity-zone sequences, zero-
correlation-zone sequences, uncorrelated sequences.

I. INTRODUCTION

INTEGRATED sensing and communication (ISAC) has
emerged as a foundational technology for next-generation

wireless communication systems, including 6G and beyond
[1]. By integrating advanced sensing capabilities with reliable
communication within a unified framework, ISAC enhances
spectrum efficiency and could optimize resource utilization.
This innovative approach supports some broad applications,
ranging from autonomous driving to environmental monitor-
ing and the Internet of Things (IoT) [1], [2]. The growing
importance of ISAC has catalyzed research into waveform
designs, which are generally categorized into sensing-centric,
communication-centric, and joint designs [3].
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In sensing-centric design of ISAC, waveforms utilizing
sequences with favorable ambiguity function are among the
key candidates being considered [4], [5], [6], [7], [8]. The
ambiguity function generalizes the concept of correlation
by incorporating both time shifts and Doppler shifts, as a
two-dimensional correlation measure. If a sequence has low
sidelobe ambiguity function, then it can be used as a radar
waveform for accurately estimating the target position and
Doppler [9], [10], [11], [12], [13], [14], [15], [16]. It can
also be used in communications as a modulation waveform
that carries data while tolerating Doppler shifts [8], [11], [17],
[18], [19], [20].

Some famous candidate waveforms for ISAC applications
are polyphase sequences (also referred to as unimodular or
constant amplitude sequences) with Low-/ Zero-Ambiguity-
Zone (LAZ / ZAZ). These sequences have a low or
zero (non-trivial) ambiguity function within a local two-
dimensional (time shift, Doppler shift) region [8], [17], [18],
[19], [20], [21], [22], [23], [24], [25]. Research on the design
of these sequences can be categorized based on several criteria:
the type of ambiguity zone, such as ZAZ [8], [18], [20], [21],
[24], [25] or LAZ [8], [17], [18], [19], [20], [22], [23]; the
number of sequences, distinguishing between single sequences
with auto-ZAZ/LAZ [8], [18], [21], [22], [23], [24], [25] and
multiple sequences with cross-ZAZ/LAZ [8], [17], [19], [20];
the nature of the ambiguity function, whether periodic [8],
[20], [21] or aperiodic [8], [17], [18], [19], [22], [23], [24],
[25]; and the construction method, whether deterministic [8],
[17], [19], [20], [21], [24], [25] or algorithmic [18], [22], [23].
Such sequences may also be applied in other scenarios such
as training sequences in high-mobility communications, where
robustness against large Doppler shifts is essential [26], [27].

For the polyphase sequences of length L with a rectangular
auto-ZAZ, the area of the auto-ZAZ is upper bounded by
4L [8], which we refer to as the Ye–Zhou–Fan–Liu–Lei–Tang
auto-ZAZ bound. An auto-ZAZ attaining this upper bound is
referred to as an optimal auto-ZAZ. They also showed that
for the families of K polyphase sequences of length L with a
rectangular ZAZ, the ZAZ area is upper bounded by 4L/K
[8], which we refer to as the Ye–Zhou–Fan–Liu–Lei–Tang
cross-ZAZ bound. The ZAZ attaining this upper bound is also
referred to as optimal.

An (L,K,W)-Zero-Correlation-Zone (ZCZ) sequence family
consists of K sequences of length L, where the periodic
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out-of-phase auto-correlation is zero for time shifts |τ| < W,
and the periodic cross-correlation between any two sequences
is also zero within the same range of time shifts, including
τ = 0 [28], [29], [30]. It is well-known that K ≤ L/W [31]
and it is called an optimal family when the equality is satis-
fied. An uncorrelated ZCZ sequence family has an additional
property that the periodic cross-correlation is zero for all time
shifts, even outside the zero-correlation-zone. Uncorrelated
optimal ZCZ sequence families have been proposed through
various constructions [32], [33], [34], [35], [36]. Furthermore,
Kim and Song proved earlier in [48] that any uncorrelated
optimal ZCZ sequence family can be obtained by Popović’s
construction [35].

In practical sensing systems, the ability to support multi-
mode operation is increasingly important, particularly for
scenarios with varying target range and Doppler shift require-
ments [37], [38], [39]. Multi-mode systems aim to optimize
performance across distinct operational modes such as wide
Doppler shift tolerance for high-speed applications and precise
range resolution for stationary targets. Previous multi-mode
approaches are often faced with significant trade-offs, such as
reduced performance in each mode or the need for additional
resources to maintain reasonable performance [37], [38], [39].
We introduce in this paper some sequence families with dual
ZAZs as shown in Fig. 1, where ZAZ-I and ZAZ-II can
contribute simultaneously to range and Doppler resolution,
respectively. Such types of families can exhibit multifunction-
ality in sensing and communication, respectively, as follows.
• Sensing: When used as MIMO radar waveforms, the

ZAZ’s time-shift dimension corresponds to range reso-
lution, while its Doppler-shift dimension corresponds to
Doppler resolution [9], [10], [11], [12], [40]. Incorpo-
rating two ZAZs enables versatile target detection and
tracking:
• Broad-Range Detection (ZAZ-I). Suited for diverse

target distances and moderate speeds, providing a
wider window of time shifts.

• High-Speed Proximity Detection (ZAZ-II). Geared
toward nearby, fast-moving objects, tolerating larger
Doppler shifts despite a narrower range of time shifts.

• Communication: Beyond sensing, the sequence families
with dual ZAZs also accommodate changing channel
conditions in communication systems:
• High Time-Shift Tolerant Mode (ZAZ-I). Allows sig-

nificant time delays with moderate Doppler shifts,
supporting flexible transmission schemes such as
code-shift keying (CSK) [41] that benefit from
robustness to timing variations [8].

• High Doppler-Shift Tolerant Mode (ZAZ-II). Focuses
on scenarios with substantial Doppler shifts and
smaller time offsets.

This paper also tries to advance the theory of ZAZ con-
figurations by establishing the relationship between traditional
ZAZ configurations and uncorrelated optimal ZCZ sequences.
Building on this, it introduces the flexible ZAZ configurations,
extending the ZAZ shape from a single rectangular region
to a centrally symmetric convex region and incorporating
multiple ZAZs. For centrally symmetric convex ZAZ, this

Fig. 1. Dual rectangular ZAZs.

Fig. 2. An example of uniform probability density function over the
delay–Doppler plane.

paper finds and proves the upper bound on its area, which
is a non-trivial generalization of Ye–Zhou–Fan–Liu–Lei–Tang
cross-ZAZ bound [8] for rectangular ZAZ. All these results
will contribute to the multifunctionality of ISAC systems.

To better understand why such general or multiple ZAZs
are meaningful, consider a practical sensing system operating
under additive white Gaussian noise (AWGN), where the
received signal can be expressed as

r(t) = α s(t − τ0)e j2πν0t + n(t),

where s(t) denotes the transmitted waveform, (τ0, ν0) are the
true delay and Doppler parameters of the target, and n(t)
represents complex Gaussian noise. Under this model, the
likelihood function of (τ, ν) is proportional to the squared
magnitude of the ambiguity function evaluated between the
received signal and the transmitted waveform (under whitened
AWGN with unknown α concentrated out). Hence, the like-
lihood surface inherits its shape directly from the ambiguity
characteristics of the waveform in the delay–Doppler plane:
a waveform with a sharply localized ambiguity peak pro-
duces a narrow and distinct likelihood ridge centered at the
true parameters, whereas one exhibiting broader or skewed
ambiguity features leads to a more diffuse and anisotropic
likelihood distribution. Accordingly, the local geometry of
this likelihood surface determines the achievable accuracy of
parameter estimation in noise.

A rectangular zero-ambiguity zone (ZAZ) has been widely
adopted in the literature because it effectively represents
many practical sensing scenarios in a simple and analyti-
cally tractable way. When the uncertainty of delay (τ) and
Doppler (ν) is known to lie uniformly within bounded intervals
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Fig. 3. An example of single-modal probability density function over the
delay–Doppler plane.

(i.e. τ1 ≤ τ ≤ τ2 and ν1 ≤ ν ≤ ν2), the correspond-
ing parameter space forms a rectangular region of uniform
probability density (Fig. 2). Beyond this baseline, many
real sensing environments exhibit structured or directional
uncertainty. In practice, non-uniform joint priors over (range,
velocity) naturally arise from extended or group targets that
induce spatially distributed returns and anisotropic support
[42], from target micro-motions (e.g., rotation, vibration)
that create characteristic sidebands and localized ridges [43],
from heavy-tailed compound-Gaussian clutter that skews the
likelihood toward particular delay–Doppler sectors [44], and
from accelerating targets whose kinematic coupling concen-
trates probability along curved manifolds [45]. Depending
on the observation geometry, target trajectory, or platform
motion, the joint likelihood of (τ, ν) may become concen-
trated along certain orientations or decay smoothly from a
dominant mode, as depicted in Fig. 3. In such cases, the
high-likelihood region in the delay–Doppler plane becomes
anisotropic or tilted, suggesting that the region of minimal
ambiguity should conform to the equiprobability contours of
the underlying parameter distribution rather than only fixed
rectangular boundaries. By aligning the ZAZ boundary with
these contours, the waveform’s ambiguity suppression focuses
on the region where the true parameters are most probable,
leading to improved robustness under AWGN.

This interpretation aligns with the Neyman–Pearson lemma
[46] in detection theory, which states that the optimal decision
region for a fixed false-alarm rate follows likelihood-ratio
level sets. If the probability density function is uniform over
bounded intervals, as in Fig. 2, the corresponding ZAZ is
rectangular; if the probability density function exhibits a single
dominant mode or directional concentration, as in Fig. 3,
the appropriate ZAZ may take on rhombic, hexagonal, or
elliptical contours that more closely follow the structure of
the uncertainty. From this perspective, the rectangular ZAZ
remains a fundamental and broadly applicable model, but it
represents one case within a more general theoretical frame-
work in which ZAZ geometries can be adapted to diverse
sensing priors. Allowing the ZAZ boundary to align with
the statistical structure of fT ,N(τ, ν) enables waveform designs
that more naturally capture the characteristics of real-world
sensing environments, providing a unified foundation for both
conventional rectangular and generalized non-rectangular ZAZ
designs.

Some key contributions of this paper include the following:
• Equivalence with uncorrelated optimal ZCZ sequence

family: We prove that a polyphase sequence with an
optimal rectangular auto-ZAZ must be a member of
some uncorrelated optimal ZCZ sequence families, and
conversely, any member of an uncorrelated optimal ZCZ
sequence family has an optimal rectangular auto-ZAZ.
These implications are obtained by leveraging the fre-
quency distance sequence set introduced in [47] and
the unique form of uncorrelated optimal ZCZ sequence
families established in [48].

• Construction for families of polyphase sequences
with an optimal rectangular ZAZ: We propose a
construction for families of K polyphase sequences
of length L with optimal rectangular ZAZ (−X, X) ×
(−Y ,Y) of area 4L/K (so that KXY = L), attaining
the Ye–Zhou–Fan–Liu–Lei–Tang cross-ZAZ bound. Our
construction covers all the parameters of integer quadru-
ples (L,K, X,Y) satisfying KXY = L, including those
parameters that have not yet been discovered. This is
achieved by carefully selecting sequences from an uncor-
related optimal ZCZ sequence family to constitute a new
family.

• Optimality condition on centrally symmetric convex
ZAZs in general: We generalize the optimality condition
from rectangular ZAZs to centrally symmetric convex
ZAZs in general. The practical ZAZs for radar waveforms
have not been limited to rectangular shapes and have been
explored in various geometries [12], such as rhombuses
[24], [25]. We prove that the upper bound on the area
of rectangular ZAZs can be applied to these centrally
symmetric convex regions as well. This extends the result
of [8] via Blichfeldt’s Theorem [49].

• Construction for families of polyphase sequences with
dual asymptotically optimal rectangular ZAZs: We
propose families of polyphase sequences that have dual
asymptotically optimal rectangular ZAZs as in Fig. 1.
ZAZ-I may support larger time shifts with narrower
Doppler-shift tolerance, while ZAZ-II could prioritize
broader Doppler-shift tolerance alongside smaller time
shifts. Unlike prior multi-mode radar research [37], [38],
[39], the proposed sequences retain asymptotic opti-
mality in both modes without adding extra resources,
where the asymptotic optimality is with respect to
the Ye–Zhou–Fan–Liu–Lei–Tang cross-ZAZ bound. This
result is obtained by carefully selecting perfect sequences
as constituents in the construction of an uncorrelated
optimal ZCZ sequence family.

• Optimality analysis of polyphase sequences with ZAZ
of various shapes: Building upon the polyphase sequence
families with dual ZAZs that we previously introduced,
we extend the analysis to centrally symmetric convex
ZAZs, including shapes such as rhombuses and hexagons.
We identify that the previously discussed sequence fami-
lies have other ZAZs with diverse shapes, including two
rectangular ZAZs, several rhombic ZAZs, and several
hexagonal ZAZs, which are all asymptotically optimal
with respect to our new bound.
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This paper is organized as follows. Section II introduces
some notation, definitions, and some well-known facts related
to our work. Section III presents our main results with four
subsections. Finally, Section IV concludes this paper.

II. PRELIMINARIES

A. Some Notation, Definitions, and Known Facts
• Z, R, C are the sets of integers, real numbers, and complex

numbers, respectively.
• ωv is a primitive v-th root of unity over C.
• A root-of-unity sequence is a complex sequence over an

alphabet which is a subset of the unit circle in C. Such a
sequence is sometimes called a polyphase sequence when
the alphabet is (a part of) a regular polygon over the unit
circle.

• A complex-valued sequence a = {a(0), a(1), . . .} is said to
have a period L if a(t+L) = a(t) for all t ≥ 0. A sequence
with period L is also said to be a sequence of length L, and
is denoted by a = {a(t)}L−1

t=0 . Sometimes, the notation a =

{a(t)}L−1
t=0 for a sequence can be understood as an L-tuple

row vector (a(0), a(1), . . . , a(L − 1)). We also implicitly
use a row-vector of length L for a sequence of length L.
In this paper, all the sequences are complex-valued unless
otherwise specified.

• For any two sequences a = {a(t)}L−1
t=0 and b = {b(t)}L−1

t=0
both of length L, their Hadamard product a ~ b = {(a ~
b)(t)}L−1

t=0 is given by

(a ~ b)(t) = a(t)b(t) for t = 0, 1, . . . , L − 1.

• For any two sequences a = {a(t)}L−1
t=0 and b = {b(t)}L−1

t=0
both of length L, their inner product is given by

< a, b >=

L−1X
t=0

a(t)b∗(t),

where b∗(t) is the complex conjugate of b(t).
• For a sequence a = {a(t)}L−1

t=0 of length L, we denote by
â = {â(n)}L−1

n=0 its DFT sequence given by

â(n) =
1
√

L

L−1X
j=0

ω
jn
L a( j), n = 0, 1, . . . , L − 1.

Each â(n) will occasionally be expressed as DFT[a](n).
• For a sequence â = {â(n)}L−1

n=0 of length L, we denote by
a = {a(t)}L−1

t=0 its inverse DFT (IDFT) sequence given by

a(t) =
1
√

L

L−1X
j=0

ω
− jt
L â( j), t = 0, 1, . . . , L − 1.

Each a(t) will occasionally be expressed as IDFT[â](t).
• For any two sequences a = {a(t)}L−1

t=0 and b = {b(t)}L−1
t=0

both of length L, their periodic correlation is given by

C(a, b; τ) =

L−1X
t=0

a(t + τ)b∗(t), for τ = 0, 1, . . . , L − 1,

where t + τ is computed mod L. When a , b, the above
is sometimes called the cross-correlation. When a = b,

it is called the auto-correlation and we use C(a; τ) for
simplicity.

• A sequence is said to be perfect if its auto-correlation is
zero at all the non-trivial time shifts.

• A pair of sequences of the same length L is said to be
uncorrelated if their cross-correlation is zero at all the
time shifts τ = 0, 1, . . . , L − 1.
• Known-fact 1: [50, Corollary 2]: Let a and b

be two sequences of length L and consider their
DFT sequences â and b̂. If â ~ b̂∗ is the all-
zero sequence—equivalently, if â~ b̂ is the all-zero
sequence—then (a, b) is an uncorrelated sequence
pair.

• Consider some pairwise uncorrelated K sequences ai =

{ai(t)}L−1
t=0 of length L for i = 0, 1, . . . ,K − 1. A set A ,

{ai|i = 0, 1, . . . ,K − 1} of these sequences is said to be an
uncorrelated (L,K,W)-ZCZ sequence family if, for any i,

C(ai; τ) = 0 for τ = 1, 2 . . . ,W − 1.

• Known-fact 2: [31, Corollary 3]: For any uncorre-
lated (L,K,W)-ZCZ sequence family, we must have

K ≤ L/W.

• If K = L/W, such a family is said to be an
uncorrelated optimal ZCZ sequence family.

• For any two polyphase sequences a = {a(t)}L−1
t=0 and b =

{b(t)}L−1
t=0 both of length L, the periodic ambiguity function

F(a, b; τ, ν) between a and b at time shift τ ∈ Z and
Doppler shift ν ∈ Z is defined as

F(a, b; τ, ν) =

L−1X
t=0

a(t + τ)b∗(t)ωνtL , (1)

where t + τ is computed mod L. When a = b, we write
F(a; τ, ν) for simplicity. The correlation of a and b can
be obtained from their ambiguity function since they are
related as follows:

C(a, b; τ) = F(a, b; τ, 0) for all τ. (2)

• For any two real numbers A < B, we often use the open
interval notation (A, B) ⊂ R, where

(A, B) , {x ∈ R | A < x < B}.

• Consider a bounded region Π over the Euclidean plane.
We denote by |Π| the area of the region Π ⊂ R2. Further,
we denote by |Π∩Z2| the number of integer lattice points
in Π.

• For an integer L, consider a bounded region Πa ⊂

(−L, L)2 ⊂ R2. A polyphase sequence s of length L is said
to have Πa as its auto-zero-ambiguity-zone (auto-ZAZ) if

F(s; τ, ν) = 0 for (τ, ν) ∈ (Πa ∩ Z
2)\{(0, 0)}. (3)

If
Πa = (−X, X)× (−Y ,Y)

for some integers X and Y and satisfies (3), then Πa is
called a rectangular auto-ZAZ.
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• Known-fact 3: (Ye–Zhou–Fan–Liu–Lei–Tang auto-
ZAZ bound [8, Theorem 1]): For a polyphase
sequence of length L with a rectangular auto-ZAZ
Πa of the form above, we have:

|Πa| = 4XY ≤ 4L. (4)

• When the equality holds, the rectangular auto-ZAZ
Πa is called optimal.

• Known-fact 4: [8, Lemma 1] All the polyphase
sequences have a trivial optimal rectangular auto-
ZAZ of the form (−1, 1)× (−L, L).

• Consider a bounded region Π ⊂ (−L, L)2 ⊂ R2.
A family {ai = {ai(t)}L−1

t=0 |i = 0, 1, . . . ,K − 1} of K
polyphase sequences of length L is called a sequence
family with ZAZ Π if it satisfies that, for any integers
i, j ∈ {0, 1, . . . ,K − 1},

F(ai, a j; τ, ν) = 0 for (τ, ν) ∈ (Π ∩ Z2),

except for the case where (τ, ν) = (0, 0) and i = j.
Therefore, a ZAZ is an auto-ZAZ as well as, for a family,
a cross-ZAZ. If Π = (−X′, X′) × (−Y ′,Y ′) for some
integers X′ and Y ′, then Π is called a rectangular ZAZ.
• Known-fact 5: (Ye–Zhou–Fan–Liu–Lei–Tang cross-

ZAZ bound [8, Theorem 1]): For a family of K
polyphase sequences of length L with rectangular
ZAZ Π, we have

|Π| = 4X′Y ′ ≤ 4L/K. (5)

• When the equality holds, the rectangular ZAZ Π is
called optimal.

B. Frequency Distance Sequence Set (FDSS)

In this subsection, we review some research results pre-
sented in [47] and derive several related lemmas. To set up
the discussion, we introduce the following operators.
• For an integer Y , we denote by EY the Y-fold-expander

that operates on a sequence. When it is applied to a
sequence g = {g(t)}X−1

t=0 of length X, the result is a
sequence EY ◦ g = {(EY ◦ g)(t)}XY−1

t=0 of length XY where

(EY ◦ g)(t) =

(
g(t/Y) for t with Y |t
0 otherwise.

For example, the 3-fold expansion of a sequence
(w, x, y, z) of length 4 becomes the sequence
(w, 0, 0, x, 0, 0, y, 0, 0, z, 0, 0) of length 12.

• For an integer i, we denote by Ri the cyclic (right) shift
operator that operates on a sequence. When it is applied
to a sequence s = {s(t)}L−1

t=0 of length L, the result is a
sequence Ri ◦ s = {(Ri ◦ s)(t)}L−1

t=0 of the same length given
by

(Ri ◦ s)(t) = s(t − i) for all t,

where t − i is computed mod L.
Known-fact 6: ([51, pages 587–595]) Let X and Y be two

integers. Consider a DFT sequence ĝ = {ĝ(n)}X−1
n=0 of length X

and an integer i. Apply EY to ĝ and then apply Ri to the result
to obtain ŝi = {ŝi(n)}XY−1

n=0 given by

ŝi , Ri ◦ (EY ◦ ĝ).

Let si = {si(t)}XY−1
t=0 and g = {g(t)}X−1

t=0 be IDFT sequences of ŝi

and ĝ, respectively. Then,

si(t) = g(t mod X)ωit
XY for t = 0, 1, 2, . . . , XY − 1. (6)

Remark 1: For i = 0, 1, . . . ,Y − 1, consider si in (6) in
Known-Fact 6. The family {si|i = 0, 1, 2, . . . ,Y − 1} proposed
in [47] is referred to as the frequency distance sequence
set (FDSS). Various correlation and frequency properties of
this sequence set are demonstrated in [47]. The sequences of
the form in (6) become an important building block of the
constructions of this paper for various ZAZ sequences.

For the sequences within the FDSS of the form (6), the
ambiguity function has the following properties, which will
be used extensively in the remainder of this paper:

Lemma 1: Let X and Y be given integers and two integer
parameters l and m. Consider two arbitrary DFT sequences
ĝ = {ĝ(t)}X−1

t=0 and ĥ = {ĥ(t)}X−1
t=0 both of length X. Define a =

{a(t)}XY−1
t=0 and b = {b(t)}XY−1

t=0 to be IDFT sequences of length
XY given as, for t = 0, 1, . . . , XY − 1,

a(t) , IDFT[Rl ◦ (EY ◦ ĝ)](t) and

b(t) , IDFT[Rm ◦ (EY ◦ ĥ)](t).

Then, we have the following relations:
1) F(a, b; τ, ν) = ω−ντXY C(aν, b; τ), for all τ and ν, where

aν = {aν(t)}XY−1
t=0 and

aν(t) = IDFT[Rl+ν ◦ (EY ◦ ĝ)](t) for all t. (7)

2) |F(a, b; τ, ν)|

=

(
0, when Y - (l − m + ν)

Y |F(g, h; τ mod X, (l − m + ν)/Y)|, otherwise
(8)

where g and h are IDFT sequences of ĝ and ĥ,
respectively.

Proof:
1) It is straightforward to check by using the relation

aν(t) = a(t)ωνtXY for all t.

2) The case of Y |(l − m + ν) can be derived through some
direct calculation from the ambiguity function of a and
b to those of g and h using the relation (6). Now, we
assume that Y - (l − m + ν). From the first item of this
Lemma, we have

F(a, b; τ, ν) = ω−ντXY C(aν, b; τ),

where aν = {aν(t)}XY−1
t=0 is given in (7). Note that DFT

sequence âν of aν is represented as

âν = Rl+ν ◦ (EY ◦ ĝ).

Recall that the DFT sequence b̂ of b is represented as

b̂ = Rm ◦ (EY ◦ ĥ).
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Note that Y - (l − m + ν) implies l + ν�≡m (mod Y).
Therefore, none of the nonzero terms in âν is overlapped
with the nonzero terms in b̂. Therefore, âν ~ b̂ is
the all-zero sequence. From Known-Fact 1, the cross-
correlation of aν and b is zero for any τ. �

Lemma 2: Consider (not necessarily distinct) two
sequences a = {a(t)}L−1

t=0 and b = {b(t)}L−1
t=0 of length L.

For any two integers τ and ν, let a(τ,ν) = {a(τ,ν)(t)}L−1
t=0 and

b(τ,ν) = {b(τ,ν)(t)}L−1
t=0 be sequences of length L given by

a(τ,ν)(t) , a(t + τ)ωνtL

and
b(τ,ν)(t) , b(t + τ)ωνtL ,

where t + τ is computed mod L. Consider (not necessarily
distinct) two integer pairs (τ0, ν0) and (τ1, ν1). Then, the inner
product between a(τ0,ν0) and b(τ1,ν1) can be calculated as

< a(τ0,ν0), b(τ1,ν1) >= ω−τ1(ν0−ν1)
L F(a, b; τ0 − τ1, ν0 − ν1).

III. MAIN RESULTS

In this section, we design various types of polyphase
sequences with ZAZ in four subsections.

A. Sequences With Optimal Rectangular ZAZ

Theorem 1: Let X,Y and K be positive integers with K ≤ Y.
Consider a collection

{gi = {gi(t)}X−1
t=0 |i = 0, 1, . . . ,K − 1}

of (not necessarily distinct) K polyphase perfect sequences of
length X. For each integer c ∈ {0, 1, . . . ,Y − 1}, we define a
set of K sequences ai = {ai(t)}XY−1

t=0 given by

ai(t) , gi(t mod X)ω(biY/Kc+c)t
XY , t = 0, 1, . . . , XY − 1

for i = 0, 1, . . . ,K − 1. Then, {a0, a1, . . . , aK−1} has
the following individual optimal auto-ZAZ (attaining the
Ye–Zhou–Fan–Liu–Lei–Tang auto-ZAZ bound)

Πa , (−X, X)× (−Y ,Y), (9)

and the following ZAZ

Πz , (−X, X)× (−bY/Kc, bY/Kc), (10)

which becomes optimal ZAZ when K|Y (attaining the
Ye–Zhou–Fan–Liu–Lei–Tang cross-ZAZ bound).

Proof: We note here that Πa in (9) and Πz in (10) are fixed
and used in the remainder of this paper. We note also that
Πz ⊂ Πa and the equality holds when K = 1.

1) For the optimal auto-ZAZ Πa of individual member
sequence, we will use the second item of Lemma 1 with
g = h and l = m = biY/Kc+c. When Y - ν, the left-hand
side (LHS) of (8) becomes zero for any τ. When Y | ν,
it becomes

Y |F(g; τ mod X, ν/Y)|

which becomes Y |C(g; τ)| for ν = 0 by (2), which
becomes zero when τ ∈ (−X, X) except for τ = 0 since g
is a perfect sequence. Therefore, a has the ZAZ in (9). It

Fig. 4. Frequency domain magnitude of ai in Theorem 1.

is now obvious to check the optimality of the auto-ZAZ
in (9).

2) It is sufficient to show that the family has ZAZ Πz in
(10). Without loss of generality, we assume that c = 0.
The cases where c > 0 can be similarly proved. Then,
for two distinct sequences ai and a j (i > j) in the family
with c = 0, their ambiguity function at (τ, ν) becomes
zero when

Y - (biY/Kc − b jY/Kc+ ν) ,

by the second item of Lemma 1, since l = biY/Kc and
m = b jY/Kc. Therefore, it becomes zero when

ν ∈

�
−

��
iY
K

�
−

�
jY
K

��
,Y −

��
iY
K

�
−

�
jY
K

���
.

(11)
The superadditivity of the floor function implies

−(biY/Kc − b jY/Kc) ≤ −(b(i − j)Y/Kc)
≤ −(bY/Kc),

since i > j. Similarly,

Y − (biY/Kc − b jY/Kc)
≥ Y − biY/Kc

= bK(Y/K)c − bi(Y/K)c
≥ b(K − i)(Y/K)c
≥ bY/Kc.

Therefore, (−bY/Kc, bY/Kc) is a subset of the open
interval in (11). This proves that the family of sequences
has ZAZ given in (10), whose optimality is easy to check
when K|Y . �

Remark 2: Fig. 4 shows the frequency-domain magnitude of
ai in Theorem 1. Consistent with Known-Fact 6, the nonzero
frequency samples occur at uniformly spaced bins. Moreover,
since gi in Theorem 1 is a perfect sequence, and it is a well-
known property that its DFT has constant magnitude [50], the
nonzero frequency-domain magnitude of ai is constant across
all active bins. Equivalently, the frequency-domain profile of
ai is an evenly spaced comb with a flat top, as shown in Fig. 4.

Remark 3: Table I compares the known constructions by
others for polyphase sequences with an optimal rectangular
auto-ZAZ to any one member of the family from Theorem 1
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TABLE I
COMPARISON OF SINGLE POLYPHASE SEQUENCE WITH AN OPTIMAL RECTANGULAR AUTO-ZAZ (ATTAINING THE

YE–ZHOU–FAN–LIU–LEI–TANG AUTO-ZAZ BOUND)

TABLE II
COMPARISON OF FAMILIES OF POLYPHASE SEQUENCES WITH A (STRICTLY OR ASYMPTOTICALLY) OPTIMAL RECTANGULAR ZAZ

WITH RESPECT TO THE YE–ZHOU–FAN–LIU–LEI–TANG CROSS-ZAZ BOUND

including the case with K = 1. Unlike the construction in
[8, Theorem 8], the proposed construction in Theorem 1
covers the parameters X and Y where X is even and Y is
odd.

Remark 4: Table II compares the known constructions by
others for families of polyphase sequences with an (asymptot-
ically or strictly) optimal rectangular ZAZ (with respect to the
Ye–Zhou–Fan–Liu–Lei–Tang cross-ZAZ bound) to Theorem 1
with K > 1. Some observations from Table II are the
following:

1) Constructions in [8, Construction 2] and Theorem 1
result in a strictly optimal rectangular ZAZ. The rect-
angular ZAZ becomes strictly optimal when K|X in [8,
Construction 2] and when K|Y in Theorem 1.

2) Constructions in [8, Construction 2] and Theorem 1
always result in a strictly optimal rectangular auto-ZAZ
for individual member sequences.

3) Unlike all others, Theorem 1 has no constraint on the
parameters, X and Y .

According to Theorem 1, designing polyphase sequences
with an optimal rectangular ZAZ essentially involves selecting
some (not necessarily distinct) appropriate polyphase per-
fect sequences. Zadoff-Chu polyphase perfect sequences are

famous and they exist for arbitrary lengths [52], [53]. Some
other perfect sequences are reported in [54], [55], [56], and
[57] including Fermat-quotient sequences in [58].

B. Unique Form of the Polyphase Sequences With an
Optimal Rectangular Auto-ZAZ

The converse of Theorem 1 with K = 1 turns out to be true.

Theorem 2: Let X > 1 and Y be positive integers and
L = XY. Consider an auto-ZAZ Πa in (9). Any polyphase
sequence a = {a(t)}L−1

t=0 of length L with the optimal auto-
ZAZ Πa (attaining the Ye–Zhou–Fan–Liu–Lei–Tang auto-ZAZ
bound) can be represented as

a(t) = g(t mod X)ωct
L , t = 0, 1, . . . , L − 1 (12)

for some polyphase perfect sequence g = {g(t)}X−1
t=0 of length

X and some integer c ∈ {0, 1, . . . ,Y − 1}.

Proof: For any two integers τ and ν, let a(τ,ν) = {a(τ,ν)(t)}L−1
t=0

be a sequence given by

a(τ,ν)(t) , a(t + τ)ωνtL .
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Consider two distinct integer pairs (τ0, ν0) and (τ1, ν1). Then,
by Lemma 2, the inner product between a(τ0,ν0) and a(τ1,ν1) can
be calculated as follows.

< a(τ0,ν0), a(τ1,ν1) >= ω−τ1(ν0−ν1)
L F(a; τ0 − τ1, ν0 − ν1).

Therefore, a(τ0,ν0) and a(τ1,ν1) are orthogonal to each other
whenever (τ0−τ1, ν0−ν1) ∈ Πa∩Z

2\{(0, 0)}. This implies that
they are orthogonal to each other whenever (τ0, ν0) and (τ1, ν1)
are two distinct points in a rectangular region composed of
XY integer coordinates in the (τ, ν)-plane, where the range of
τ-coordinates consists of X adjacent integers and the range of
ν-coordinates consists of Y adjacent integers. Moreover, the
number of sequences a(τ,ν) corresponding to (τ, ν) within that
region is L = XY . Since each a(τ,ν) is an element of CL, the set
of a(τ,ν) corresponding to the points (τ, ν) within that region
forms an orthogonal basis of CL. For example, we consider
the following four sets as 4 possibly distinct orthogonal bases
of CL:

A , {a(τ,ν)|(τ, ν) ∈ {0, 1, . . . , X − 1}×{0, 1, . . . ,Y − 1}},

B , {a(τ,ν)|(τ, ν) ∈ {0, 1, . . . , X − 1}× {1, 2, . . . ,Y}},
C , {a(τ,ν)|(τ, ν) ∈ {1, 2, . . . , X}× {0, 1, . . . ,Y − 1}},

D , {a(τ,ν)|(τ, ν) ∈ {1, 2, . . . , X}× {1, 2, . . . ,Y}}.

Therefore, we have

CL = span(A) = span(B) = span(C) = span(D),

where span(·) denotes the linear span of a set, i.e., the
collection of all finite linear combinations of its elements. This
implies

span(A\(A ∩C)) = span(C\(A ∩C)) = span(A ∩C)⊥ and
span(B\(B ∩ D)) = span(D\(B ∩ D)) = span(B ∩ D)⊥.

Let

U0 , A\(A ∩C) = {a(0,ν)|ν ∈ {0, 1, . . . ,Y − 1}},

U1 , C\(A ∩C) = {a(X,ν)|ν ∈ {0, 1, . . . ,Y − 1}},

V0 , B\(B ∩ D) = {a(0,ν)|ν ∈ {1, 2, . . . ,Y}},

V1 , D\(B ∩ D) = {a(X,ν)|ν ∈ {1, 2, . . . ,Y}},

Z0 , {a(0,ν)|ν ∈ {1, 2, . . . ,Y − 1}},

Z1 , {a(X,ν)|ν ∈ {1, 2, . . . ,Y − 1}}.

Then,

span(U0) = span(U1), (13)
span(V0) = span(V1), (14)

with all the dimensions of the above in (13) and (14) equal
to Y . Therefore,

span(U0) ∩ span(V0) = span(U1) ∩ span(V1), (15)

and we are interested in the dimension of this subspace in
(15). We denote this subspace by W. We then claim that W
contains both span(Z0) and span(Z1) since

W = span(U0) ∩ span(V0) ⊃ span(U0 ∩ V0) ⊃ span(Z0) (16)

and also

W = span(U1) ∩ span(V1)⊃ span(U1 ∩ V1)⊃ span(Z1), (17)

since U0 ∩ V0 ⊃ Z0 and U1 ∩ V1 ⊃ Z1. Therefore,

dim(W) ≥ dim(span(Z0)) = dim(span(Z1)) = Y − 1.

On the other hand, since

W = (span(U0) ∩ span(V0)) ⊂ span(U0) (18)

and
W = (span(U0) ∩ span(V0)) ⊂ span(V0), (19)

we have

dim(W) ≤ dim(span(U0)) = dim(span(V0)) = Y .

Therefore, dim(W) = Y − 1 or Y . Now, we distinguish these
two cases.

Case where dim(W) = Y − 1:
In this case, the three vector spaces connected by ⊃ in (16)

are the same and so are those in (17). Therefore,

span(Z0) = span(Z1).

From this and the relation in (13),

span(U0) ∩ (span(Z0)⊥) = span(U1) ∩ (span(Z1)⊥). (20)

Note that LHS of the above is a 1-dimensional vector space
since dim(span(U0)) = Y , dim(span(Z0)) = Y − 1 and
span(U0) ⊃ span(Z0). Now, we claim that a(0,0) is a member
of LHS of (20). By definition of U0, a(0,0) ∈ U0. Also,
a(0,0) ∈ span(Z0)⊥ since A is an orthogonal basis, a(0,0) ∈ A
and Z0 ⊂ A. Similarly, the right-hand side (RHS) of (20) is
the same 1-dimensional vector space and a(X,0) is in RHS of
(20). Therefore,

a(0,0) = κa(X,0)

for some constant κ. That is, for all t,

a(t) = κa(t + X) = κ2a(t + 2X) = · · · = κYa(t),

where t + X, t + 2X,...are computed mod L. Therefore, κ is a
complex Y-th root of unity, and hence, we may denote it by
ω−c

Y for some non-negative integer c < Y . Let g = {g(t)}X−1
t=0 be

a polyphase sequence of length X given by

g(t) , a(t)ω−ct
L for t = 0, 1, . . . , X − 1.

Then, a can be represented as

a(t) = g(t mod X)ωct
L for t = 0, 1, . . . , L − 1.

Now it is sufficient to show that g is a perfect sequence.
The magnitude of the ambiguity function of a at time shift
τ and Doppler shift ν is given as LHS of (8) in Lemma 1
with g = h and l = m = c. When Y - ν, it becomes zero
for any τ. When Y | ν, it becomes Y |F(g; τ mod X, ν/Y)|
which becomes Y |C(g; τ)| for ν = 0 by (2), which must
be zero when τ ∈ (−X, X) except for τ = 0 since Πa in
(9) is the given auto-ZAZ. Therefore, g must be a perfect
sequence.
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Fig. 5. Relation of various sequences in Theorem 3.

Case where dim(W) = Y:
In this case, the two vector spaces connected by ⊂ in (18)

are the same and so are those in (19). Therefore,

span(U0) = span(V0),

and hence,

span(U0) ∩ (span(Z0)⊥) = span(V0) ∩ (span(Z0)⊥).

We now use some similar steps to the previous case. Note that
both sides of the above are 1-dimensional vector spaces, a(0,0)

is a member of LHS of the above and a(0,Y) is a member of
RHS, so that

a(0,0) = λa(0,Y)

for some constant λ. Comparing only the first two terms of
the sequences on both sides above, we get the following:

a(0) = λa(0) and a(1) = λa(1)ωY
L .

This implies that

λ = 1 = ω−1
X

which is impossible since X > 1. �

We now explain the relation between the polyphase
sequence with rectangular optimal auto-ZAZ and any member
of a polyphase uncorrelated optimal (XY ,Y , X)-ZCZ sequence
family by locating the equation (12) in the middle in Fig. 5.
Recall that an (XY ,Y , X)-ZCZ sequence family is a set of
Y sequences all of length XY and the ZCZ width X. The
upper box in Fig. 5 illustrates that any member of a polyphase
uncorrelated optimal ZCZ sequence family always comes from
the sequence of the form in the middle box, which are the
combined result of Kim and Song [48] and Popović [35].
On the other hand, the lower box in the figure illustrates that
a polyphase sequence with an optimal rectangular auto-ZAZ
(attaining the Ye–Zhou–Fan–Liu–Lei–Tang auto-ZAZ bound)
always comes from the sequence of the form in the middle
box, which are the combined result of Theorems 1 and 2.
In the meantime, by Abubaker and Gong [47], Y sequences
of the form in the middle box with Y distinct values of c
(without the condition that g has to be perfect) are defined as
FDSS as we have already discussed in Remark 1.

Theorem 3: Let X > 1 and Y be positive integers.
1) Any member of an arbitrary polyphase uncorrelated

optimal (XY ,Y , X)-ZCZ sequence family is a
polyphase sequence of length XY with an
optimal auto-ZAZ (−X, X) × (−Y ,Y) (attaining the
Ye–Zhou–Fan–Liu–Lei–Tang auto-ZAZ bound).

2) Any polyphase sequence of length XY with an
optimal auto-ZAZ (−X, X) × (−Y ,Y) (attaining the
Ye–Zhou–Fan–Liu–Lei–Tang auto-ZAZ bound) is a
member of some polyphase uncorrelated optimal
(XY ,Y , X)-ZCZ sequence family.

C. Centrally Symmetric Convex ZAZs

We will derive an upper bound on the area of centrally
symmetric convex ZAZs, which is similar to (5). For this,
we will introduce some transformation of a bounded region
on R2. We will generalize this to any bounded and centrally
symmetric convex region. We will first introduce the notion
of a “centrally symmetric convex region” in R2, following the
definition provided in [59]:

Definition 1 [59, p.143]: Consider a convex region Π ⊂ R2

and let −Π , {(−τ,−ν)|(τ, ν) ∈ Π}. Then, Π is called centrally
symmetric to the origin, or simply, centrally symmetric, if
Π = −Π.

For a region Π ⊂ R2, consider its difference region
[59, p.124] defined as

D(Π) ,
1
2

(Π + (−Π))

= {(τ+ τ′, ν+ ν′)|(τ, ν) ∈ Π and (τ′, ν′) ∈ (−Π)} (21)

Lemma 3: For any centrally symmetric convex region
Π ⊂ R2, we have

D(Π) = Π.

Proof: (⊂) Consider two points (τ1, ν1), (τ2, ν2) ∈ 1
2 Π.

Obviously, (2τ1, 2ν1), (2τ2, 2ν2) ∈ Π. Since Π is centrally
symmetric, (−2τ2,−2ν2) ∈ Π. Since Π is convex,

1
2

(2τ1, 2ν1) +
1
2

(−2τ2,−2ν2) = (τ1 − τ2, ν1 − ν2) ∈ Π.

(⊃) Consider a point (τ, ν) ∈ Π. Since Π is centrally symmetric,
(−τ,−ν) ∈ Π. Obviously,�

1
2
τ,

1
2
ν

�
∈

1
2

Π and
�
−

1
2
τ,−

1
2
ν

�
∈

1
2

Π.

Therefore,�
1
2
τ,

1
2
ν

�
−

�
−

1
2
τ,−

1
2
ν

�
= (τ, ν) ∈ D(Π).

�

Fig. 6 shows three examples of bounded regions in R2. The
first example is centrally symmetric convex, and it is equal to
its difference. For the other two examples, the region and its
difference are distinct.
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Fig. 6. Illustration of Lemma 3.

Fig. 7. An example of Blichfeldt’s Theorem using an open hexagon with an
area of 20.

Known-fact 7 (Blichfeldt’s Theorem [49]): Consider a
bounded region Π ⊂ R2. Then, there exists a point (x, y) ∈ R2

such that the following inequality is satisfied:

|((x, y) + Π) ∩ Z2| ≥ |Π|.

Fig. 7 illustrates an example of Blichfeldt’s Theorem using
an open hexagon with an area of 20. Note that the inequality
in Known-Fact 7 is over R. Before translation, this hexagonal
shape has area 20 but encloses only 15 integer lattice points.
A slight translation to the point (τ0, ν0) allows it to enclose 20
integer lattice points.

Theorem 4: For a family of K polyphase sequences of
length L with centrally symmetric convex ZAZ Π, the following
inequality holds

|Π| ≤ 4L/K. (22)

Proof: Let {ai|i = 0, 1, . . . ,K−1} be a family of K polyphase
sequences of length L with a centrally symmetric convex ZAZ

Π ⊂ (−L, L)2. By Blichfeldt’s Theorem, there exists a point
(x, y) ∈ R2 such that

Π′ , (x, y) +
1
2

Π

contains at least d| 12 Π|e(= d|Π|/4e) points in Z2. Note that, by
Lemma 3 and (21),

Π′ + (−Π′) = D(Π) = Π.

Therefore,
(Π′ + (−Π′)) ∩ Z2 ⊂ Π. (23)

Consider

{a(τ,ν)
i |(τ, ν) ∈ Π′ ∩ Z2 and i = 0, 1, . . . ,K − 1}

where a(τ,ν)
i = {a(τ,ν)

i (t)}L−1
t=0 is given by

a(τ,ν)
i (t) , ai(t + τ)ωνtL for t = 0, 1, . . . , L − 1.

By Lemma 2, the inner product between a(τ1,ν1)
i1 and a(τ2,ν2)

i2 can
be calculated as follows.

< a(τ1,ν1)
i1 , a(τ2,ν2)

i2 >

= ω−(ν1−ν2)τ2
L F(ai1 , ai2 ; τ1 − τ2, ν1 − ν2).

Since (τ1 − τ2, ν1 − ν2) ∈ Π by (23), the above becomes 0.
Therefore, all the K|Π′∩Z2| sequences a(τ,ν)

i with (τ, ν) ∈ Π′∩

Z2 and i = 0, 1, . . . ,K − 1 are mutually orthogonal. Since each
sequence a(ν,τ)

i lies in L-dimensional vector space CL,

K|Π′ ∩ Z2| ≤ L.

By definition of Π′,

|Π′ ∩ Z2| ≥ |Π|/4.

Combining these two inequalities, we complete the proof. �

From the above theorem, the optimality of centrally sym-
metric convex ZAZs can be discussed. To do so, we define
the optimality factor as follows.

Definition 2 (Optimality Factor): Consider a family U of
K sequences of length L and their centrally symmetric convex
ZAZ Π. Define the optimality factor δ(U ,Π) of Π for U as

δ(U ,Π) ,
|Π|

4L/K
.

The optimality factor is less than or equal to 1 and greater
than 0. We may say that the closer it is to 1, the closer it is
to achieving the optimal ZAZ with respect to the proposed
cross-ZAZ bound in Theorem 4 (which, in the rectangular
case, specializes to the Ye–Zhou–Fan–Liu–Lei–Tang cross-
ZAZ bound).

D. Families of Polyphase Sequences With Dual
Asymptotically Optimal Rectangular ZAZs

We construct some polyphase sequence families that simul-
taneously possess two rectangular ZAZs from Theorem 1 with
two different but some specific choices of perfect sequences.
The input perfect sequences in Theorem 5 are selected to
be some cyclically distinct Zadoff-Chu sequences [53]. One
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Fig. 8. Various forms of centrally symmetric convex ZAZs in Remark 5 (from Theorem 5).

single perfect sequence and its cyclically shifted versions are
used in Theorem 6. Therefore, the proposed sequence families
in both theorems are already known to possess a ZAZ Πz

in (10) from Theorem 1. They will be shown to possess an
additional ZAZ in the following.

Theorem 5: Consider the sequence set {ai|i = 0, 1, . . . ,K −
1} using the perfect sequences {gi|i = 0, 1, . . . ,K − 1} in
Theorem 1 where gi for i = 0, 1, . . . ,K − 1 are given as

gi(t),ω
Bt(t−2biA/Kc+(X mod 2))
2X for t=0, 1, . . . ,X − 1, (24)

where A < KX is a positive integer with gcd(A, X) = 1 and B <
X is an integer with BA ≡ 1 (mod X). Then, {a0, a1, . . . , aK−1}

has a ZAZ Γ given by

Γ ,

�
−

�
A
K

�
,

�
A
K

��
×
�
−

��
KX
A

�
Y
K

�
,

��
KX
A

�
Y
K

��
(25)

in addition to the ZAZ Πz in (10).

An example shape of Γ in (25) is shown in Fig. 8 (a). The
proof of this theorem will be given in Appendix A.

Remark 5: Assume that K|Y and A is equal to either�KX−1
2

˘
or
�KX−3

2

˘
in Theorem 5. Note that X is relatively

prime to either
�KX−1

2

˘
or
�KX−3

2

˘
. Consider the sequence set

U , {ai|i = 0, 1, . . . ,K − 1} and its two rectangular ZAZs Πz

and Γ in Theorem 5.
• The ZAZ Γ becomes

Γ =

�
−

�
X − 1

2

�
,

�
X − 1

2

��
×
�
−

2Y
K
,

2Y
K

�
.

Therefore, the optimality factor δ(U ,Γ) becomes

δ(U ,Γ) =
b(X − 1)/2c

X/2
. (26)

It asymptotically approaches 1 as X increases. There-
fore, it is asymptotically optimal with respect to the
Ye–Zhou–Fan–Liu–Lei–Tang cross-ZAZ bound.

• The family U also has a ZAZ Πz ∪ Γ as in Fig. 8 (a).
Therefore, as illustrated in Fig. 8 (b), (c), (d), and (e), it
has various shapes of centrally symmetric convex ZAZs.
Each ZAZ depicted in these figures has an optimality
factor that is greater than or equal to δ(U ,Γ) in (26), and
less than or equal to δ(U ,Πz) = 1. The value or range of
the optimality factor for the ZAZ corresponding to each
figure is calculated as follows:
• Fig. 8 (b): X/2

d(X+1)/2e
• Fig. 8 (c) and (d): b(X−1)/2c

X/2

• Fig. 8 (e): 1 − βK
2Y

�
1 − b(X−1)/2c

d(X+1)/2e

�
for 0 < β < Y/K

(greater than X/2
d(X+1)/2e , less than 1)

All these optimality factors asymptotically approach 1 as
X increases. Therefore, all the ZAZs depicted in Fig. 8(b),
(c), (d) and (e) are asymptotically optimal with respect to
the proposed cross-ZAZ bound in Theorem 4.

Theorem 6: Assume that X is even and K|Y in Theorem 1.
We further assume that K ≥ 3. Consider the sequence set
{ai|i = 0, 1, . . . ,K − 2} using the perfect sequences {gi|i =

0, 1, . . . ,K − 2} in Theorem 1 where gi = {gi(t)}X−1
t=0 for i =

0, 1, . . . ,K − 2 are given as

gi(t) , g(t + iX/2 mod X) for t = 0, 1, . . . , X − 1,

where g = {g(t)}X−1
t=0 is any given perfect sequence of length

X. Then {a0, a1, . . . , aK−2} has a ZAZ Λ given by

Λ , (−X/2, X/2)× (−2Y/K, 2Y/K) (27)

in addition to the ZAZ Πz in (10) where |Λ| = |Πz|.

An example shape of Λ in (27) is shown in Fig. 9 (a). The
proof of this theorem will be given in Appendix B.

Remark 6: In Theorem 6, with aK−1 missing from the
family, we have Λ as an additional ZAZ with the same area
as Πz, which are not strictly but asymptotically optimal with
respect to the Ye–Zhou–Fan–Liu–Lei–Tang cross-ZAZ bound.
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Fig. 9. Various forms of centrally symmetric convex ZAZs in Remark 6 (from Theorem 6).

Furthermore, in addition to Πz and Λ, we have many other
shapes as depicted in Fig. 9. Note that Πz and Λ have the
same area, with the horizontal side of Πz being twice that of
Λ, and the vertical side of Λ being twice that of Πz. From
this fact, it follows that all the ZAZs depicted in Fig. 9 (b),
(c) and (d) have the same area as Πz and Λ. Therefore, they
have the same optimality factor, which is calculated as

K − 1
K

.

It asymptotically approaches 1 as K increases. Therefore, they
are all asymptotically optimal with respect to the proposed
cross-ZAZ bound in Theorem 4.

IV. CONCLUDING REMARKS

In this paper, we proved that a polyphase sequence
with an optimal rectangular auto-ZAZ (attaining the
Ye–Zhou–Fan–Liu–Lei–Tang auto-ZAZ bound) must be a
member of some uncorrelated optimal ZCZ sequence family
and conversely, any member of an uncorrelated optimal ZCZ
sequence family has an optimal rectangular auto-ZAZ. We
also proposed an upper bound on the area of centrally sym-
metric convex ZAZs in general, further expanding the design
space for ISAC waveforms. In addition, we proposed some
constructions of families of polyphase sequences with a (1)
strictly or asymptotically optimal rectangular ZAZ (attaining
the Ye–Zhou–Fan–Liu–Lei–Tang cross-ZAZ bound), (2) dual
asymptotically optimal rectangular ZAZs, and (3) asymptot-
ically optimal rhombic or hexagonal ZAZ (asymptotically
attaining the proposed cross-ZAZ bound) from the flexible
ZAZ configuration.

Here are some open problems for further investigation:
1) Does there exist a family of polyphase sequences with

two non-trivial strictly optimal rectangular ZAZs (each
attaining the Ye–Zhou–Fan–Liu–Tang–Fan cross-ZAZ
bound)?

2) Does there exist a family of polyphase sequences with a
strictly optimal ZAZ that is not a rectangle (i.e., attaining
the proposed bound for some non-rectangular cyclically
symmetric convex shape)?

3) Can constraints on the area of centrally symmetric
convex LAZs be established, analogous to the upper
bounds we derived for the area of centrally symmetric
convex ZAZs? The bound on the area of rectangular
LAZs was studied in [8], but such constraint for centrally
symmetric convex LAZs remains unexplored.

APPENDIX

A. Proof of Theorem 5

We will prove that the magnitude of the ambiguity function
between ai and a j at time shift τ and Doppler shift ν becomes
zero whenever (τ, ν) ∈ Γ. Note that any (τ, ν) ∈ Γ satisfies
either Y |(biY/Kc − b jY/Kc+ ν) or not. Easy case is for those
(τ, ν) ∈ Γ with Y - (biY/Kc − b jY/Kc + ν). By Lemma 1,
the magnitude of the ambiguity function in this case becomes
zero, since l = biY/Kc and m = b jY/Kc.

For the other case, that is, for (τ, ν) ∈ Γ with Y |(biY/Kc −
b jY/Kc + ν), by Lemma 1 again, the magnitude becomes Y
times the following magnitude:

|F(gi, g j; τ mod X, α)|,

where
α , (biY/Kc − b jY/Kc+ ν)/Y . (28)

Then,

F(gi, g j; τ mod X, α)

=

X−1X
t=0

gi(t + τ mod X)g∗j(t)ω
αt
X

=

X−1X
t=0

n
ωB(t+τ)(t+τ−2biA/Kc+(X mod 2))

2X
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ω
−Bt(t−2b jA/Kc+(X mod 2))
2X ωBAαt

X

o
= ωz

2X

X−1X
t=0

ω
B(τ−biA/Kc+b jA/Kc+Aα)t
X ,

where z is some integer independent of t. Since B is coprime
with X, the above is non-zero if and only if

τ − biA/Kc+ b jA/Kc+ Aα = ηX, (29)

from some integer η.
We claim that if (τ, ν) ∈ Γ satisfies (29), then i = j and

(τ, ν) = (0, 0). This will complete the proof that Γ is indeed a
ZAZ. From the definition of α in (28), we have

ν = αY − (biY/Kc − b jY/Kc). (30)

Since (τ, ν) ∈ Γ in (25), we see that

−

��
KX
A

�
Y
K

�
< ν <

��
KX
A

�
Y
K

�
.

Substituting ν in (30) into the above, we have:

−

��
KX
A

�
Y
K

�
<αY−

��
iY
K

�
−

�
jY
K

��
<

��
KX
A

�
Y
K

�
(31)

From the left inequality of (31) and by the superadditivity of
the floor function,�

(i − αK)
Y
K

�
<

��
KX
A

�
Y
K

�
+

�
jY
K

�
≤

���
KX
A

�
+ j

�
Y
K

�
.

It implies that i − αK <
�KX

A

˘
+ j, so that

i − j − αK ≤
�

KX
A

�
− 1. (32)

From the right inequality of (31) and by the superadditivity of
the floor function,�

(αK + j)
Y
K

�
<

��
KX
A

�
Y
K

�
+

�
iY
K

�
≤

���
KX
A

�
+ i
�

Y
K

�
.

It implies that αK + j < bKX/Ac + i. Therefore, combining
with (32), we have

−

��
KX
A

�
− 1
�
≤ i − j − αK ≤

�
KX
A

�
− 1. (33)

On the other hand, we will proceed with the range of τ.
From the relation in (29), we have

τ =

��
i +

ηKX
A

�
A
K

�
−

�
( j + αK)

A
K

�
. (34)

Since (τ, ν) ∈ Γ in (25), we see that

−

�
A
K

�
< τ <

�
A
K

�
. (35)

Substituting τ in (34) into the above, we have

−

�
A
K

�
<

��
i +

ηKX
A

�
A
K

�
−

�
( j + αK)

A
K

�
<

�
A
K

�
(36)

By the superadditivity of the floor function, the left inequality
of (36) implies the following:�

( j + αK)
A
K

�
<

�
A
K

�
+

��
i +

ηKX
A

�
A
K

�
≤

��
1 + i +

ηKX
A

�
A
K

�
≤

��
j + αK +

�
KX
A

�
+
ηKX

A

�
A
K

�
by (33)

≤

��
j + αK +

(η+ 1)KX
A

�
A
K

�
.

Therefore, we have
η ≥ 0. (37)

Similarly, the right inequality of (36) implies the following:��
i +

ηKX
A

�
A
K

�
<

�
A
K

�
+

�
( j + αK)

A
K

�
≤

�
(1 + j + αK)

A
K

�
≤

��
i +

�
KX
A

��
A
K

�
by (33)

≤

��
i +

KX
A

�
A
K

�
.

Therefore, η ≤ 0, and hence, we must have by (37)

η = 0.

Then, from (29),

τ = b(i − αK)A/Kc − b jA/Kc.

If i − αK > j, then

τ = b(i − αK)A/Kc − b jA/Kc
≥ b(i − αK − j)A/Kc ≥ bA/Kc.

If i − αK < j, then

τ = −(−b(i − αK)A/Kc+ b jA/Kc)
≤ −b( j − (i − αK))A/Kc ≤ −bA/Kc.

The value τ then falls outside the range in (35) in both cases.
Therefore, i − αK = j or

αK = i − j.

Since 0 ≤ i, j < K, this implies that α = 0. Then, we have i = j,
α = 0 and η = 0, and hence, (τ, ν) = (0, 0) by (34) and (30).�

B. Proof of Theorem 6

When i = j, by Theorem 1, the magnitude of F(ai, ai; τ, ν)
becomes 0 for any (τ, ν) ∈ Λ ⊂ Πa, where Πa is given in (9).

We now assume that i , j. The magnitude F(ai, a j; τ, ν)
becomes 0 for (τ, ν) ∈ Λ such that

Y - (ν+ (i − j)Y/K), (38)

by Lemma 1, since K|Y ,

l = iY/K and m = jY/K.
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We first claim that (38) becomes true if (|i − j| mod K) ≥ 2
for (τ, ν) ∈ Λ. Assume i > j WOLG. Then, from the range of
ν in Λ,

(−2 + i − j)Y/K < ν+ (i − j)Y/K < (2 + i − j)Y/K. (39)

Since 2 ≤ i − j ≤ K − 2, this implies that

0 < ν+ (i − j)Y/K < Y ,

which implies that ν+ (i − j)Y/K cannot be a multiple of Y .
This proves the claim and it is now sufficient to show that

F(ai, a j; τ, ν) = 0 for j = i + 1 and (τ, ν) ∈ Λ

for any i = 0, 1, . . . ,K − 3.
Observe that ν+ (i − j)Y/K = ν − Y/K for j = i + 1. When

ν−Y/K is not a multiple of Y , the magnitude of the ambiguity
function will be 0 by Lemma 1. On the other hand, assume
that Y |(ν − Y/K). Since the inequality (39) becomes

−3Y/K < ν − Y/K < Y/K,

for j = i + 1, the only possible ν in Λ is ν = Y/K. For this ν,
the magnitude of the ambiguity function can be expressed as,
by Lemma 1:

|F(ai, ai+1; τ, ν)| = Y |F(gi, gi+1; τ, (ν − Y/K)/Y))|
= Y |F(gi, gi+1; τ, 0)|
= Y |C(gi, gi+1; τ)|.

Since gi and gi+1 are the same perfect sequences but
cyclically shifted by X/2, the above is non-zero only at
τ ≡ X/2 (mod X). Therefore, the above must be zero for
τ ∈ (−X/2, X/2). �
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